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0 Evpomearinl Furciions

1.1 Euler's Numher e

* In this section we will introduce a special number called Euler's number

denoted by the lower case letter e,

l}j‘ﬁ Hands On Task 1.1

In this task, we will explore how Euler's number e emerges from two expressions.,

'
: : |

I. Consider the expression [] +—] for ¢ > 0.
!

Calculate the value of this expression for:

(a) r=10 (b} =100 (c) +=1000

(d) 1= 10000 () = 100000 () £= 1 000 000
10 2

(@) 1=10" (h) ¢=10 () 1=10

-:|+%:"'|:e--m
2= TIITH246

'
2. Hence, find the value of [1 +:l) as [ —» = (as ¢ becomes very large).

This limit is a special type of irrational number and is
called a transcendental number and rounded to 30
decimal places is

2,718 281 B28 459 045 235 360 287 471 357

This number is called Ewler s number (after the Swiss
mathematician Leonhard Euler) and is denoted e.

r ]
3. Consider now the expression lim [u : ] where a > 0,
1= r

Calculate the value of this expression for;

(a) a=2 (b) a=25 (c) a=24
(d) a=2.7 (e) a=2.71 () a=2.72
(g) a=2.8 (h) a=29 (i) a=3

r=e

£=a

L r]
i [El*r.‘-

1
li [I: #=aE

2. TigE1E828

L s
o [
g

] la=2
. 85314T1608

)
4. Hence, find the value of lim [ﬂ I} as a —» ¢ (a5 a becomes Euler's number).

] I
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_..l_fqr.l'rcmrr'e.f Methody Units 3 & 4

ﬁ. Summary

i
® Fuler's number, &, is the limit to which (] + }] tendsasf— oo .

=0 {

o The expression him [ﬂ‘- I]=]E$a—}p:_

1.1.1 The exponential function

« Exponential functions take the form v = a', wherea=0.

s When a = e, the function y = ¢ is commonly referred to
as the exponential function.

I K
s y=2 isan exponential function while y = ¢ is the
exponential function.

s The sketch of y = e is given in the accompanying
diagram, The obvious points are (0, 1) and
{1, e)=(1, 2.7). The horizontal asymptote has equation y = 0.

Example 1.1
Use an appropriate method to solve (to 4 D.P.): (a) e =4 (k) 20 e =g o
Solution:

[a) Ej =4 = x=1.3863 o lve e L el A )
<3N b el 20 l:l':l'l'lll""::‘i:'l:lihﬂ":' ];:ﬂ
(b) 20¢ =4 ¢ = x=0.6094 & :

Example 1.2
Without the use of a calculator sketch the curve with equation y= 2¢e " = 1.

KSoluion:

In shetching the graph of exponential funcions; \s
o Firstly identify the harizontal asympiote. .
The y = ¢ curve has been translated one unit T (i
“dowrwardy ", Henee, hovizontal asympiefe is [~
aow y = ={, '.\
o Then identify af least 2 ovher pointy. = "-.____ i
Hlhenx =0 p=1,
Whenx= -, y=Je=f 2 2 27 =] add /F'

& O.T.Lex 2




0 Exposenrial Fundctiony

Exercise 1.1
Use an appropriate method to solve for x correct to 4 decimal places where appropriate:
¥ I {0 {hdx
(a) e =1/e (b) e =4 (c) e =5
1.2x ¥ (RE -0,08x ~0.01x
(e =10 (€) 10e =5¢ (f) 100e  =50e

L

Sketch each of the quIuwing, Indicate at least two obvious points. State the

equation of the horizontal asymptote,
= LR

@) p=e = (b) y=e (c) y=e
(d) y=1+e - I:Ej_pr=i-(31 ﬂﬂ_p=—2+;_ﬂnx

1.2 Growth and Decay I

Hands On Task 1.2

In this task, we will explore a function that models continuous growth and decay.

A colony of bacteria is being grown in a culture, The initial number of bacteria is 100.
Let the number of bacteria at the end of the nth day be P,.

l.

The colony grows in such a way that the number of bacteria at the end of each day is 10%
mare than the number of bacteria at the end of the previous day.

(a) Verify that P, = 100(1.1} .
(b) Given that a™'= 1.1, verify that @ = 2.593 742 460,

The colony grows in such a way that the number of bacteria at the end of each hour is
[:-'zi:-}% more than the number of bacteria at the end of the previous hour.

L

. = Jdn : 0.l 2
{(a) Verify that P, = 100(1.00416)"" . (b) Giventhat &' = 1.00416 , find a.
The colony grows in such a way that the number of bacteria at the end of each minute is
{ TﬂT}}% more than the number of bacteria at the end of the previous minute.

(a) Verify that P, = 100(1.0000694)' 440"
| ik
(b) Given that g™' = 1.00D 0694 |, find a.

& 0.T.Lee 3
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4. Th¢ mlnn:.f grows in such a way that the number of bacteria at the end of each second 18

EMEH.I'

} o4 more than the number of bacteria at the end of the previous second.

B0
{a) ‘u’erlﬁ'thal P, = 100(1.000 001 IS?E{.
{b) Given that a*'= 1.000 001 157 , find a.

5. Use the calculated values of @ to complete the following table.

Population count by: | P, P = Im}{ﬂ}ﬂ.ln
dey, P, = 100(1.1)" P, = 100(2,593 742 460)
hours = 100 (1.00416)"*"

minutes = 100(1 000069 41440

seconds P, = 100(1.000 001 157) "

6. Comment on the value of @ as the time interval between the “population count™ decreases.,

Special Notes:

e In cach of the above cases, the rate of increase of the bacteria population was the same,
the equivalent of 10% per day.

» The population count was taken over different time intervals. As the time interval
decreased, from day to hour to minute to second, the value of a converges o a limit.

Population count by days a = 25937424601
Population count by hours a=2.T08321497534
Population count by minutes a=2.71644848697032
Population count by seconds a=2.T173235%027839

e We could have reduced the time period to milliseconds, microseconds, etc. However,
this would exhaust the capabilities of the calculators used.

« Mathematically, it can be shown that as the time period is reduced to a state where the
population count is taken conmtinuously (every instant), a — e.

e Hence, if the population count were to be taken continuously, for a pupulauun with an
initial value of 100 and growing at a continuous rate uf 10%, P.= 1ﬂi}£

& 0O.T.Lee




0 Exparngntiol Fiencilons

ﬂ Summary

= If a population grows comtinueusly (exponentially) at a rate of 10036 per year,
the population at any time r is given by P = P M
P 15 the population when ¢ = 0, the initial population.

+ Ifa population decays cominuousiy (exponentially) at a rate of 100£% per vear,
the population at any time 1 is given by P = Pue"t",

Example 1.3

A colony of whales grows exponentially (continuously) at a rate of 5% per year.

In January 2010, there were 3 000 of these whales,

{a) Find an expression for the whale population f years after January 2010,

(b} Find when the whale population doubles,

(¢} Discuss the validity of this mathematical model in predicting the future whale population.

Solution:
(@) P=3000c , wheret=0

(6) When the whale population doubles, P=6.000. [N s
Hence I000e  =6000 r tt-ti-mﬁnﬁ
= i=]13.86

Thercfore, the whale population will double after 13.86 years, that is in the year 2023,

(€} This models assumes that there is no upper limit to the whale population. However, in
reality, the population will eventually peak and then decline because the food source
will eventually get depleted.

Nofe:
® The time taken for the whale popalarion to double is called the doubiing time. No matter what the
original population is, the time taken for the population to donble is alwavs a constant

i

Example 1.4

The amount R, in grams, of a radioactive substance X remaining at time ¢ years is given by
Ro= Iﬂﬂ.e_umr. tz 0.

{a) Find the initial amount of X. (b} Find the continuous rate of decay for X,

(¢} Find the amount of X that has decayed after 100 years,
(d) Find how long it will take for the amount of X to be halved.

Selution:

(a} Imitial amount of X is 100 g

2 O.T.Lee 5



Matkematics Methods Enits 3.8 4

(b) The continuous rate of decay of X is 0.01 x 100 = 19 per year.

o ~0L00({ 10}
{e) When ¢ = 100, the amount remaining R = 100e =36.79 g.

Therefore, the amount that has decayed = 100 - 3679 =632 g

{cdy When the amount of X i5 halved, & = 50,
Hence, 100e ™ = 50
= [ =H93
Hence, it will take 69.3 years for the amount of X to be halved.

Nofes:
s The Hme taken for X o be halved ix called s halflife and is constant for whaltever amouni? of X is
present.

Example 1.5

In a certain outback area, the population of bilbys (an Australian marsupial), 1 years after
2000, is modelled by P = 350¢™™ | while the corresponding population of feral cats in the
same region, { vears after 2000, is modelled by P = 200e™™ . When will the number of feral
cats first outnumber the bilbys.

Solution:
When number of feral cats = number of bilbys
200e™* = 350™™
= [=18.65

Hence, the feral cats will outnumber the bilbys 18.65 years after 2000,
that is, in the year 2019,

Exercise 1.2

1. Australia’s population, (in millions), ¢ years after 2004 is modelled by P = meu.maw

(a) State the population of Australia in 2004.

{(b) State the continuous growth/decay rate used in this model.

(c) Find Australia’s population 25 years after 2004

{(d) Find how long it will take for Australia’s population to reach 30 million.
{e) Find how long it will take for Australia’s population to double.

2. The population of a colony of feral goats grows continuously at a rate of 9% per year.
The number of feral goats at the start of a study is 650.
{a) Find an expression to model P, the number of feral goats, ¢ years into the study.
{(b) Find the feral goat population after 4 years.
{c) Find the time taken for the feral goat population to reach 1 000,
{(d) Find the time taken for colony to quadruple in size.

& O.T.Lew (]



(15 f'_l'll'l'l'.ll'lﬂ'-l.l'ﬂhr FJ.lrr.;'ﬂr.ul:l

3. The population of a colony of koalas is being monitored. The population 2, afier 1 years

{001
is modelled by P = 4 000¢ .
(a) Find the initial population of this colony.
(b) Find the exponential growth/decay rate of this colony.
() Find the population afier 5 years.
(d) Find how long it will take for the population to be halved.

4. A radioactive substance S, decays at a continuous rate of 1% per year. Initially, there was
50 g of this substance,
(a) Find an expression for 4, the amount of S, left after f years.
{(b) Find the amount of § that is left afier 100 years.
(c) Find the amount of S that has decayed afier 50 years.
(d) Find the time it will take for the amount of S to drop to | 2.

3. The population of the United Kingdom (UK) at the start of 1981 was estimated to be 56
million. Its continuous growth rate was estimated to be 0.2% per year. The population of
Papua New Guinea (PNG) was estimated to be 3.1 million at the start of 1981 with a
continuous growth rate of 2.0% per year.

(a) Find the population of PNG at the start of the year 2000,
(b} Find when the population of PNG, first exceeds that of the UK.,
{c} Comment on the validity of your answer in (b).

6. The estimated population and continuous growth rate of China in 1981 were
991.3 million and 1.0% per vear respectively. The corresponding figures for India in
1981 were 690.2 million and 2.3% per year respectively. The corresponding figures for
Pakistan in 1981 were 84.5 million and 3.0% per year respectively.
(a) Use an algebraic method to determine when the population of Pakistan first
surpasses that of China,
(b} Which of these 3 countries would be the most populous country in 2020,
Justify your answer,

7. A nuclear aceident occurred in 2000, The amount, 4, of radicactive substance X,

03¢
remaining ¢ years after the accident is modelled by A = 63¢ . The amount, 4, of
~(.000 ¢
substance Y, remaining ¢ years after the accident is modelled by A = 40¢

(a) Which of these two substances is decaving at a faster rate.
(b) Find when there will be equal amounts of X and Y.
*{c) Find when there will be twice as much of one substance as the other.

8. In a certain ecosystem, organism A preys only on organism B. In a study conducted, the
0o1s
population of A (thousands) at time ¢ months is modelled by P = 6. 98¢ r, r20,
-2
The population of B at time f months is modelled by P = 1534e 120,

(a) Find when the two populations are equal.
{(b) Comment on the validity of these models in terms of the predator-victim relationship
between A and B.

& O.T.Lee 7



S ——

iﬁz[ﬁmuﬁm .HL'{'F_-IH-H'.E Unirs 3 & 4

9. The height # (m) of a particular species of gum tree, for a particular stage of its life, 1s

modelled by i = 10e ' where ¢ is the number of years into this stage of its life.
I {a) Find the continuous growth rate of the tree if its height when = 1015 254 m.
*(b) Find the height increase in the 10th year [use the growth rate in part (a}].
{c) If the growth rate was double that in part (a), find its height when ¢ = 10 and
Comment on your answer,
(d) Find the average rate of growth in the first 10 years of this stage.
[use the growth rate in part{a}].

10. The weight W (tonnes) of a certain whale, during a certain stage of its life, 15

modelled by W= ﬂ15f.‘“ _where 1 is the number of vears into this stage of its life.
(a) Find the continuous growth rate of this whale if its weight when = 3 i5 3.5 tonnes.
(b} Find the weight increase in the 3rd year of this stage [use the growth rate in part (a}].
(c) Find the average rate of increase in the first 3 years of its life in this stage.

[use the growth rate in pari (a)].

|1. The concentration C (mg/mL}) of a drug compound X in the blood stream of a patient,
k

is modelled by C = Ae " where f is time in hours after the intravenous introduction of the
drug (into the patients bloodstream). The drug concentration after 2 hours and
after 10 hours are 1.67 mg/mL and 0.81 mg/mL respectively.
*(a) Find the initial concentration of the drug and the continuous rate with which the
drug concentration declines.
(b) Find when the concentration draps to less than 0.3 mg/mlL.

12, The number N of “mature” fish in a pond is modelled by ¥ = ::nr*r where ¢ is the time in
months after 1st January 2008. 6 months and 12 months afier 1st January 2008, the
number of “mature” fish in this pond was estimated to be 7 490 and 12 480 respectively.
(a) Find the number of “mature” fish on Ist January 2008 and the continuous rate with

which the number of fish in this pond is growing.

*(b) When the “mature” fish population reaches 15 000, 60% of the “mature”™ fish is
harvested. Assuming that the population growth rate remains the same throughout,
find the fish population 18 months after 1st January 2008,

I3, The half-life of a radioactive substance decaying exponentially is 70 days. After 10 days,
only 55g of the substance remained. Find the initial amount of the radioactive substance.

14. The halflife of a radioactive substance decaying exponentially is 120 years, After 5
years, only 190g of the substance remained. Find the initial amount of the radicactive
substance.

15. The half-life of a radioactive substance decaying exponentially is 500 hours. Initially
only 500g of the substance was manufactured, Currently there is only 20g of the
substance left. How long ago was the substance manufactured?

16. 25g of a radioactive substance has decayed within the first 12 hours. Find how much
would have decayed after the first hour if the half-life of this substance 15 13 hours.
Assume that the radicactive substance undergoes exponential decay.

& O.T.Lee b
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1.1 Differentiation of Polynomials

* The following results (from previous units) are quoted without proof.
= Given that @ and b are constants and m and n are real numbers:

. —{.I'"}" .I':I'.IJT-I

" %{m"t h.r“]=a{nr"_|]ih[rﬂ.rm )

Example 2.1
Use Pascal’s triangle or the Binomial Theorem to expand and then differentiate
. 3 3
'i'!'“-h mp‘:‘:lm"—‘ {ﬂ} _'I-'=|:] +_.=-} thj *F=.IJ[] _:}ﬂ {c} y= {I+i-l'} )
x
Solution:

(@ p=(1+ Jr]-3

"
= |+3x+3x +x

dy 2
— =3+ fx+ 3x
e e

3 4
(b) y=x(l-x)
3 2 ] 4
=x{l-dx+6x —dx +x)
3 4 5 & 1
=x —dx +6x —4dxy +x

% =3x — [6x +308 —24x + T

1+2x)
() g (1+ z_r}
X
2 3
_ 1+3(2x)+3(2x)" +(2x)
%
= ] = |
=x +Hxr +12+8s
ey -3 -2
— =-2¢r —-6x +8
'

Nofes:

* I this chaprer, we will develop rades for differentiaring these finciions
witfeniet the need o expand them,

D 0.T.Lee ' 9
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2.2 Rules for Differentiation

2.2.1 The Chain Rule

a7
alk 11

=1

Hands On Task 2.1

In this task, we will develop a rule for differentiating powers of polynomials.

l. Considery=(2c+1) ., Letu=2c+1.

(a) i:md % and % (b) Verify that y = |4|1 and hence find %
{¢) Verify that % :%= By + 4. (d) Comment on your answers in (a) and (c).

2. Consider now, y = (1 -:}3- Let u= (1 -x).

{a) Verifythat v=1 -3.'1""3-1'2—.1'3. {b) Find ‘#and o

{¢) Find y in terms of u andhmm%. (d) Verify that %“%, -3 +45x—3.1'1.

)
3. Considery= [l-l] . Letu=1- }—

X X
(&) Verify thaty = 1-=+—-. (b) Finddyandm-
R e
(c) Find y in terms of u and hence %. (d) Verify that i‘.,%: -52——1—33
4, Use your observations in thim 1, 2 and 3 to suggest an algebraic rule that
“connects” ﬂ L ;
dx ' du ﬂfl.'
5. Check the accuml:y of your rule on the following:
{a}y-{-h-i-i} with n=dx + 1 (b) y= {1-—2:}‘ with w=1-2x
() y=(x + 1) withu=x+1 (@) y=(1-x) with u=1-x"

] c S dy 3
6. Given that y = (1 +x) , venfy that ;—5-4{! +x) .

7. Given that vy = (1 - lﬂs. verify that %= 5({1 - 11]4 * [-'2].

£. Giventhaty= {x - t‘.l verify that — dh’ = I}i ® (2x).

£ O.T.Lec 10




02 Differemiiation I

ﬂ. Summary

» Given that v = f(r) and u = g (x) then:

L L
C de v dx
This is known as the chain rule for differentiation.
= Notice the following:
b If “cancelling” were allowed,

& _dv du .
dy  du d.'t' we would get — .

'y N dx

Example 2.2
Usé the chain rule to find %* using the suggested substitution u.
3 2
@ y=(1+x) use u=1+x ) y=(1-3x) use u=1-3x.
Solution:
fei
(a) u=1+x =5 —= |
) dx
] 3
Rewrite Y=u :}%= Su“
de du dr
%Hjudx I=5(1+1)
2 di
b) u=1-3x = —=—fir
( el
Rewrite y=u = %m&f
, dy _dv du )
5 = —
HE dr du d
3
£=4u x (—hx) = =24x(] - 3.1'211
dr
Notes:
o After some pracrice, a more mechanical technigue can be used as shown,
yp=- [I. - 3x }l
o Lﬁ
=] = 3: ™
By
Derivative of expression mithin bracket

@ O.T Lee 11
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Example 2.3
4
Find % for @ y=(x =1’  (b) y= [|+£] ,
Sﬂfﬂﬁﬂﬂ.‘l
5 5
@) y=@ -1

% st — 1) w @) = 1551 1)

1
(b) = [|+—]
x

e ]

Exercise 2.1
dy
: le —=— —ml" d:
1. Use the mu = .:iu = in
I

(a) y=(x+1) ,use y=x+1 {h1y=[l-—x}|ma,usu= u=1-x
{cjyd(h+‘:}4.m u=2x+ | (d) y=(1=x2) ,use u=1=-x2
' 3 5

{:}}’=[1+§]zluu‘.u-1+§ mf=[§-=1]2,usf; "=§_]

Lg}}r={|+1xz}4.u5:¢ u=1+2¢ (b y= I[Jr I'_i u&Eu=-TJI_I

D y=0G-r) e u=5-x (G y=( —4}”‘ e

2. Use the chain :‘1.11{: to differentiate v wnthmspr:ﬂlux -
(a) v= “+3§i}fi {b]_}rﬂl[xﬂ %} {[:]_}rﬂ{ﬁ"l;.r] y
(d) y= (3"'1'! EF}}“'“—L:-E} (n .F"“f;‘};"*]iﬂ
@) y=(1+ 0’ (hy p=(2+x ) (i) y=fx -1

3. Use the chain rule to find:
{a) %u”u*f (b) %{1-1“:’;* (c) %{H%u}‘_ (d) %{1+~f;+:]"

4. Use the chain rule to find f'(x}):

1 | . 2
== — | e —_— d =
(@) fla)=1— (b) £i(x) e (e) fix) ﬁ (d) f(x)

(1-x)

5. Find y':

4 3 =1 - 1
By OFES 9T 9w

& O.T.Lee 12



a2 Differenrimtion !

*6. Differentiate with respect to f:

1
@ v=v1+1* (b} v=
V41

: 2.1
1. Giventhat f(fi=(1+¢) ,fnd f(r). Hence, find £(1).

3 ] ' 1N
=l+f +— [d) v=|14+—
(&) v l+¢ (y v (+1+:]

8. Given that f(r) = find /(7). Hence, find (1),

16-1*"
9, Given thatf(1)=(1-2r) , find ¢such that (1) = 0.

10, Given that f(r) = (¢4 — I}. — 1, find ¢ such that /(1) = 0.

2.2.2 The Product Rule

I..I.'I-l'..
f“{& Hands On Task 2.2

In this lzu‘-k we will explore a rule for differentiating products of polynomials.

1. Consider y=(2c+ I3x+ 1) Letw=2x+1andv=3x+1.
dv

{a) Expand (Zx+ 1){3x + 1), Hence, find % (b) Find % and o

ic) Find [-‘i‘i! 1-'] + (m-c -E:{-] and comment on your answer.

1

2. Consider y = (x —”{I}" 1) Lelu=.tz-landv=.r3-].
2 1 ady . odu dv
a) Expand (x — 1Hx — 1). Hence, find —. b} Find — and — .
{ pand | M ) i (b) o =

i

{c) Find {%x 1-'] + (m-: %} and comment on your answer.

3, Considery = (1+2¢ X1 —2x). Leta=1+2 andv=1—-2x,
(8) Find %. (b) Find % and %.

{c) Find [%x 1—'] + (H‘H%J and comment on your answer.

4, Given that y = w = v, where » and v are expressions in x, use your observations in

Questions 1, 2 and 3 above, to describe using appropriate symbols, a rule for % :

© O.T.Lee I3



Mathensetics Methods Uity 3 & 4

.& Summary
» Given that y = u = v, where u = f(x) and v = p(x),
LB [E:ﬂ?] + [n xﬂ}
de | dr dx
This is called the product rule for differentiation.
» Note the pattern embedded in this rule:
yEuxy
b . {ﬁm) + [mﬁ]
el d T elx
l & |

dif ferentiate u, differentiate v,
leerve v leave u

L

Example 2.4
Use the product rule 1o find %, @) y=Qx+ I+ 1) (b) y=(Jx + Dix —1).

Solution:
(a) y=(2x+ 1)5x + 1) ;
dy | d
e [E:--[ixﬂ}][ix*' 13+ (2x+ ”[d::{h”]]
=A5x+1)+(2x+1)5
=0x+2+10x+ 5
=20x+ 7

(b) po(aE # 1E =)= (xF + 1) = 1)

%= E—{ﬁ +u]{x’ S HEEF —l:r:|

| ]
x¥x =-D)+2x(x? +1)

3
+ 2 x? 4+ 2x

|
i i
(]

Al b= ta =

)
I

X

(R E
+
Y. e
]
)=

1
x 2

=

& O.T.Lee 14




3 Hffereniation [

Example 2.5

Use the chain rule and product male to find %

@ y=@c+ 1) - 1)

M) y=(x+ ix 1)

Solution:
X 12
(a) y={Z=+1){x -1)
%_ [%[h+|]‘]uz — 1)+ (x4 1]"'[%{;1 -1}:|
= [32x + 1Y@ = 1)+ 22+ 1) 2x) =
= {2x + |}=|;:r=-|'_n+1r{1:.:-|-:fI ‘_‘mﬁhrm
=2(2x + |}2[3[£1- 1)+ x(2x + 1)] I :
=2{2e+ 1) [5x +x-3] ._I"'“""“f”
(b) T
£= i 1_ 12 ; i N
< [d:{_r+l}:|{.r 3 +¢x+n[dt|:x" ty"]
—x -1} ++ m%ff -1 @2n)
"{.tzv—]}lﬂ'l'_'l‘[_l"b |}[J:'1" I}-hﬂ ‘t__.-l.ru-u'.il =
= = 1) = 1)+ 1)) =
_{Il- |}_Iﬂ[1t': +x=1] {__rm h;ﬂ
Exercise 2.2

(a) y=(x—2)3x+1)
© p=(1+ )= 2)

(@) y=(1+Jx X1 -x)

{51y=£2+:§:}:x3+n

9; Uk the product rlé & fisd % fix).
() i{r+i}3|{x+2}

*(c) %{:1 +x+1X2x+1)°

1. Use the product rule to find dvlde. You may leave yvour answers in an unsimplified form

(b) y=(l —x)2x + 3)
(d) ¥=(1 +x+1:1]|[4—1‘2}|

LI"M=EI+£}I{I+1—12]I )

{hw=nx+§}u"—41

(b) %{1 - ¥}x+3)

*(d) %l{r: +X -I-i}[l—.l.‘—_l.':}j

D O.T.Lee
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Mathematics Methods Units 3. & 4

3. Find .
(8) y= (2 + lﬁ’:{xu} (b) y=(1 —x)dx +3)
{‘21 y={1+2&) (x=1) (d) y=(1 +3x)J3-2x
4. Duﬂcfenlmlnwuh r:spcctlm 2 "
{a) f{1) = {.r+1]|[.-—2} b) FIN=(2+ 1) (1+2)
(©) f(n=(1 - 51 (1420 (d) £1) = |+zrf’2u 0y
*(e) w1 = (1 +4:f:§s+:rfli 0 W= (1430 (1420
*@) P(=(1+30) (1+2) #(h) Py =(1+50 (1 +ﬁr.‘l
5. Differentiate with respect to 1.
A s
@) ==Ly ® y=( -1y -—}
6. Use the product rule to find dyidr.
@ y=(+ 1)t +2)" {}J’=%
[r+|}z N =
) y= d) y=
7. Use the product rule to find »". : s
(8) y=(c+ Dx—1) (b) y=(x +1) (x-1)
P 2
() y= —=—= (d) y=
S u—r*‘ﬁ

8. Given that /(x)=(x+ 1) (1 -x}. Find f'(x). Hence, find £(0).
9. Given that f{x)=(l —.rl]{l +1x}|3 . Find f{x). Hence, find 7'(1).
10. Given that W) = {1 + K1 - .r‘_i:, find v'{r). Hence, find ¢ such that v'(r}) = 0.

*11. Given that P(f}=(1 - "Efu 427, Find P'(¢). Henee, find ¢ such that P'(7) = 0.

«12. Given that s()=(1 + 20 (1 =£). Finds'(r). Hence; find r such that 5'(r) = 0.

£ O.T.Loe 16




02 INfferentianion |

1.1.3 The Quotient Rule

e Giventhaty = 2 | whereu = f(x) and v = g(x),
L
i dv

vEE St

L N i
odx v

This is known as the guartient rule for differentiation.

* Note the pattern embedded in this rule.

i
Jl.lmu...

v
1 r'. Mk dif ferentiate
pu _ dv denominator

dif ferentiate square denominator
mumendter first

+ Remember that quotients can also be differentiated using the product rule.

Example 2.6
; l+¢ =7
Use the tient rule to find E: e = .
se the quotient ru in = (a) v — (b) ¥ o5
Solution:
{a] J_r: ,:%E_ —= % = {I-r.:l{l.:llh{]::'!_l} Hmtﬂg [.} ll-'ill'i_ﬂ.lﬂhl]:'l‘l:'rdlli:‘-l I'IJ!E':
Li=1) y={l+0l -0
1=+ (1+7) dy " -2
_W I={IHI—H {1+ N(-1X1 -1 (-1}
- - =il--l'1l'|+'[i+vl{|—i}'_z R
(1—1r} =:l—;}_2[|t—:ji (1+0]=241=-0

4
1=t dy _ (1-20)-1)-(1-r)(-41)

(b} ¥=

i=2r dt (1-2¢%)
_ H1=225)+ 401 -0)
-2y
= 1+28 v A =4t
-2y
=2 ey
C=20F

© O.T Lee 17



Mathemaiics Methods Uniles 3 & 4

Example 2.7

Use the quotient rule and the chain rule to find —=

Solution:
(1)’
(1+0)

(a) y=

{1-1)

(oL (1+26)°

Exercise 2.3

dv _
el

ﬂlP (-0

: (a) = a+0)
(+n[20-n0=D1=(1-0"(1)
(1+y

5 20+ 00 -0=(1 =ty

(1+1)°

_ =020+ -(1-0)]

_(=n-3-4 _

LD
i

(1+1)°
(=Dt + 3]
(1+1)

(1 +1)

1+ 207 (-1) = (1-N2(1 + 20)'(2)

ii+20*

_ {1+ 2P -4 -1)(1+ 20)

(1+20"

_ (1+20[=(1+20) - 4{(1-0)]

(1+2n°

_ -5+ 2
(1421

(1-1)

by v=
oy (1+21y*

Angwer in

=

| Anzwer
"_||.mruw-i form |

1. Usethe q,un-tumt rule to dlﬂ'ercmmm each of the following with respect to x:

{a) 'l."; :
(e) Lix +1)

2. Use the quuticnt rule to find /(x).

{a) f(x)= —

- X
I

(e) flx) =

(b} I."I[4x} ” (e} Wx+1) -
() e+ 1) (g) ~1(x—1)
o) = —%  ©f)=-
1+3x 1-6
() flx)= (@ f)=—
1+

2
X

(d) =1ix+ |3}

{h) 141 =x)
I+2.t
d =
(d) fix)= =
|
(h) fx) = ]*1‘

3. Use the quotient rule to find y'. You may leave your answers in an unfactored form.

|

L

Orag Oy 9T e
(e) y= ﬂf;]; (f) *"=f|":iﬁ? 8 y= {Hr (h) y= “:_?z
' y= & 2 gy ﬁ;jf;j 0= a3 = e :::;;i
i (LT Lee 18




02 iferemiartion |

4, Difﬁ:r:miate with respect to r. You may leave your answers in an unfactored form.

L) 4 &
b) ——— d
8 W= (41— 3} ®) S (<) (1-+1) ) A+rye
b %
2t —d4 (1+21y? (3-4py?
(e 10" '[.ﬁ '-"—“ o) (2) - (h) Y
5. Differentiate with respect to x. You may leave your answers in an unfactored form.
(@) l+x b I-x © {I+Ex}‘¥ d) (3= 4:]’5&
(1-x)** (1+2x)"* x 14+ 2x
-2x x l+x =X ]m
) (1+x° )" @ (1-x")"2 ) Q<x*y {h} {Iq-x‘t]
*6. Find dy/d@ You may leave your answers in an unfactored form.
1+ 1-8°
{a) y= = (b} y= 16
7. Given that f(x) = : ~ find: (a) £'(0) (b) x such that f(x) =0
8. Given that f(x) = 4' "’;1 find: (@) [f(0) (b) x such that f'(x) =
2
*0. Given that W) = m, find: (a) v'(0) (b} ¢ such that v'(n =0

*10. Given that wr) = T. find: {a) v'(D) {(b) rsuch that vir)=0
1.3 Higher Derivatives
E . % or ¥ or f'(x) is called the first derivative of y or f{x) with respect to x.

* The denvative of the first derivative is called the second derivarive of v or f(x)

2 2
with respect to x. This is denoted -{L—f or ¥ or %f{:} or fo(x).

* The denvative of the second derivative is called the third derivarive of y or f(x)
3 3
with respeet to x. This is denoted % or — d (x) or ~(x) or »".
* [In general, the nth derivarive of y or f(x) with respect 1o x, is denoted
r fi:'f or " or Ij{x} or £ "(x).
[(n) is the Roman numeral equivalent of the Arabic numeral denoted by n.]

& O.T Les 9
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Mathenrarios Methody Ui 3 o 4

Example 2.8
Given that f(x) = (1 + %), find f(x) and £7(x).
Solution:
fixy=(1+x ".I
Hence, Fixy=31+x }l {E.x}
=Gw(l +x ‘1
Therefore 1) =[6K1 + ) +6x2(1 +x) ()] ek I
=61 +xi}3+24.r:l[] +f} =
" =6(1 +x J[(1 +x )} +dx] A —
= 6(1 + )1 +5¢) dowre |
Exercise 2.4
1. Given ﬂ fnd ;
dy | :'i:'z
"fr" - o A B B 1Y ar
® S ie ) WTee @
2, Given f'(x), find f*(x). You may leave your answers in an unfactored form.
(@) fi(x)=x(1+x) () 1) =x (14
i
(€) fix)=(1+2) (1+3) W) S =(-x) (1+4x)

3. Given y=f(x), find y".
@ y=(1+29" ) y=2-1509" (@ y=(1-6x" (d) y=11(1 =4x)

4. Givenv=[ {r] f' nd the second deriv atwc of v with respect to 1.

(a) v= {!H} {I:r}u-{l—.r]
. dy 2 dy
5. For each of the following, find 7 and hence suggest an expression for g 1
10 -2
(a) y=x (b) y=x
6. Given that f(x)=(5+ 11:}‘ find : {a) [°(0) (b) x such that f{x) = 0.

7. For each of the following, find the value(s) of f"(x) ‘corresponding to the value(s) of x
that makes f(x) = 0.

@ f@=6-1" () f)=x —12¢ () flx)=2¢ =9 + 12

© O.T.Lee 20



03 Differemtiation 1

| l}3 Diffeenﬁatin Il

3.1 Differentiating Exponential Functions

311 Differentiating e

BT
i 1-1 L.
. f{ Hands On Task 3.1

In this task, we will explore a rule for differentiating expressions of the form 7 3ol

I. Turn on the “derivative™ facility in your CAS T
calculator. Tabulate on your CAS calculator, —x
X
y=¢ for=3 <x =3 for unit increments for x. I
With the “derivative™ facility on, the equivalent

-#

HoN SEE
Pl
gis Sas

4

values of % are simultancously shown,

Comment on the values of v and ﬂ

o
2. Repeat question 1 for:
2x i 20
(a) y=e (b) y= :-.'l (c) y=e (d)p= En_jx

3. Predict the value of % for each of the following at the point where x = |:

{,05x

5 . .
(a) yme 3 (b) y=e » {c) y=e (d) y= 2;‘

- - . - mx -
4. Use your observations above to suggest a rule for differentiating ¢ with respect to x.

_ ﬁ Summary
: _mx .d‘].' _mx
. G =g L =
iveny=eg = me
o Mote the pattern: . —
HEL
y=e

Note: o The proof for the dertvative of y = &" s ghven in Example 4,2

© O.TLee 21



Mathemmtics Methods Unilis 3 & 4

Example 3.1
Find % for: (8) y=e @) y=—a= (@ y=re @ y=<.
e €
Solution:
0.0Lx dy 0.0
- 2 =00le
(a) y=e = F
1 = o
{b]y=F=£h=?g=n3eh
{t}y=.rzl:r = % -Zx#ej+.rlxel=:;{2+x}
(d) » —'} =xe == % =e +x(-e )=e (1-x)
e
Exercise 3.1
L Find 2
o .05y
(a) y= f-'_'i l b) y= 91'::m g
(d) y=¢ (e} y= lie (N y= e
(8) y=50e - (h) =3/ (i) p= %,f_m
2. Find y'.
l'ajly=.rj+3€; ) y=lix+de" © y=(c+1)°
) y=e +e © y=(x+1) +e& /5 D y=(-x) +de
| 1 | 1 _ £ * 41
(g) y= h) y=
B 4e% +|[.'|:'-I-|]= L 2 +{l—r}= B e
3. Find % You may leave vour answers in an unfactored form.
(@ y=re 1 (b) y=2i¢" BT R
34 - -
@ y=(1-i)e {e}.v=lflzr~1r}ze' M y=(+)e
[ =
(g) y=rle (h) y=e ff ) y=e i1 +0°
4. For each of the following, find: :{i} :F’{E} {1i) x such that _}'"[x]; i
@ S =25e’ ®) £ =x7e"
*5. For each of the following, find the value(s) of f"(x) that comrespond to (x) =0:
(a) flx)=x'e (b) £(x) = (1 + ).

£ O.T.Lee 22



03 Differentiation If

112 Differentiating ¢’

& Considery= E,rm‘

Let w=f{x). Hence, y= e
Using the chain rule:

A _dy du

dy  du dx
=e'x f(x)
- fr{:} -EI:I}.

= Note the pattern.
fia)

e
| | differentiate
g - ') Eﬂ::

JI::

‘Example 3.2
Find f(0) if (2) f()= € ! ®) f()= xe® .
Solution:

(a) fix)= et = f(x) s 2= e H m gy ¥

®) F)=xe5 = fx)=1%¢e" +xx(20) "

[ =& s
= (1+2¢)
Exercise 3.2
1. Find y'.
@y=e*  @y=tE L @y @yl
(e) y=2¢"* (f) y= 2}; @ y=1e™ (h) 4™
2. Find e,
@v=1’e _mv=(+nd* (0 u= L (d) v= Ll
26 1+1

*3. For each of the following find the value(s) of F{¢) that correspond fo F'(.;} =1
@ P)=—e" (b) Py =re™" .

£ O.T.Lee 23
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Differentiation

4.1 First Principles
e In this section, we will review the concept of the derivative using first principles.

e The derivative of f(x), denoted ['(x) or if{.:r: , 15 defined as:

O, Lo WO b e ) e )
o e gl LeR=L)

Example 4.1

.
Use the definition of the derivative to find the derivative of: {(a) 5x (k) —-1? .

Solurion:
)
(a) Letf{x)=5x.

firse o0 =302

; .| S{x+ JF!Jl ~552
H x)=1
e 5 hﬂln! I J

Pl iy 1= 2 )
.[mhzmm?}-sﬁ] - g
= lim

fr=1) h

lim(10x + 5h) = 10x

(b) Letf(x) = —
2z

e
2x+ .F:]n2 2y
]

H . f(x)= hm
ence, f(x) fore

-.L'E —|:.1|r+.F:‘.+2 1
=0 2% (x £ ) h |

I
§.

f =f{2x+h) ] i —{(2x"+ h)
TS PR H [ S S 7
=0 2hx®(x+h)? | 0| 2x%(x+ )

B O.T.Lee 24



14 Differentiation T

A ...|

h
= it ["I‘Eh'”]
h=0| K From Chapter 1:
. @ -1 I -y 1
!!TE-I: x i ] J-T[i[ h
=gt %] = g%
Example 4.3
i T j S
Identify the function that is being differentiated in ,}'“"D[ HHT & ]
e

Hence, evaluate this limit.
 Solution:

Rewrite lim
f—d

[—2[x+.i:l)5 +2x5] ] [:-E{.r+ By’ -{-1;5}]

h=s0 i

with lim
fo=s1

Com lim
pare h—-rl]l[

“2Ax+h) —{-1::5}}

[th}-m}}
Iy h )

Clearly, f (x) = ~2x
Hence, the function that is being differentiated is f(x) = ~2x .

M T e I B
Therefore, Py
ore 1:1_';:':][ . {—2x"}
= -iﬂ.I‘

@ 0.T.Lee 23
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Example 4.4
()
Without the use of a CAS/graphic calculator, find the exact value of ﬁ}imn 5
_..
Solution:
1|I[l+.i:)-l “'n.]-JI
ardend 4 2 : 4 4
Rewrite lim | —-——| as lim | ————
fr—0 h h=sl) I
(-
. : 4 4 S f[x+.i:‘_i-_,r{x}]
Co lim | -————— | with lim ;
n—Tn ] : hl—m[ h
\|(-1+h]-qu d ‘Jr—'
Clearly, lim| +——| = —[v¥x
sl h dx[ 1:=1
4
X |x=—
)
Exercise 4.1

|. Without the use of a calculator, use ﬁ.nj',t principles to dgﬁ:rcn!iale the fnllml.:rjng:
(a) -5 (b) x2 (c) x (d) 3x -2x (e) e

2. Evaluate cach of the following limits by identifying the function being differentiated.

4

4

i 4_q 4 3_a.3 — T
PR e i Bt a lien | 2OEN =20 ey iy | SN 35
hsfl] h h—0 ih =0 h
= A
= Hx+h) _ AR
) A | i Lot ric | W (PO
h-»0| h k=0 h sl h
3. Find the exact values of each of the following:
- 2_ 2} E 3 __...:._
)l (h+2)" -4 (b) lim (h=2) +8 © fim (1+h)
h=0| h h—0 h b=
B oyl =3_ -3 2+h _ 4 2
(). i 2223 () lim i () iy | 1200028
x=5l) I ] fr—il I h=sil h
© 0.T.Lec 26




04 Dhiffererrtarion (T

4.1 Differentiating Trigonometric Functions

= A list of important trigonometric limits is given below (x must be in radians):

o lim cos{x) =1
x—+i

o lim =) _q
x—l X

e lim L"{ﬂ =] [This implies that for small x, sin(x) = x]

x—ll X
. la P
o lig 200X [This implies that for small x, tan{x) = x]
=0 X

B
wk [+

¥
5& Hands On Task 4.1

In this task, we will explore the development of some of the trigonometric limits listed above.,

l. Use your CAS calculator to verify the following limits (x is in radians):

(@ limcos(x) =1 (b) lim— g () fim SU2) o) (g i AU
r—sll x=i) x —0 X z=l X
2. The result for lim Slote) can also be determined using B
=0 X
geometry. The accompanying diagram shows a sector of &
a circle OAC, with OA = OC being the radius, and a
central angle of size x radians.
Triangle OARB is a right angled triangle.
v i A

Clearly:
Area of triangle OAC < Area of sector OAC < Area of triangle DAB!

{a) Use this result to show that sin(x) < x < tan{x).

[b} Hﬂ'ﬁﬂh shﬂw !ha-t 1 = = = < l and ﬂ'l:l‘ﬂ[_r} e Ei":.'r:' < |.
sin{x)  cos(x) X
sin( x)

ic) Hence, find lim
=l X

3. The result for lim I_'—m?ﬂﬂ can also be obtained algebraically.
=0 X

Rewrite lim 1-coix) as lim {-I--E_ﬂ] Hence find lim 1-cos(x) )
=0 X x—0] x x y=3D x
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4.2.1 Derivative of sin (x)

i « To find the derivative of sin (x), where x is in radians, we adopt the following
_ procedure,

o Let f{x)=sin (x).

Using first principles:
4 intx) = tim ﬁ“{““}"si“”]
h—0| h
. - fim _5111{.1‘}-::15[!:}+ms{x}5in{h}—-sin{x]]
h—0[ L]
il sin{x)[cos(h) — 1]+ cos(x)sin( ) |
h—i) h

[ sin(x)[cos(i) 11 | cos(x)sin(h) |

= lim
0| h h ]
= |im sln{x}[m{m i} mﬁ;}[w]] Using the resulis:
A0 h [1 __l:{rﬂ_ﬁ']] 0
h—i-ﬂ
o) lim [@]] -1
fy=si}

4.2.2 Derivatives of basic trigonometric functions

s Listed below are some commonly used results involving trigonometric functions:

. %sin(ﬂ%m{ﬂ

. %mhh-siﬂ{ﬂ

. %tm{;}=msg{: =sec”(x) .
. %m“ﬂ:in;:::}:_ﬁmmz (x)

l © O.T.Lee I8



4 Differentiasion I

sin[i+h]—sin[i]
- Without the use of a CAS calculator, find the exact value of lim p I
L =)

-

ik

—]

=
B

Example 4.6

- Without the use of a CAS calculator, differentiate each of the following with respect to x:
Bl cio 5 (b)) cos(dz=1) (o) sin (2 () e (o) € cos{In)

Solution:

{a) ¥ = sin (5x) = % =5 cos (5x)
(b} y=cos{dx-1) = %=—45in{4.r*-1]
(©) it (1) = % = 5 5in (2x) % cos{2) % 2

= 10 cos {2x) in (22)

(d) pue s D oagecgre
d
() = elcus {3x) —1 % = e'ms (3x) + e:[- sin{3x) = 3]

= ¢ [cos (3x) - 3 sin(3x)]

& 0T Lee 29
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Example 4.7
Given that v = x cos{x), find .:.ﬁ.' and :ﬁ" ;
Solution:.
¥ =xcos(x)
Differentiating once: % = ¢0s (x) — x sin{x)
. s i d*y : :
Differentiating again: Er_ = —sin (x) — [sin {x) + x cos (x)]
= —2zin (x) — x cos (x)

Exercise 4.2

1. For each of the following limits, identify the function being differentiated.
Hence, evaluate cach of these limits.

(a) Iim[“i“‘” f) _si“m] (b) lim| S50+ msiy}}

he—all 'h e 1 h
@ Iirn[tan[x + hj:— mn{x}] @ tim [ (x+ .Iﬂsirb[x;h]— J:s.int.r}]
(e} Liﬂ[fﬂm{: = h;—:m[-‘}} 'l.'ﬂ %,'",} sin(0+m+ .i:l;—sin[ﬂ+“}j|

2. Find the exact value of each of the following:

(a) Iim[sin{n /4 +h‘.r-51rb[n;.|"4}] (b) Iim[s:in{r:.-‘! +h - I]
Jp—aid Jpoadd

h [
(@) Tim| €052 M —cos(2) @ lim tan(m/ 3+ ) -3
-+ I fr=sld h
@ lim [sin;.&}] ® Liﬂ[—msim + I]
3. Differentiate each of the following with respect 10 x:
(a) sin(lx) (b) cos (x/4) (c) sin (m/2+x)
(d) cos(3x) (e) cos(—x/2) . () cos(n/4d —x)
{g) tan (5x) (h) tan {x/5) (i) tan (m/4 + 2x)

4. Differentiate each of the following with respect to &
{a) sin (B + 1) {(b) cos (28 + 1) {c) tan (] +@)
{d) cos (1 —8) (e) tan (B/4 + 1) (f) sin [(6 + 2)/4]
(g) 2cos(B+4) (h) [sin (1 —8))/2 (1) tan (n/4)
£ O.T.Lee 10




0 Differentiation i

-.. Diﬂ%r:;ltiate each of the following with respect to x:
{a) sin (x+ 1) ib) sinz{l — 2x) (c) CNJ{E.:]

(d) cos (¢ +1) (¢) tan (1 - 3x) () tan (v +1)
5}:"- Differentiate each of the following witzh respect 1o f: .

(a) -‘siﬂ-gfl 2 (b) ¢ mlsilﬂ () (:l +? tan(r )

(d) sin () (e) tsin (20) () + cos (1 +3nN
7. Differentiate each of the following {uith:zr with respect to x or r):

(a) sin(mr) cos(s) {b) tan () () e cos(m)

() e cos(2e) (&) €™ sin(2t - w6) ) €™ cos (21)

8. Differentiate each of the following with respect to

(o) Sn@-1) ) 25620 o e

r P
"-'!i“m 2 cosinr) . ian i
[ = (e) 1 ¢ (f) tan ()

~' Find 1h;.‘= first and second derivatives n["ll:e following:
(a) sir{ (1+1) (b} cos (2r) (c) tﬂnlﬂ + 1)
(d) "% (e) cos (1 + ¢') (f) tan ¢

D O.T Lee 3l
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5.1 Equation of tangent

= If y = f(x) represents the equation of a curve, then,
JF(x) or f-;—é or ' represents the gradient function of the curve.
= The numerical value of the gradient of the curve at any point is obtained by

substituting the coordinates (usually, just the x-coordinate) into the equation for the
» gradient function.

# The gradient of the tangent to the curve at a point P on the curve is equal to the
gradient of the curve at the point P. From this, the equation of the tangent may be
easily obtained.

Example 5.1

Without the use of a CAS caleulator, find the gradient of the curve y = : : ; at the point
+2x

4, % ). Hence, find the equation of the tangent to the curve at this point.

Soluiion:
1

i+ 2x
3
_%u +2x) 2x2
1

1
= (1+2x) 2

b

Ble

Gradient function is given by

3

(1+2x)?
ik
27

|
AL(4, =), x=4,
( 3}

B |5

Hence, the gradient of the curve at (1, 5) is —% ;

The gradient of the tangent to the curve at (1, 3) 15 - E_E? .

The tangent passes through (4, Ii}'

Henee, the equation of the tangent is p — % = _%{: = 4)

el
Sl
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xercise 5.1 Unless otherwise stated avoid the use of a calculator,

1. Find the gradient of the curve with ﬁqualir;:m_v = (] = Exf at the point (1, =1). Hence, find
the equation of the tangent to the curve at (1, -1).

2. Find the equation of the tangent to the curve:
(a) = V9+xF atthie point (4, 5) (b) v=

at the point where x = 3.
1+ x)?

3 - ir 4
{c) v= at the point where x=2 (d) yv= ¢ at the point where x = 1.
A ey po ) ¥ po
3. Find the equation of the tangent to the curve y = e_lr at the point where x = —1.
Hence, find where this tangent intersects the x-axis.

4. The normal to a given curve at a point is a line that is perpendicular to the tangent at that
point. Find the equation of the normal 1o the curve:

2
(a) y=x e at the point {1, e} (b} ¥= ¢"sinx at the point where x = 0
x
{c) y= ; at the point where x = 1 (d) y= 2% a1 the point where x = /2.
— X

5. The normal to the curve y = e cosxat the point where x = 0, cuts the x-axis
at the point P. Find the coordinates of the point P.

B, Find the coordinates of the point(s), on the curve y = f{x), where the gradient is zero:
2 : 5
@ y= = B} y= (@) y=(-2D)e" (@) y= & for0<x<n
14+ a2 1-x

1. Find the point(s) on the curve ¥ = f(x) where the tangent Lo the curve at these points are
paralle] to the indicated lines:

(@) y=e ,y=2x+5 (b) = l+x,p=1+x/4
2
X == - Ix -
c) y= JAr+p=1 dy y=x+ JAx=y=1
) ¥ 12 ) (d) p=x+ e ¥

r

+I.alﬂ1=p-c-inlil,0}. Find 2 and b.
X

| a—
8 y=———isat at to the curve p =
¥ 5 73 ange ¥ %

9. y=x+ | 15 a tangent to the curve y = ax + b sin x at lht:r.m:ninll[g~ 1+ -;v}. Find & and 5.

10, Use your CAS/graphic calculator, to find the equation of the tangent to the curve

y={l +e"rz }sinx at the point where x = 0. Hence, find the coordinates of the pointis)
where this tangent meets the curve again for-g < x < 1. '
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5.2 Stationary Points and Inflection Points

T
f%tﬁ; Hands On Task 5.1

In this task, we will explore the mathematical properties of stationary and inflection points.

s e . Horizontal

The accompanying diagram show the terms used  Masimum Point e bl o o
to describe the stationary and inflection points || ¥
of a curve. Stationary points consist of: / y=%x

= minimum turning points

= maximum furning points ‘ Yo

= horizontal inflection points. ,j — Minimum Point
Paints of inflection consist of: | 3 ¥

* horizontal inflection points | j '

» oblique inflection points. mi deconPoint
The two subsequent diagrams show the graphs
of y = f(x) with the graphs of y = f"(x) and J
y= f(x).

¥ ¥
’ ¥ = Hx} f 4 f i

] | g/

VN

|. Compare the graphs provided and complete the table below using the terms “zero”
“negative” or “positive”,

Value of /{x) | Value of /(x)

Local minimum point
Local maximum point
Horizontal inflection point
Oblique inflection point

2. {(a) Statement: If y = f(x) has an inflection point at x = a, then f"{a) =0.
Use the association between inflection points on v =4 (x}) and tuming points
ony = f(x) to determine why this statement has to be true.
(b} Statement: When /"(a) =0, then the curve ¥ = f{x) has an inflection point at x = a.

Find a curve with equation v = f (x) that disproves this statement.
Find another condition, which together with (@) =0, defines an inflection point.

€ O.T Lee 54
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‘:&. Summary
* When f'(a) =0, then the curve y = f{x) has a stationary point al x = a.
To identify the nature of the stationary point, one of two tests can be used.

» The sign test (use this test when f'(x) is difficult to obtain).

« The stationary point at x = g, is a maximum furning point if :

x =g | x=a |x=a
sign for dy/dy or f'(x) :, . {
« The stationary point at x = a, i5 a minimum furning poeint if :
X xr=a | x=a | x=a"
. ’ - 0 +
sign for dv'dx or f'(x) N .
« The stationary point at x = a, is a horizental inflection point if ;
x x=g | x=a | x=a'
o 0l T
b Y| (SPEES G N
sign for dy'dr or f'(x) oo 0 T
2 T

a is a value of x slightly less than @ and @' is a valee of x slightly greater than a.

» The second derivative test.
- The stationary point is a meximum turning point if  *(a) < 0.
= The stationary point is a minimeum furning point it f"(a) = 0.
« The stationary point is a horizomial infleciion point if  f™(a) =0
and f"(a ) and f"(a”) have opposite signs.

* The curve y = f(x) has an inflection point at x = a, when f"(a) = Owand

f"(a”) and f“(a”) have opposite signs.
= If f{a) =0 at the same time, then the point is a point of horizontal inflection,
= If f'{a) #0 at the same time, then the point is a point of oblique inflection.

© O.T Lee 15




Mathematics Methods Ui 3 & 4

5.2.1 Inflection Points.

Curve CONCaveas |
downwards

« An inflection point is technically defined as the point about which the curve
undergoes a change of curvature.

e In the diagram above, note the change in concavity of the curve just before and
after the inflection points.

e The curvature of the curve can be described by rate with which the gradient
changes: -.:_: f(x) = f"(x). Consider the inflection point P.

e Just to the left of P, moving towards P,
the gradient of the curve is becoming more negative.
Hence, the rate of change of gradient f"(x) is negative.
» Just to the right of P, moving away from P,
the gradient of the curve is becoming less negative.
Hence, the rate of change of the gradient f"(x) is positive.
» That is, the rate of change of gradient changes from
negative to positive (moving left to right of the point P).
The inflection point P marks the point where the rate of change of gradient,

["(x), is zero.
o If the point P has coordinates (a, f (), then:
e ffa)=0
. fa) <0

« fMa")>0.
e The change of sign for f"(a” ) and f "(a") is a pecessary condition for an

£ . 4 s
inflection point. This is because a curve like y=x has F7(0) =0 but (0, 0} is not
an inflection point.
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Example 5.2
Without the use of a CAS nl:zulnlm find the coordinates of the stationary and inflection

3 2
points for y = (x + 1 )(x - 1] =x —x —x+ |. ldentify the nature of these points. Sketch this
curve showing clearly all intercepts and turning points and inflection points.

Solurion: )
k| 2 dy 1
=x —-x —x+1 — =3y -2x-1
¥=X —-X —X ==

it L2 gy
i
For stationa g 2 -
ry points: — 0.
= W —2r—1=0
(3x+1Mx-1)=0
.
x= 3‘.1.
“"I'IE:I'.I..!‘E—l = 32 d_z'}l-i[}
L e

Hence, (- ; :: 115 a maximum point,

d'zy
Whenx=1,y=0, Ef =0,

Hence, (1, 0) is a minimum point,

A 1
For inflection Wmu"d_:i_ =1

= -2=0
-l
=3
Whenx= 1 y=E and dl‘P <)
R ]
3
2 #
and i{ ={Q.
j'l‘
1)

I 16

Hﬂ'll:re,{ _] 15 an obligue inflection point.

The sketch uf_p-xj - .t'z = x+ | 15 drawn above.

Note: ;
& Ju the prrevious wil, the ratwres of the stationary poinis were determined using the sign fest. Tn s
instance, the second derivative test [s used instead. Notice that there is no significant “savings ™ in time,

® In the mexi examply, the sign test becomes more efficient as the provess of obtaining the secomnd
derivative is mare ardions,
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Example 5.3
Use calculus to find the coordinates of the stationary point(s) and inflection point(s) of the
F]
Curve y = - * 7 Identify the nature of these points.
|+ x
Nolution:
S x s ﬂ = f]+:2}[1x}u12{zx} . 2x
1457 d (1+x%)° (1427
d*y _ 0+ @)- 2:[41'{! +x5)]
e’ (1+x)* —
i _(e)2-65%) ) e
(1+2%) 4 (2a)*
)
_@-6) i es?
il +x° }3 (xZsa)
For stationary points:
E = 2'1-2 2 =0 = x={.
clx (1+x7)
dl
Whenx=0,y=0, -— =0,
i’ 2 ans )
Hence, (0, 0) is a minimum turming point. i (-4353)
For inflection points: (2l
2 e 2 [Eodve
Ay o o 2657 N3 {:E a}
de? (1+x°) - %
1 :I.i*.I"EIIll
thnx=—T3‘._-.r= :T,dg’ <0 4
d -1'=f—-'"1'j-] gox?s |,.‘_'I!:E_¢ =1}
. [x2+1)
dl}. R : -8.DA291 TTTI2
and =1 (5 i =0, ;H;::]a Iw-:F-ﬂ.H!
x=|- T] s a.mszmm!a
Hence, {—%,l} is an oblique inflection point.
Sio_1 dly
- == =10
When x 3 i 2| AT %m@-ﬁ-mt
A3) s 0. DezsITESER2
2 e YU CERPRPY
and 2 + <0, 2]
5&_ .r:[ﬁ]‘ b =0, ML TTTIZS
3
Hence, I::"'I-HE ,l} is an oblique inflection point,
& 0T Lee k]
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 Exercise 5.2

1. Without the aid of a calculator, for each of the following curves;
(i) where possible, use the second derivative test to identify the nature of the stationary

points
{ii) ﬁm:ljihe ngurdinate.s of the inflection point(s), where they exist,.
(a) y=x ;3.:;-3.::+I {b}ynﬁllv11r+ﬁ_: _;3'
() y=2x —4x + 2« (d) y=x +x

2. Use calculus to find the coordinates of the stationary and inflection points, where they
exist, for each of the following curves.

I 2
x . 2
(a) y=xe {h};.r="_ (c) y= - (d) y= Iz
x b ol | l=-x

- 3. Use caleulus to find the coordinates of the stationary point(s) for
p=xsinx for 0 =x=2n Usea calculus method to identify the nature of these points.

4. Use caleulus to find the coordinates of the stationary point{s) and inflection poini{s) for
y= ¢*cosx for—n <x < xn. Use a caleulus method to identify the nature of these points,

5. Thcﬂmr¢y=m3 +11'I+fl'.1’+ 2 has a turning point at x = 1 and an inflection point at
x==1. Find the values of @ and b.

6. The curve y —ar +bx +2¢— 1 hasa urning point at x = =1 and an inflection point at
x=2, Find the values of o and b.

7. The curve y = m‘s + bxl - .rz + | has an inflection point at (1, —4). Find @ and b,

B. The curve y = (where a # 0) has a stationary point at the point where x = |

ax
(x+b)
and an inflection point at the point where x = 2. Find & and &.

9. Without the use of a calculator, sketch each of the following curves. Indicate clearly all
intercepts, tuming points and asymptotes where they exist,

5 R
(@) y=2tx-3)’ (b) y=x +26 (c) meT_i-.;..
2 &
(d) y=xe {“”'=_z in J,:ﬁ;
X [

10. Sketch the polynomial curve with equation y = f(x):
(a) which has exactly one turning point at (1, =2} and inflection points at (0, 0),
(0.6, ~1), (1. 5, =1} and (2, 0.
(b} which has the only turning points at (1.4, &.3) and (-0.6, —1.1) and inflection points
at (=2, 0), (1.1, ~0.6) and (0.7, 4.6).
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6.1 Instantaneous Rate of Change and Optimisation

¢ Fory=f(x), the derivative % measures the instantaneous rafe with which y
changes with respect fo X.
» Hence, % may be viewed as an “instrument” to measure and describe the rate of

* change between the variables x (independent variable) and y (dependent variable).

¢ The dependent vaniable achieves a maximum or minimum value when the
“rate measurer” is numerically zero. We can use this idea to find the maximum and

minimum values of functions.

Example 6.1

Given that 4 = gm

i~ +8
{a) the exact value of the instantaneous rate of change of A with respect o 1 wheni=1
(b} the maximum value {exact) of 4 and the corresponding value of ¢

(c) the average rate of change of A for 0 12 1.

. find using analytical methods:

Solution:
z i 2

(a) Rate of change aa _ i +3H{:-4} I“—‘“(l"]' 2 —ﬂ.ir +i-1

it (+° +8) (1= +8)
2
When 1= 1, dd _ —04()°+32 _ 14
dt (12 +8)° 405
2

{_h} For max. value ﬂ = [} =5 Mu 0

dr (t* +8)°

041 +32=0 = r=%+8
Using the sign lest:

t By | 8 | (8
sign of di/dx + 0 —

=
Hence, A is maximised when (= J& . Maximum value for 4 = % ;

A=A _§-0_2

1 1 45

{c) Average rate of change =
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Exercise 6.1

I3

5.

Organic waste, when deposited in a lake, decreases oxvygen content of the water.
If  denotes time in days after the waste is deposited, then it is found experimentally that

the oxygen content is given in a particular instance by p = .r3 - :‘:Drz + 6 000 for 0 = ¢ < 25.

{a) Find an expression for the instantaneous rate of change of oxvgen content.

(b} Show how your answer in {a) can be used to find the maximum and minimum values
of y during the first 25 days following the deposition of the waste,

. The size of a population of bacteria that is introduced to a nutrient, grows according to

3 0007

100+
{a) Find an expression for the instantancous rate of change of the bacteria population.
(b) Hence, determine the maximum size of the population.

the formula P(r) =35 000+ where £ is time measured in hours,

During an influenza epidemic, the proportion of the population in a particular suburh who

are infected is denoted pir) where ¢ is the time in weeks afier the start of the epidemic.

Given that p{r) = ¢t (4 + 1 ): (a) describe in words dp/dr

{b) find when most of the population in the suburb is infected and the maximum
proportion of population affected.

The concentration, C mg/kL, of a chemical in a lake, at time r weeks is given by

C=02(1 +8)e ,for0<¢ <8 Find:
(a) the exact value of r when the instantancous rate of change of C with respect to ¢ is 0
(b} the exact maximum concentration of the chemical and state when this occurs.

The displacement of a particle, y em, from its equilibrium position, is given by
»=10 E-IS‘iI'l{ﬂ . for 0 =1 <, where 1 is time in seconds. Find:

(a) an expression for the instantancous rate of change of y with respect 1o

(b) the exact maximum displacement of the particle and state when this occurs.

The east-west cross-sectional profile of a gully is modelled by b= —xe ™% for x>0,
where / is the depth of the gully (in metres) and x is the horizontal distance from the
western end of the gully,

{a) Find an expression for the rate of change of & with respect to x. r

(b) Find the exact depth of the deepest part of the gully and the corresponding x value.

- For 2 = 1 = 6, the population of a certain bacteria in a culture {(in hundreds) is modelled by

P =1+ s (2¢), where ¢ is time in weeks.

(a) Find the exact value of f when the bacteria achieve a temporary peak in its
population. Give the population at this time.

{b) Find the maximum population of the bacteria in the interval 2 < r < 6.

. The number of reported cases , P hundred, of a particular throat infection is modelled by

F=10-1-cos (1.2r) for 0 = r <9, where ¢ is time in weeks. Use a calculus technigue to
find the times when the number of reported cases of the infection was temporarily at a
minimum. Give the commesponding number of cases for each of these times.
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9. The temperature 0'C inside a garden shed ¢ hours after 6 am is modelled by the equation
B =25+ 10 sin t_% - E}. Use derivatives to determine the:

(a) rate of temperature increase at noon
(b) maximum temperature inside the shed and the first ime after 6 am when this occurs

{¢) when the temperature is increasing at a rate of f—: degrees Celsius per hour.

10. The water depth, & meters, measured from the bottom of a lake, ¢ hours after 6 am is
modelled by the equation i = 15 - 2 cos ( %’ - %}. Use calculus to determine:

{a) the rate with which the water depth is changing at & pm
(b) the minimum water depth and the first time after 6 am when this occurs
{¢) the time when the depth is decreasing at a rate of 1 m per hour.

11. The displacement, x em, of a particle from a fixed point O, ¢ seconds after it is released is
modelled by the equation x = =5 cos .. Use a calculus method to determine:

{a) the velocity of the particle after 2 seconds
{b) when during the interval 0 < r < 8, the particle travels with a speed of | 1.'1115_]-

12. The value of a certain fruit crop (3) is givenby V=a(l - ¢ H} where @ and b are positive
constants and § is the number of kilograms per hectare with which the crop is sprayed.
I the cost of spraying is given by C = A8 where 4 is a constant, find the value of § that
makes V= C a maximum. Interpret ab < A.

13. The speed with which a kangaroo can jump depends on the angle x at which it leaves
the ground. Assume that the horizontal velocity of a hopping kangaroo is modelled by
the equation V= g cos(x) [1 + sin(x)], where a is a constant. If the kangaroo travels by
continuous hopping, find the angle to the horizontal with which it must hop each time to
achieve maximum horizontal speed. Find this maximum speed.

2 O.T Lee 42




O Applicanoms of Differentianion [

6.1.1 More Optimisation

Example 6.2

Given that 4 = x + 2y and xy = § where x > 0, use a calculus technique to find the evact
minimum value of 4 and the exact values of x and y when this occurs.

Solution:
A=x+2y
=:+E 5inc:,-;}-=5:}_p=£
x x
ﬂ = ] . E a“d dzllq -~ E
dly ¥ &t &
E . add 1] .
or max/min valuegs — =0 = |=—=0 = x="10 (sincex>0)
iy -
o | 3 g
When x = v10, = = 0. Hence, 4 15 minimised when x = V10,

Minimum value of 4 = 2¥10 when x = V10 and y = (V10)/2.

Example 6.3

Given a log of length @ with uniform circular cross-section of
radius r, use calculus techniques to find the dimensions of a
picce of plank of rectangular cross-section that can be cut
from this log such that the volume of the plank is a marimum.
Solution:

Let x and y be the width and height of the rectangular

cross-section of the plank respectively.

Hence, volume of plank, V= axy

Ligin " -section:

g Pﬁhu%ﬂaz Thl:l:lrgm on the r:ctzangail.mcrms gection
x +y =(Ir) = y={4r -x)

Therefore V=axdr’-x% o px ey I

dv _ 2a(2r’ -x%) Lz pexPoainer?

dx '{:‘F -,-:
2 ;4‘"2 - alved ang=d) 1
ﬂrl"' _l,ﬂ _2 2 i 1} {h.'ﬁ‘rlt‘\‘?lr}
For max/min values — =0, ‘__L; ~g
(4r° - x%)?
= X= r'\llrl_ {x=0)
Using the sign test:
a {2y (r42) 2y
o Fiade + 0 =

This confirms that F is marimised at x = rtﬁ with y= 2.
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Exercise 6.2

1. A picce of wire, 400 ¢m long, 15 used to make the 12 edges ,

of the frame of a rectangular box. The length of the /
rectangular frame is 4 times that of the width of the frame, i h
x¢m. The height of the box 15 /.
{a) Find f in terms of x.
{b) Find the volume, ¥, of the box in terms of x. 1
(c) Use a calculus technigue to find the exact dimensions ix

of the frame that will mavimise the volume of the box.

Give this volume,

2. A piece of wire, 500 cm long, 15 used to make the 9 edges
of the frame of a regular wedge. The height and length of
the wedge are Sx and 12x respectively. L is the length of
the hypotenuse of the cross-section,

{a) Find L in terms of x.

{b) Find the width of the wedge, w, in terms of ¢,

{¢) Find ¥, the volume of the wedge, in terms of x.

{d) Use a caleulus technique to find the exact I
dimensions of the frame that will maximise
the volume of the wedge. Give this volume.

3. A rectangular sheet of cardboard, 40cm by 50 em,
is to be made into a closed rectangular box. A
square, each of side, x cm, is removed from each
of the corners A and B of the cardboard. A
rectangle, each of dimensions x cm by y em, is
removed from each of the corners C and D of the
cardboard.

(a) Find the length, L, of the box in terms of x.
(b) Show that the width of the box is given by
W N =1,
ic) Find the volume, F, of the bax, in terms of x.
(d) Use a calculus technigue to find the dimensions of the box that will maximise
its volume. Find this volume.

40 cmi

M
L' 3

B0 am

4. A rectangular sheet of cardboard, 40 cm by 60 cm, is
to be made into an open rectangular box. Four
squares, each of side, x cm, are removed from each
comer of the cardboard. Use a calculus technique to
find the exact maximum volume of the box.

Ciive the corresponding dimensions of the box.

i &
" >

Blom

5. The total surface arca of a closed cylindrical container is 2 400 E':J‘I:'l21 Find the exact
dimensions of the container that will maximise its volume and give this maximum
volume.
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i
6. A closed rectangular box, has a volume of 15 000 em™. The height of the box is twice its
width. Find the exact dimensions of the box that will minimise its surface arca.

o . - S
7. A cylindrical canister, closed at both ends, has a volume of 24 000 em . Find the
minimum surface area of the canister. Give the corresponding dimensions of the canister.

8. The interior of a playing field consists of a rectangle of length L and width 2r, with
semicircles of radius r at two opposite ends. The perimeter of the field is 1 500 m.
Use a caleulus technigue to find the dimensions that will maximise the arca of the playing
field. Give this area.

9. A portion of a backyard in the shape of a sector of a circle is to be fenced with 100m of
fencing. Find the angle of the sector which maximises the area to be fenced. Find this
Marimum area.

. : : 1 .
|0, The area of a sector of a circle of radius » is 30 cm . Use a calculus technigue to find the
least possible perimeter of the sector.

11. A right angled triangle with sides of length «, & and 2r is trapped
within a semicircle of fixed radius r. Given that all three vertices ’ \
b

are on the semicircle, find the values of a and & that will

maximise the area of the triangle.

ar
12. A rectangle of length 24 and width 2k is trapped within a circle of
fixed radius . Given that all four vertices of the rectangle are on the 2a
circle, find the value of @ and b that will maximise the area of the Ly
rectangle, ;

13. The radwus of a circular wire frame 15 0.5 m. The frame is cut and is used to make two
new circular frames. There is no “wire” left behind., Find the radius of each of these new
frames 5o that the total area of these two circles 1s a minimum.

14. The length and width of an open rectangular tank of volume 32m3 15 respectively x and v
Ignore the thickness of the material.
{a) Show that the surface area of the tank i1s given by A =xp + 64(1/x = 1/9).
{b) Prove that if v is fixed and x is allowed 1o vary, the minimum value of A
is 16y + 64/y.
{c) If, however, x is fixed and y is allowed to vary, find the minimum value of 4.

13. The amount of heat lost from a closed flask that is filled with hot water is found to be
directly proportional to the surface area of the flask. Given that the flask is cylindrical in
shape with flat ends and constant volume, find the ratio between the length of the flask
and the radius of its cross-section that will minimise the amount of heat lost.

16, A truck is required to convey its cargo from town A to town B, a distance of 1 200 km.
Fuel costs is equal to the cube of the square root of the speed of the truck. Vanable costs
are pegged at 550 per hour, with ficed costs of 3200, Find the speed, v km/'h, that will
minimise the cost of the operation.
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17. Jane needs to get from A (a point on a footpath)

18.

19,

20.

to B (a point in the grassed area). Jane can walk at a *Ba
steady speed of 100 m/min along the footpath AE. :

She can walk at a steady speed of 60 m/min across GRASSED AREA . |300m
the grassed area. Given that AE is perpendicular to

EB, with AE =400 m and EB = 300 m. Jane L L
decides to walk along the footpath from to C, x m 3 & *E

from E, and then from C directly to B across the ¢ »

grassed area, Find the value of x so that the time i

Jane takes to walk from A to B via C (across the

grassed arca) 15 a minimum. Give this minimum time.

Cindy gan ride her mountain bike on a dirt track at a .
speed of 12 km per hour. In the “bush™ her speed on . & hm e o
the mountain bike is 4.8 km per hour. Cindy and her ot i

friend Bob were out bike-trekking in the bush when . = T

Bob fell from his bike and badly sprained his ankle. e Ta

E'm.l:ly will hm_fi: o la.*,m'_c Bob at I!IB scene of the shkm  "BUSH"

accident and ride her bike to the junction T to seek ]

help. Cindy can either ride directly to junction T or H

rice o a point () on a dint track and then along the dirt *accidant spot”
track 1o junction T. Describe the route Cindy should
have taken to minimise the total jouney time and give this minimum time.

The accompanying diagram shows the cross- D
section of a trough of length 5 m. The cross-

section is a trapezium such that AB is parallel to

DC. AD = BC = 40 cm and AB = 50 cm. ooty
£ ADC = Z BCD = 8 radians. Find the value of
) that will maximise the volume of the trough.

A

Two points P and () are located on the same horizontal plane and are at a distance a
apart, An object J initially at Q) falls vertically downwards such that at time  its vertical

distance from Q) is given as ki, where & is a constant. At time 1, the angle of depression

T o P 0/ (8 Prove it 2 w2

dit a +krt
{b) Find at which instance, d9/dr is maximised, and give the value of © then.

*21. A cone with semi-vertical angle x is trapped in a sphere of radius r.

{a) Show that the volume of the cone is %mj sin” {x) cos” (x).

(b) Find the curved surface arca of this cone.
{e) If ris fived and x allowed to vary:
(i) show that the maximum volume of this cone is 8/27 of the volume of the sphere
{ii} prove that the volume and the curved surface area of the cone are
maximised at the same time.
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Small Changes/Increments

¢ LUsing the notation &r to represent a small change in x, and &y to represent a small
; ., dy ; [Hﬂﬁr}—f{x}] [Ey]
change in y, we can write— = [(x)= lim = lim
ge in v, & f{x) Jim | ==

Ar—s Gx
» Hence, as x cha;lg from xg to xg + &x and 8y is the corresponding change in y,

P dy _dy
iff éx is sufficiently small, then —— =~
fiEnE B dix=x,7=f(x)
That is, the ratio of the corresponding changes in v and x can be approximared by
the value of the gradient function evaluated at the original values of x and y,

(xa. S (xa)).

Example 6.4

Ify = tan (x), use derivatives to find the approximate change in y when x changes from
100 radians to 0.95 radians.

Solution:
¥ =tan (x)
Hence, % = 36¢ (x)

Let &x and 8y represent the incremental change in x and p respectively.
Initial value of x = 1. & = 0.95 - 1.00 = -0.05

For small éx, E = i
l
cos’ (1) |x =
= 342552
But &x=-0.05: = Gy =3.42552 x -0.05=-0.1713
Exercise 6.3

i
. Given that y =x + l/x, use derivatives to find the approximate change in v when x
changes from 1.00 to (a) 1.01 {b) 0.95,

2. Given that v = sin (2x), use derivatives to find the approximate change i Ln}r when x
changes from 2.000 to (a) 2.001 (b) 1.995.

3. Given that y =.::Ie;. use derivatives to find the approximate change in y when x changes
from (a) 1.5 0 1.55 (b} 1.5to 1.49.
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4. Given that vy = x cos (x), use derivatives to find the approximate change in ¥ that
corresponds to x changing from (a) 2 to 2.01 (b) 210 1.97.

5. Use derivatives to find the approximate change in the surface area of a spherical balloon
corfesponding to a change in its radius from 4,00 ¢m to 4.01 cm.

6. Use derivatives to find the approximate change in the radius of a spherical balloon
il &
corresponding to a change in its surface area from 1 500 cm™ to 1 490 cm”.

7. Use derivatives to find the approximate change in the volume of a cylinder of height
10.0 em corresponding to a change in s radivs from 5.00 cm to 4.99 cm.

8. Use,derivatives to find the approximate change in the base radius of a closed cylinder of
; . i 2 z
height 5.0 em corresponding to a change in its surface area from 200 em 1o 202 em |

9. Use denivatives to find the approximate change in the curved surface area of a cone of I
height 10 em corresponding to a change in its base radius from 3.00 cm to 3.02 cm.

1. A closed eylinder 10cm long has a cross-sectional radius of 2em, Use derivatives to find
the approximate error in the volume of the cylinder corresponding 1o an error of
{a) 0.1cm in the measurement of its length, (b) 0.05cm in the measurement of its radius.

I'l. For the eylinder in Question 10, use derivatives to calculate the approximate error in its
total surface arca.

IZ. The height of a lamp post is estimated by measuring the length of the shadow cast by a
2 m long vertical pole placed 10 m away from the base of the lamp post. Assume that the
“lamp” is at the top of the post. The shadow was measured to be 2.00 m with an error of
1 cm. Use derivatives to caleulate the error in the height of the lamp post.

13. Given that y = xe*, usc derivatives to approximate the percentage error in y
comresponding to a change in x from (a) 2.00t0 2.02  (b) 2.00 to 1.96.

*14. Use derivatives to calculate the approximate percentage error in the volume and surface
area of a sphere of radius 4em corresponding to an emror of 1% in its radius.

*15. The period of oscillation of a pendulum of length L, is given by T = IﬂJI' . where
E

£ is a constant, Find the approximate percentage change in T corresponding
to a 5% drop in the length of the pendulum. Find the approximate percentage change
in L corresponding to a 2% increase in the period of oscillation.
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Marginal Value

e Let C(x) be the cost associated with the production of x items,
To examine the effect on C(x) caused by a change in x from xp to xp + dx, we
consider,
&C dC

dx o

x=x,.C = f(x,)

If G = 1. then 8C = 2.

dx

x=x. O flx)

e G0 is the change in cost associated with the production of one additional item
based on an original production figure of xp.
That is, it is the additional cost of producing one additional item
when xq have already been produced.
Economists call this the marginal cost of the production.

“of

» Mathematically, the marginal cost is then the value of the derivative
at the original production figure.

* We can define marginal revere and marginal prefit in similar terms.

Example 6.5

The cost (in $) of producing :gtcms of a certain product is given

by Clx) = 1 000 + 50x = 0.05x . The product is sold at a price of $49 per item. Find:
{a) the marginal profit of producing and selling 200 items

(b) the average profit for producing 200 items.

 (a) The profit function P(x) = 49x — (1 000 + 50x - 0.05¢)
— —1 000 - x + 0.05x .
The marginal profit in producing and selling 200 items is: .
dP

EP'_
oo

x=200

= <1400
*lx =200

=319

(b) P(200)=5800 Hence, the average profit is $800/200 = §4.
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Exercise 6.4

L.

LIR

The cost, 3C, of producing x items of a product, is given by, C = 2 000 + 5x + ﬂ,-ﬂ-ﬂsz,
Use derivatives to find the marginal cost when 200 items have already been produced.
Find the cost associated with the production of the 201st item.

The cost of producing x items of a product, is given by 5(7 000 + 20x). Each item is sold
for $(60 — 0.01x). Use derivatives to find the marginal profit when 400 items have
already been produced and sold and the profit associated with the sale of the 401st item.

Dlx

The cost of producing x items of a product, is given by §[5x + Eﬂﬂﬂe_u
Each item is sold for $24.90. Use derivatives to find the profit associated with the sale
of the 501st item.

. The cost (in $) of producing x units of a product is given by C{x) =8 000 + 3x + -14]-..5 e

Find the marginal and average cost for producing 1 000 items.

. The cost (in %) of producing x units of a product is given by C{x) = 25 + 5.1'2 - ﬂ...."-"_tl}-

Find an expression for the marginal cost and find the value of x that will maximise the
marginal cost.

. The cost and revenue function (in 3) of manufastuﬁng and selling x units of a product is

given by C(x) =3.20 + 1.40x and R(x)=0.1x - 1.'I.1ZI-I]!.1L-J1 respectively for 0 < x < 80,
Find the marginal cost and marginal profit for producing and selling x units.
Find the value of x that will maximise the profit and marginal profit.

. The cost function (in %) of manufacturing x units of a product is given by:

]
Cix)= 5000+ 100x - 2r +'IZI.'IIH.Jr3 for 0 <x = 150, The product is sold at $100 each.
Find the value of x that will maximise the profit and marginal profit.

. The selling price of an item when x items are produced (0 < x < 899) is given by

plx) = 5(200/x + 1) = 1). Find the value of x that maximises the revenue and the
marginal revenue when this occurs,

A small cottage factory sells a line of goods at a price of EI-D.CHJIJ:I + 15} each, where x

15 the number of items produced each week. The total weekly cost is —t'!.i]l.'l:'2 + 3x + 200.
Find the maximum marginal profit and the value of x when this is achieved.

The selling price of an item is given by p(x) = ~0.002% + 5x, where x is the number of
items manufactured. The cost of producing x items is given by Cix) = 11x/10 + 3,

Determine how many items need to be produced to obtain the maximum marginal
profit.
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Growth and Decay 11

® This section builds on the material covered in Chapter 1.

57}
o 7\ Hands On Task 6.1
this task, we will rewrite an exponential growth/decay equation using derivatives.

0.0
. The population P, of a colony of bacteria, at time 1 hours, is modelled by P= 10 ¢ r

(.05
(a) Show that the instantaneous rate of population growth is given by ‘:;—‘ =05¢ '.

(b) Show that the instantaneous rate of population growth can be written as %—? = {}05P.

{c) Interpret the statement % = (L.O5P.

~0U05¢
The population P, of a colony of bacteria, at time ¢ hours, is modelled by £ = 100e

{a) Show that the instantaneous rate of population growth is given by % =-{.05P

(b) Interpret the statement %:; = ={),05P.

. Let P be the population of a colony of bacteria at time ¢ hours. The initial population is

dP
100 and — = 0.02P.
find-=

{a) Review Questions | and 2, to suggest an exponential expression for P in terms of r.
: : ikl
{b) Werify that your expression for P is correct by finding % and then rewriting =
in terms of P.
. — ) ., dP
Repeat Question 3 for an initial population of 50 with E= -0.04P,

Let P be the population of a colony of bacteria at time f hours. The initial fp{:pulatiﬂn 1%
Py and % = kP, Suggest an exponential expression for P in terms of 1.

Let P be the population of a colony of bacteria at time ¢ hours. The initial population is
Py and % = —kP. Suggest an exponential expression for P in terms of 1.

Given that %‘? = kP, suggest what k represents.

L=
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& Summary

Let P be the population of a colony at time ¢, with an initial population of Py,

e If the instantaneous rate of population growth is directly proportional to its

population, then the population is said to experience exponential growth/decay.

e P dr
That 15, 1f II FWE = kP,

then the population expeniences exponential growth/decay.
k, the constant of proportionality is called the continwous percentage growth rate.

!
. Ir%?=kP.lh¢nP=Puer.

If & = 0, then the population is growing. If k < 0, then the population is declining.

Example 6.6

A colony of feral cats grows in such a way that its population growth is proportional to its
population. There were 50 cats at the start of 2005 and the cat population has a continuous
percentage growth rate of 2% per year, .

{a) Find the population at the start of 2009,

(b} Find the instantaneous rate of population growth at the start of 2009,

(c) Find the rate with which the instantaneous growth rate is changing,

Solution:

Let P be the population  years afier the start of 2005,
0.02r
Then, P=50¢

(a) At the start of 2000, r =4,
{024}

Hence, at the start of 2009, P=50¢ =54.16=54
Hence, there were 54 cats at the start of 2009,

(b} The instantaneous population growth rate is given by:

.0z .02
i':]i?=u.uz(5ue Y=e

0.02¢44)
Hence, when 1= 4, ‘:r—'P = g = |08
)

That is, at the start of 2009, the instantaneous growth raté is 1.08 cats per year.

{c) The rate with which the instantaneous growth rate changes is given by:

2 0.2
4L 00
r
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eh.5

. 0078
. Australia’s population (in millions), £ years after 1995, 15 modelled by P= 179 ¢

{(a) State the continuous percentage population growth rate.

(b) Find an expression for the instantaneous population growth rate.

(c) Find the instantaneous population growth rate 10 vears after 1995,

(d) Find when the instantaneous population growth rate has a value of 0.2

. The instantaneous population growth rate of a colony of feral goats is propertional o its
population. There were 100 goais at the start of the study and the goat population grows
continuously at a rate of 5% per year.

(a) Find the population 3 years afier the start of the siudy.

(b) Find the instantaneous population growth rate after 10 vears.

(¢} Find when the instantaneous population growth rate has a value of 10 goats per year.

. The population of a colony of koalas grows exponentially with a continuous percentage
growth rate of —0.5% per year, with an initial population of B00.

(a} Find the population after 5 years.

(b) Find the instantaneous population growth rate after 5 years.

(¢} Find when the instantancous population growth rate has a value of -2 koalas per year.

. A radioactive substance decays at a continuous rate of 2%. Initially, there were 100g of
this substance.

(a) Find the amount of this substance left after 100 years

(k) Find the instantaneous decay rate after 100 years.

(c) Find the rate with which the instantaneous decay rate changes after 100 years.

. The population of a mountain tribe at the start of 2006 was 250, The population growth
of this tribe is modelled by dP/dt = 0.03F, where P is the population ¢ years after 2006.
(a) Find P in terms of v,

(b} Find when the instantaneous population growth rate i1s 10 persons per year,

*(¢) Find when the instantancous population growth rate changes at a rate of

0.3 persons per year per vear.

. The population of a river tribe at the start of 2010 was 400. The populatiofi growth of
this tribe 15 modelled by dPVdr = —0.08F, where P s the population ¢ vears afler 1970,
(a) Find the population afier 10 years.

(b) Find the initial instantancous population growth rate.

(e} Find the time taken for the instantaneous decay rate to be halved.

. The instantaneous growth rate of a bacterial culture is 5% of its population size. lis initial
population is 200,

(a) Find the population size afier 10 hours.

(b} Find instantaneous population growth rate after 10 hours.

{c) Find when the instantaneous growth rate doubles.
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8. The instantaneous decay rate of a radioactive substance is 25% of the amount present.
Initially there were 100g of this substance.
{a) Find the amount of this substance left after 25 vears.
(b) Find instantaneous decay rate after 25 years.
{c) Find the rate with which the decay rate changes after 25 vears.

9. The amount of radioactive substance, X, remaining  years after 2010, is modelled by,

—0, 05
A=50¢ . The amount of radicactive substance, Y, remaining ¢ vears after 2010, is
~0u07r
modelled by, 4 = 60 ¢

(a) Find the instantaneous rate of growth of X and Y,
(b} Find when the instantancous rates of decay are the same.

" i
10. The population of China, P million, f years after 1981, is modelled by, P=991 ¢

0023
The population of India, P million, 7 years after 1981, is modelled by, P = 690 &

(a) Find when the population of India first exceeds that of China.
(b) Find when the instantaneous population growth rate of India is double that of China.
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L | )7 Anti-Differentiation

1.1 Anti-Differentiation of Polynomials

‘,  Listed below, are the rules for anti-differentiating x for integer n = 1 and m = |

is as encountered in previous units.
L]

el
> I"" =X _4¢C where € is a constant,
n+l
. Ja,r"‘ dy = aj,r" el where a and C are constants,

. jax"" + bx" de= Iqx"" ey +j bx" dy  where g and b are constanis,

- * These same rules will now be applied for all real # # —1 and m £ -1

* [n general:
. j.&f{x}dr:k[f{x} dx  where k is a constant
o [f1x)+gx)de= | fx)de+ [glx) e

Example 7.1

Without the use of a calculator, find the anti-derivative with respect to x, for:
4
x | |
B =— B — (e} ¥x (@) ——.
)T O O @ F

Solution:
4 5 5
2 oy Mo X 1] = x
a) The anti-denivativeof — = —-| — |+ C=— +(,
o CEEE S 3[5] 15 *
e T 1 X 1
ib) Rewrite —asx = nnuudenvatweuff;w u—j- + Cm --3—- + C.
x x =

3
1 ! ¥2 3
ic) Rewrite Jr as x?: = anti-derivative of x? = = +C= =xi +C.
2

(d) Rewrite I as

Ao x

X

Pl =
B =

. = anti-derivative of ~]-_1--

b=
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Example 7.2
Without the use of a calculator, integrate with respect to x:
2 2
@ == ) (144"
x
Solution:
: 2
x°+x x 2 3
(a) dxm l—t—gdr = |x " +x " g
.F o jx“ o .[
-1 -2
X x | 1
=—t— 40 = ———e—x +(
= pist x 2%

(b) j{l+ﬂ]zd:=[1+zq’?r+mr

1

a P
=x+2| X |+ +c
2
3 2
=.I+i 5+KT+[‘:

Example 7.3

Given that f'(x) = .xl + L:, without the use of a caleulator, find f(x), given that {1} = 1.
X

Solution:
3
b b o
_Ir‘[_r]—.r +;2 = [fix) T .:r+C

But f{1)=1. g L

L=

o
i
i | uh

Therefore, Jix)=

"-Hth, l..n'l_ll-hl.,,..:
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(7 Awnii-Differentiorion

TIJ here n# -1, Hence, find the anti-derivatve of x .

d .IHH d I. +i
m[nn] a&[ﬁxﬂ ]
|

n+l
=x

x(n+ 1) 41

+1

Hence, anti-derivative of 1 is +C.
GRS
Exercise 7.1
l. Integrate each of the following with respect to
| 1 | -4
{(a) = {b) — e,
2 = (<) ””3 (d) A
2 2 i
=3 2 3 =2
© 3 ® [:] ® (2] m (5]
2. Anti-differentiate each of the following with respect to x;
(a) 4+/x (b) +2x () -5 Ux (@) ¥sx
-4 | 0 3
{e) f) -
3. Find the integral, with respect to +, for each of the following;
1 S | i 1 1 r+1
o) 7 oLt b S st
® -3 ® G- ©) =+t @ =
1+ Ji-1 1421 (t+4)°
2f
(e) o () e (g) 2r+ 3 thy “—

4. Given that f*(x) = (1++x)?, find £ (x) if £(4) =0,

dy 2
5. Given that & = [:-—] find yifx=1,p=2.

2% 41
‘.1

2
6. Given that “:; =[ ] find Fift=1, V=4,
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7.2 Anti-differentiation of (ax + b) for n #—1

mt+]
o Letv=(ax+d) wherenz-=1.
+» Differentiating v with respect (o x;

%[{ﬂ +b}""] e

= afn + 1)ax + by
« Since integration is the reverse of differentiation:
fa(n+ 1)(ax+ b)" de=(ax+b) +K

a(n+ 1) [(axc+ B)" de =(ax+8)"" +K

(e + by
+by dy = —+C
Ilﬂ-'l' Y aln+1)
e
s Forn=-1, I{:n'+b}".:ir = % + C , where C is a constant.
aln+
snergase power by 1
= Mote the patiern:
n+l
f{ur+b]":ir o (B +C
A a(m+1)
coefficient of x term pewer

Example 7.5

Without the use of a calculator, find: (a) 1(3-3,}1 d (b l‘ 114 dc:
; X
Solurion:

() [(3-20? at = e-27 .

3(-2) i

. G-
6

1 =11
= [(1+4 de
(b} fm dx J-[ +4x) >
B2
- (1 +|4.r} .
L&)
= -%-.l'l +d4x + C.
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Example 7.6

Given that %:IE = +/d+ 31, without the use of a calculator, find V¥ given that {0} = 1.

Solution:
2
AT N B L i
d 10
=2(443) +C
Vo) =1 1=2@?+Cc = Cc=-]
Therefore Vo % (4 4+ 3;}3‘? .
Exercise 7.2
|. Find the antl derivative with resﬁpcet o x, for each uf'lhc following:
(a) (2+ I'I (b) (3 +x) (c) (1 + 1=1 (d) (3 + 4-ﬂ'
() —V(2 + 4x) (N ¥1-3x (2) [1+zx (h) +J(2-5x)
- | . -1 |
(1) E,r-— ) (k) J==- (h
2+x I-4x {]4_1}! éhz_'_lﬂz
2. Find:
2
(a) [40x+3)° ax {b}I{EI+5] de () [ v (d) [——
(2 2{1 —3x }

©[-4Fede 0 [T e @[ d o[

3. Integrate with n:s;_:ctt to x:
(a) dx+2(x' - 1) b) (F +2 -1y

4. For % =42+ 31]4_ find y given that whenx=0, y= 1.

5. Fur£— =

——, find P given that when r=0, P=-1.
et |‘.I+:]1 .
2 )
6. For f'{t) = , find f(£) given that £{0)=2.
r £ o fing f(0)
7. For y' =(x2 +4}3_ find v given that when x =0, y = 0.

dV = .
%. Given that — = , find F given that when f=10, FF=0.
] Eﬂ-.ﬁr +4 5
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73 Anti-derivativeof () (0)]"

where nm 2 =1,

_prizir
e Lety e
+1 ml=1
Using the Chain Rule: i[[—'ﬂi] = (n+1) x &“}"{I}
de|  nm+l n+l

= LA

& Hemee:

+1
[r@uer a =L v e

x)
n+l

increase power by 1

« Mote the pattern: |
[reoter a =L e

]|
s
peorarer
Example 7.7
10
Without the use of a calculator, find: (a) fsnnﬁ"c& b [ 2.

1.11—3:1

AT
(a) [5:{1“1}“.1: = ijuu?}“m

- Efg_r {|+I2}‘d: The irntegrand is now in the
2 form () [f(x)]"

_ 5 (1+2°) F
2

= —_—[[”1}5 + .

2

10x

1
=dx = 10 ]';u-zxz} 2 gy
1-3x

(|

1

A The i is mow in the
EI—E.:{I—H-:E} ? gy st
=

form f*(x) Lf (x)]"

_10 (-3)7
= = }5 +
I

¥ L.y
-3y |
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xercise 7.3
1. Find:
@ [2e5+7Pde (b) [x(1-27) dx (c) [3x +ay v (&) [5x%(3+20%) de

2. Evaluate:
Ix ] 5x°
b () [——d @) [—5—
© 2y (1+ lxz o] el b ol P
3. Find:

{a) I~—4Jr I+xde (b I-lt -

Ix 2x
—t—x: (c) de  (d) dly
4 ; I\I|I+Exz jl;-l.tz -5

4, Find:

X
(@ [[(5=*)¥1-x"ax (b W o [usnnezee) &
a I(I } Iﬁ C I + X +LX+ X
{d}[ x—x? ;ﬁ- {'ﬂj f“-ldr {_ﬂj{l+\'r_}

{32+}

ax + b

14 Anti-derivative of e and e

+ Consider y = e 2

Then, %{eﬂlﬁ-ﬁ} o H£M+h.
Hence, Iae“"b de = P 4 K
a_l‘e““h dy = ¢ 4 g

ax -+ b

Je*ttae =Z— +C

a F

® The rules for anti-differentiating exponential functions are listed below.
Eﬂ:’ﬂb

o

. Iemrd:;=r£+c

m

j'e"d:-e’-i-c

o [es 0 ax +C
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Example 7.8
. 1 &
Find: (a) [e"'* dr (b} jﬁ?d" (c) [&2 di
Solution:
000r
000z S - {Liix
(a) dy = C =100e +
Je 001
| —2x
(k) —dr = |7 o
jeh J-
o e
= + L = = N . C
. i sy " i -
() [ ar = +C = -1f ¥
Exercise 7.4
1. Anu-dll'fcrcnuatc with rr:s.pn::«c:l to.x:
() ¢ i (b) —¢ e (d) —e"'”"
02y dr 04
(c) 10e (0 e (e) fe : ) 4
2, Inh.gmtc with respect to
IR 1.1¢ .75
{a) er- (b) —4/e (c) =1i(3e ) (d) 3de )
s i ¥
Bl (f e (g) ~1/(2e ) (h) 4/5e )
3. Find y given dydx:
i+ - +
(a) E': 1 {l}} EJ: 4 fﬂ] Eeh | {d] lll:I-Hr
Be+ | -2 : 0.05x— | i
e le () 2e () 3(2e” ) (h)y =45 )
4. Find:
(a) fzn- 3™ oy (b) J':a,Jc3 s oy (c) I']T* e 37 gy
| |
(dy [-1e® o (e) [(Bx+n? s dv  (f) «.I"_+
-I- 4 II j- -I'.’II_I J- {;+ I}
~3r+l 1 2 - —2x -2
(® |e +mm (h) _[e’{e‘+|} d (i) je (1-e2%y
. ]
5. For %— -{]fe‘*- e‘}z, find ¥, given that when ¢ =0, =0,

12
6. For % =(1+2e ‘} . find P, given that whenr=0, P =1,
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7.5 Anti-derivative of f'(x) ef

o Ify= e then %e“" = f(x) e,

Since, anti-differentiation is the reverse of differentiation, then:

| [rmef ™ dr = 0 4

derivative
« Note the pattern: + |
[F(0eD de= e/ 4 c
carried through
Example 7.9
Find: (a) f(2x+3)e" M a (b) [ e @
Solution:
@) [@x+3e™ I a = 743 4
e SO - NP U RS, W= [, o
(b) [« e dr—arj.lr & de=1e" +C,
- Exercise 7.5
1. Find the anti-derivative with respect to x for:
(@) Zxe* ) —3x2&* ©) <2xel™F ) (@x+1)e"
(e 2587 () axie ™ (z) dxel~2x (h) qj.!:l+2.1r}.|;"'1+3"2
2. Integrate with respect to x:
{a) ;&xe“hz (b} —%.:u:ln‘z"'l"'2 (<) %:e"; .
o e 2 P 4x
() —2x'¢" (€) $(x+De (f) e
I H xezrt ||.'l.'ur3312
3. Find: () [xe® (143¢" P ax (b)) [——5—d ) [

- dx
_2x"ed 5

(1—-e™ ) [ll'“_ﬂsﬁ}]

B that 3 = o™ whersdn 3 = log,3: Mence Find the anti-derivative of 3

R+l k] hini2 Ll
5. Verifythat2 = TR et In 2 = log.2. Hence find the anti-derivative of 2 i’
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7.6 Standard Trigonometric Integrals

: d . N
* Since —siAx = C0s X,
d ;
# Aol =——cosx = —8in X,
dx

® |n general:

Icu-s.::ix =sinx + C.

Isinx:ir =—cosx+ C.

sin (ax + &)

Icm{m+b}dr = = +C,
Isin{ﬂx+b]-:ﬁ = M +C.

Example 7.10
Without the use of a calculator, find:

{a) fms{!x—g}tir (b} jsin{x}ms{:]:ﬁ ic) Jsin{;]msil[.:}dx

Solution:

) sin(2x— )
@ Joos2x-Dyde = —

]
2

|
(b) [sin(x)cos(x) dx = [[cos(x)][sin(x)] dx

sin®x

+

(c) J'sin{x].mﬁ{;] oy = -j[-iinm][ms{:}ﬁ el

6" ¢

sin(2x -%} +0

OR
Jzing x ) cosd x) dv

cos” x
2

+C

-f[- s'mn[x]-lml_r]]' iy

[[{cas(ie-RrGT a0 of
1 & fi:'“‘%]
= ——os (x)} +C z
i) 1€ Vo b )
;u_-aezgﬁ |
brotanizes xd
-ﬂ %1*!!!
brcanvinocooncndamm, £
Lsos{x))®
s 3
£ O.T Lee %]




07 Anfi-Differenriation

Exercise 7.6
|. Integrate cach of the following with respect to the appropriate variable:
(a) sin{2x) (b} 2 sin{r) {c) sin(l - 2x)
i (d) sin{mx) {¢) —sin [4;1'] i) sm;x
S (S 2 . 1-11] . (n+2:]
(g) 3sin [ { 4] (h) sm[ > (i) —sin =
2. Integrate each of the following with respect to the appropriate variable:;
{a) cos(3r) (b) —dcos(x) () cos(l - mx)
~4¢ cos Sx X
d ki =
(d) ‘3'3'5[ 3 ] (e) 5 i cus[l-:-z]
gl y . 1+3.1'] : E]
(g) DS[ +3] (h) -mﬂ:[ ; (i) cos 2
3. Integrate cach of the following with respect to the appropriate variable:
(2) cos(2x)  dsini-x) (b) ¢+ 3sin(1 — )
(c) 2~ + [‘1:;5[.1'."4] (d) 3% + sin (2x)
(e} sin(x) cos {jﬂ - (f) cos(x) sin*tﬂ
() cos(2x)sin (2x) (hy 1 —Isiniih'}

(1) sin{3x) cos(2x) = cos(Ix) sin{2x)  {j) cos{dx) cos(x) + sin(dx) sin{x)
4. Differentiate x cos{x) with respect to x. Hence, find the anti-derivative of x sin{x).

5. Differentiate m-szl,’_r} with respect o x, Hence, find the anti-derivative of sin(x) cos(x).
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[08 Definite Intals |

8.1 Area under a curve

« In this section we will consider a calculus method for determining the area of the
region trapped between the curve y = f(x), the lines x = a and x = b and the x-axis.

Hands On Task 8.1

In this task, we will explore a procedure for determining the area of a region trapped between '
a curve (that is strictly increasing), the lines x = @ and x = b and the r-axis.

2 .
Consider the region R trapped between the curve y = x + 1, the lines x =0, x = | and the
x-axis (shown as the shaded region), e

To determine the area of the shaded region R, we divide the
shaded region into several rectangular strips of uniform width.

I. Divide the region into 5 rectangular strips of uniform width. These strips can be drawn
(i) inscribed by the curve (Figure %.1) or (ii) circumscribing the curve (Figure 8.2).

Flgure 8.1 Figure 8-2

fix) fix)

=
2 yax +1 et i

Sy
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08 Defintre fntegrals

1. {a) Consader Figure 8.1. Let the width of a strip be represented by Gx. Clearly,
ax =0.2. The height of the first stip- /(x;) = f(0) = 1. Complete the table below.

Strip Number Height of Strip Width of Strip Area of Strip
i Sx;) i A= flx) = &
1 . flo) =1 0.2 1%02=02
2 [z
3
4
5

The total area of the inscribed strips 8, = A + Ay + Ay + Ay + 45,

The sum A + Ay + A4; + A4 + A; may be condensed using the summation

5
notation as Y A;. Find §
fm]

frserited

2
(b) Consider Figure 8.2. The height of the first strip f(x) = f(0.2) =1+02 =1.04.
Use the table below to find §_ the total area of the circumscribing strips.

numcribed
Strip Number Height of Strip Width of Strip Area of Strip
i £(x) fix A = flx) * B
| S0.2) = 1.04 0.2 1.04 x 0.2 =0208
2
3
4
5

{¢) Between what two values should the area of region R lie.

A= ; ya
2. (a) Venfy that for n uniform rectangular strips .S'Wmiw = Z {1+[1] ] x l
=0 n "

' . i S !r z .I:
(b) Verify that for n uniform rectangularstrips § = e [I +(;J ] ® "

I
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3. The table below shows the valuesof 8 . . and § for various values of n

circumscribad
(number of strips). Use the results in question 2 and ["—
the summation function found in your CAS - [{1+{#;2}n%] | P=Sa
calculater to complete the table below. Comment . 1.3234
on the values of S, cand S ihed"
) 8 eecribod 5. it
Mumber of Strips, n i R e e
Total Area of Inscribed Strips | Total Area of Circumscribing Strps
50 1.323 40 1.343 40
_ 100
500
1 000
2 000
5000 1.333 233 34 1.333 433 34
10 000 1.333 283 335 1.333 383 335
15 000 1.333 300 001 1.333 366 67

4. Use the table in question 3 to suggest a value for the area of region R, correct to 3
decimal places.

ﬂ Summary

* Asn—»w, Sr'mcrfbm B S:‘Ircmmr]bed‘

=
» The area of the shaded region R = lim [Zf{xi}xﬁx].

R=¥ juil
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I-l“

8.2 The Riemann Integral

* In this section we will formalise the ideas explored in Hands On Task 8.1

* The accompanying diagram shows the graph of the pon-negative curve v = f{x).
The area A of the region trapped between this curve, the x-axis and the lines x =
and x = b is to be calculated,

¥ XxX=ag

= We first approximate the area of the region. This is done by dividing it into »r
uniform rectangular strips each of width &x. The required area is then
approximated by the total area of these strips.

Strip Number Width of Strip Height of Strip Area of Strip
| dix fla) fla)=dx
2 i f{a+éx) [ {atdx)=bx
3 ax S {at26x) [ (a+28x)=8x
" Gix f{b=8x) Sf(h=dx)=dx

e Hence, A = f{a)=dx + f{a+dx)xdx + f(a+26x)=8x + f{a+Idx)<dx + . + f{b-8x)=8x

Using the summation notation: A= lim
=)

r=f-fx

dr =0

the approximation becomes more accurate,

Henes:

x=b=Gr
2 flx)xdx

A= lim

Iierement i

> Sflx)=éx ’
Increment &x
e Clearly, as the number of strips » increases (as the width of the strip x decreases)

x=0
= [i &
Ay 2 Je

frcrEmtent
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i
« The limit for the total arca of the strips is denoted [ f(x) dx.

a

: ,J;'::b b
Thatis, lim Y floxdéc = [f(x)dx.
ar—el i e
imerement ix
I
o [ f(x) dx is called the Riemann integral, named after Georg Friedrich Bemhard
4

Riemann. "o and 5" are respectively referred to as the fower and upper limirs of
the Riemann Integral.

&

b
« Note that the symbol _[ fix) dx represents a numerical limit which refers to the area
i i

of the region trapped between the ror-negative curve y = f(x), the x-axis and the
linesx=agandx =&,

h
» To evaluate If{.x} dy , where (x) = 0 for a < x < b, we need to evaluate the limit of
i

x=h
the total area of the strips E"1';;|'I'1 2 Sflxpxdx
—k

I=g
incremens Gx

o Ifhowever, f(x) < 0 for @ < x < b, that is the curve y = f (x) is completely below the

ai=h
x-axis fora<x<h, E.I:im z fixy=bdx  will be numerically negative.
e X
increment fix

b
Thatis, if f(x) £ 0 fora <x<b, [ f(x) dr will be numerically negative.

1]

L xx b

e In this instance, the area of trapped region is given by

x=b ]
lim Y —flxdx = —[ f(x)dr,
Gr—D 2
frerement &y
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b
8.3 j fix) de as Sum of Signed Areas
i

* [n the previous section it was established that if:

= f(x) = 0.for a <x < b, then the area of the region trapped between the curve
¥ = f(x), the x-axis and the lines x = @ and x = b is given by

x=b h
i 6x m dx .
2% T seme = L
drcrermen! fir

» f{x) =0 for a = x < b, then the area of the region trapped between the curve
¥ =j{x), the x-axis and the lines x = @ and x = b is given by

xufy 1]
]imu Y —f(x)xEx = —-!'_,f{x} dr .
= a
mrr-:'mrmﬁr 8

L]

¢ In this section, we will develop a geometrical interpretation for ffl{.r} dx where

i

f(x) is continuous in the interval a < x < b; in other words /(x) is not necessarily

non-negative in the interval e <x < b

Hands On Task 8.2

i
In this task, we will establish the concept of ]’ F(x) dr as the sum of signed areas.

i

Locate the Riemann integral routine on your CAS/graphic calculator.

l. The sketch of f(x) = x is given in the accompanying diagram.
The region R is the region trapped between f(x) = x, and the
lines x = 0, x = | and the x-axis.

(a) Find A4, the area of region R.
(b} Use the Riemann integral routine to verify that

1
J-.'I.'Eil"='=]—. Ij.l'l.h' rI
0 2 b

(c) Compare your answers in (a) and (b).

® O.T Lee T
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2, The sketch of f(x)=xis given in the accompanying diagram.
The shaded region R is trapped between f(x) = x, and the lines
x==1, x =0 and the x-axis.

(a) Find A, the arca of region R.
' ]
(b) Use the Riemann integral routine to find I xdx.

=

i
(c) Venfy that j:::.‘.r = —A.
|

3. The sketch of f{x) = x is given in the accompanying diagram.
{a) Find A, the area of region trapped between f(x) = x, and
the lines x = -1, x = 0 and the x-axis.
(b} Find A4, the area of region trapped between f{x) = x, and
the lines x = 0, x = 1 and the x-axis.
1
{¢) Use the Riemann integral routine to find I.t el .
=1

|
{d) Express Ix dx interms of A and 4.
-1

4. The sketch of =_'nr2 — 1 is given in the ﬂ:mmpan}-ing:diagmm,
(a) Find A, the area of region trapped between y=x - | and
the lines x = =1, x = | and the x-axis.
(b} Find A, the area of region trapped between y = xI - | and
the lines x = 1, x = 2 and the x-axis.

£
{¢} Use the Riemann integral routine to find _F x® —1 dr.
=1

2
(d) Express _[.tz—l v in terms of A4 and A5.
|

3. The sketch of y =x(x — 1)(x + 2) is shown below.
(a} Find A, the area of region trapped between this curve

and the lines x = -1, x = 0 and the x-axis.
(b) Find 4,, the area of region trapped between this curve

and the lines x =0, x = 1 and the x-axis.
(e} Find A, the area of region trapped between this curve

and the lines x = 1, x = 2 and the x-axis.

)
(d) Express I xx=1}x+2) dr interms of A4, 4y and A;.
~1
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i Summary

o Iff fi{x)=0fora<x<bthen
]

If{xj dr = Area of the region trapped between the curve v = f(x), the r-axis and
i
the lines x = a and x = b,

o If fix)<Dfora<x<bthen
L
—If{:} dr = Area of the region trapped between the curve y = f{x), the x-axis and
r
the lines x = gand x = b,
= The area of the region trapped between the curve y = f(x), the x-axis and

b
thtlim::;x=ﬂa.ndx=bisgiwcnhy—If[x}dr.

a

b
= On the other hand _F_,il"{_r} dv has a value that is the negative of the area of
i
the region trapped between the curve y = f{x), the x-axis and the lines x=a
and x=b

# If ¥ = f{x) is continuous in the interval @ < x < b then,
b
I_,l"{x} dr = Sum of signed areas of the regions trapped between the curve

i
¥ = fix), the x-axis and the lincs x =a and x = b.

i
. IJ"I:I] dv will return a pasitive value if the sum of the areas of
the regions under the curve y = f(x) but above the x-axis fora<x=<h
exceeds the sum of the areas of the regions below the x-axis.
+ In question 5 of Hands on Task 8.2, the area of the region trapped between
the curve y = x{x — 1){x + 2) and the lines x = 1, x = 2 and the x-axis is
Arca= A + 4 +4 *
1] 1 2
= I:[.t—!}l‘_.r-:-Zj de + [-I.r{.r—1}|[x+ 2) :1'.1"] + j.!:'{:t-lh'.\' +2) dx.
=] 0 I
)
* But J' xx=1}x+2) dv has a numerical value of 4 - A; + 4y,
=1
b x=h
* Hence, in general, the Riemann Integral j_}"{x} dy = ﬁ!;iTu E Sy
=u

i ]
frcrennent By

is a numerical limit representing the sum of the signed arcas of the regions trapped
between the curve vy = f{x), the x-axis and the lincs x = g and x = &,
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8.4 The Fundamental Theorem of Calculus 1

: !I ;'I..'il:
ﬁ“ﬁ- Hands On Task 8.3

In this task, we will explore the Riemann Integral from another perspective to develop a more
efficient technique for evaluating the Riemann Integral.

1.

Consider f(x) = .l'z.
1

{a) Use the Riemann integral routine on your CAS calculator to evaluate I_,l"'{.:} dr.
0

{b) Fird F{x), the anti-derivative of f(x). Hence, find F{1) = F(0).

{c) Comment on your answers in (a) and (b).

Consider f/(x) = dx_ + 3x .
3

{a) Use the Riemann integral routine on your CAS calculator to evaluate Ij{x]l dlx .
L)

(b} Find Fix), the anti-derivative of /(x). Hence, find F{3) - F{0).
(¢) Comment on your answers in (a) and (b).

. Consider f{x}=2¢ .

|
{a) Use the Riemann integral routine on your CAS calculator to evaluate If{;} dx.
=1
{b) Find F{x), the anti-derivative of f(x). Hence, find F(1) - F{-1).
(¢) Comment on yvour answers in (a) and (b).

. Cousider f(x}=5x .

|
Suggest a procedure to evaluate j Sfx) dx without using the calculator-based definite
-1
integral routine. Confirm (or refine) your procedure, by comparing the answer obtained
using the suggested procedure with the answer obtained by using the calculator-based
defimite integral routine

| i
Use the procedure you developed in Cuuestion 4, to evaluate:{a) je‘ dx (b) f% dr .
L1 1

ﬂ. Summary

= Given that Fx) 1s an anti-derivative of /(x) and f(x) is continuous fora < x < b:

| b
| [t dr = AB) - Fla)
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8.4.1 The Riemann Integral and the Fundamenial Theorem of Calculus

b Xwfy
s The Riemann Integral If{::} de = EEI:I‘I z Flx)=8x
=l R
. .ru.:'r-:mr;.rr:ﬁt

That is, to evaluate the integral, we need to evaluate the limat.

* The Fundamental Theorem of Calculus provides us with a more ¢fficient procedure
h

for evaluating the Riemann Integral I_.l"{x] dr

i

* The Fundamental Theorem of Calculus establishes the link between definite
integrals and anti-derivatives. Hence:

b
ffl{.t:l dy = F{h) - Fla) where Fix) is an anti-denivative of f(x).

a |

i
That is, the integral If{x} dr may be evaluated using an anti-derivative of f{x).
i

The formal proof of this result is beyvond the scope of this book.

]
s [n the symbaol for the Riemann Integral _Ffl.’_.r} dr
[
« @ i5 the lower limit of the interval @ € .x < b and is usually
called the “lower limit” of the definite integral
« b i5 the upper limit of the interval @ < x < b and is usoally
called the “upper limit” of the definite integral,

s Mote that jf[,r} ey is used 1o denote the anti-derivative of f{x) and is referred o as

the indefinite integral of f(x) with respect to x.
b ’

The Riemann Integral II{I}I e 15 referred (o as the definite integral of f(x)
i

with respect to x between x=ag and x = b,

e The Fundamental Theorem of Caleulus, allows us o evaluate a definite integral
without using the method of numerical limits. However, not all definite integrals
can be evaluated using the Fundamental Theorem of Calculus.

1 »
= For example, je" dy cannot be evaluated using the Fundamental Theorem

1]

of Calculus. To evaluate this definite integral, a numerical method is used.
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8.5 Properties of the Definite Integral

» The properties of indefinite integrals may be extended to definite integrals as
follows. For f(x) and g{x) continuous in the interval a < x < &:

& b
. j.i:f(x}dr = .l:jj[.r}dx
i il

b L] ]
o [Sx)+gx)de = [ flx)dx + [glx) d
] ir il

Example 8.1
|
Use the Fundamental Theorem of Calculus to evaluate jx* +1 dr.

Solution:

2
Letf(x)=x +1. .
The anti-derivative of f(x),  Fix)= %x +x+C.

Henee, 24l d = F(1) - F{0)

N ey, =

=(4+0-[C) =4

This solution is usually condensed into; f——————— Ananti-derivative of £{)), F(x)

1
i
f.rz 1 dxr = [-;-,:3 +.1:|
Q F(1)

t+1]-[o)

|

Fie)

[ |
Lk B

Note:

b
» Using the Fundamenial Theorem of Calculus, | f{x) dx = Fb) = Ffa), where Fix} is an
[

anti-derivative af f(x). Clearly, it would be convenient io choose Fix) = 1x' + x, with C = (.. as seen
in the condenzed version of the solution,
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OF Definire Trbegrals

Example 8.2
Without the use of a CAS/graphic calculator, evaluate each of the following.

2 2 2
(a) Ji:i-l’f (b) Iezx e (c) ?cmlx-:ir
1 ! B 0
Solution:
r) i 2
(@) [5dt =4[t an
|

=2
A
2
2x = .
(b) Ie dx —H: ‘]_l
u;
2| ® ]4
4 =3
- 4!
n
4 % L
© jmszx:ir i [smix]ﬂ
0 2 g
= —[sjni-::inﬂ]
2 2
-l
=

Exercise 8.1
1. Wilhuut the use of a EAS.I'gmphic calculator, evaluate each of the following,
{a) j (b) _[x+l e {c) j!ixﬂ‘.lz dv (d) _f 41 —x)° d
0 -1 -2
(e} ? _:f : Tde (g) F."H e (h) if+hfr
o (1+2%) T Jx /
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2.

x 9

Wiﬂmul the use of a CAS/graphic caleulator, find.

3 1
1
ia) dr () [N+ o (€} |—+xdx (d) | =—+&" dr
iu s 2y i ie’t I e
1} d
I 2
&) [V+xde (O j—dx %) |re" ot *(h) 5 dt
:i| _I| |=x ‘!. £“ +f ]
. By first evaluating the indefinite integral, find:
|
(a) [« +2x+3dx (®) [ (x+1ix-2) de (€) J‘“'
5 1 -
s(x-1) e vt k.
@ [ ds (€) j' —— (f) j{e +1)* d
Vil a3 1 -
(e* +1y 5t ) —te’
) | di (h) _[ i | dr
i e 'iJII+2-" |:|:,|r||..|.E,I"1
Find the indefinite integral first, then evaluate the following integrals leaving
your answers in exact form,
m/3 n -2
(a) I sin{2x) dlx (b} Icﬂs[xil} v (c) [ x+sin{x+m) dr
it = =K
| 2 4
(d) J'msmx} v (e) ]'msmfz-m dy (f) Isinfm-"ﬁﬂe" de
] ] i
2
. Given that —-|5m{.t]| xcos(x)] = xsin{x), determine exactly [ xsin({x) dx .
1}
w2
Given that —[e’{sm{.x'_lh:us{.r}}] [2e’ cos{x)] , determine exactly j 2e” cos(x) dx .
-gf2

v
. Given that %[.rln{x}—x] = In{x), determine exactly I— Inf{x) el .

1

Given that %[:e" -¢" = xe", determine exactly !-{.I'EI +x°) dx.

Differentiate e_‘[sin[.t']n + cos{x)] with respect to x. Hence, or otherwise, find the exact

"
value nf]'[e" sin{x) +cos(x)] dx .
]
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8.6 Fundamental Theorem of Calculus 11

» In Section 8.3, the Fundamental Theorem of Calculus was described as follows.

» Giiven that Fg} is an anti-derivative of f{x) and f(x) is continuous in the

b
interval @ < x < b, then _F_fm dx = F{b) = Fla).
il
» This part is best associated with the evaluation of definite integrals.

® The Fundamental Theorem of Calculus may also be described as follows.

o I£/ (1) is continuous in the interval a < ¢ < b, and it Fix) = [ 1(¢) d,

then F'{x)= f(x).
« That is, if £(r) is continuous in the interval @ < 1 < b, then

| L1 fayde= 10,

» This part establishes the connection between definite integrals
and anti-derivatives,

® In general,

« Iff{1) is continuous in the interval a £ 1 = b, and if Fix) = jf:'t:ﬂr] dr .
then by the chain Rule for differentiation F'(x)= f[g{x)]=g'{x}*

« That is, if /(r) is continuous in the interval @ < ¢ < b,

g B
then | == [ f(1) dt = flg(x)]xg'(x).

i

¢ This part of the Fundamental Theorem of Caleulus will be explored in greater detail
in Section 9.4.1.
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Example 8.3

241

L)
Find the denvative of Fix) given that (a) Flx)= jf" : da (b)) Ax)= j 2r+1 dt
| 1

Serlaiion:

2
{a) Using the Fundamental Theorem of Calculus: F'{x)= et

(b) Let  f(=2r+1, gx)=x +1
Using the Fundamental Theorem of Calculus:
Flix)= f[g(x)]=g'(x)

=[2(x + 1)+ 1] x 2x

= 2x(2x" +3).
Example 8.4
Find: (a) if‘h'-i-l dlt ih) iej‘ ar +1 ot
e dr 3
Solution:

X
{a) Using the Fundamental Theorem of Calculus: %jm— +ldr=4x+ |

(b} Using the Fundamental Theorem of Caleulus:
1:

—!.-4f+||:ﬁ' [de +1]x2e

Example 8.5
b d-[ [H-J"_]
Sefuticn:
i-i['l—u";]m;I—JEq
a1+ REREHN
[1=4 ] [1=40
[ 1+-.|"1-‘ 1++/0
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08 Definite Integrals

Exercise 8.2
|. Find the derivative of each of the following integrals.

(b} _f»}'ml dt
|

x X
(@) [4r+e di (c) _[-m:fz i
|

2. o Lo Jx 2
(¢) {: s d (D) :J;mn&; (g) [?
sinx :'ilrl{il']'

i) Tucns{n}du () _F tsin (m) du j —u'.'
1

2. Find the following:

td = d
(@) |—[r"+4]dr — [0 +du] du
'!--:ﬂ j:ﬂt“

e
(d) % w® 4 du (e) %I‘.'I|+EE ot
I
(®) Ider j 1 +u? ]
I
%
X o d
(i) [=Isin®()] (k) [ < (ran(u)] di
.-:dr n s

X

3. Find the value of F'(1), given that F{x) = j..l_.',_ dl .
al” +4

X
4. Find the value of F'(rn/2), given that F{x) = jsin[r} dr .
L}

I ¥
5. Find the value of F'(0), given that F(x) = [e" d
I

6. Find the r-coordinate of the stationary point of the curve:

2x x+1
(a) y = I:1+4rdr (b) y= j 2(1-2) dt
a |
x’uq.f_ - JETER
= e dt d)y y= e i,
() ¥ _!' 4 (d) » ]F‘I,m

I
|
(d) = du
' Ju
x+5
(h) _{ 1+ du

z
() fq‘] +e' du
1

Jr+2
(i) j —{\I|I+u ] d

E-I“L

I u’ sinfu ) ol
n
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8.7 More Properties of Definite Integrals

# For f(x)and g(x) each continuous in the interval a <x < b:
[+

h
o [rmde= -] flx)de
a b

b i b
. [fxyde= [fixyde + [fx)dx wherea<m<b.

Example 8.6

2 2
Given that f{x) is continuous everywhere and that | f(x) dx = 10 and [ f(x) dx =6, find:
—4 =]

-4 2 =1
@ [fa  ®) [3fde (@ [fx)dr.
2 -4 —4

Solution:
-4 2
| (@) [ fG)de == [ fix)ds =-10
2 -4
2 2
(b) [3£0)dr =3[ fix)d
-4 —4
=3x10=30
2 =] Z
(© [ fyae= | fixyae + [ fixyds
-4 —4 =1
-1
0= [ flx)de +6
]

-1
= If{.:}nfr=4
4
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.Example 8.7

f
Given that f(x) is continuous everywhere and that I J(x) de = 12, find:

df
L] i 3
(@) [2x-2 f(x)d (0) [ 3f(x-2)dx () [ f(2x)dx.
4 i) -2
Solution:
fa fi ]
(a) J2x-2f(x)dx = [ 2xds + [ -2 f(x) de
-4 -4 -4
i)
[T, -2 f rew ax
-4
=(36-16)-2x 12
=—4
] b
(v) [3ftx-2)de =3[ flx-2)dr
=2 =7
]
=3 [ f(x) ds
|
=3 x]2
=36
3 1 o
(c) | faxyde=— = [ flx)
2
-2 4
=% x ]2
=6 .
Notes:
o Inpart (b), | flx—2) dy oot dumis it [ rn e,
-3 -4

L] L
the sum of the signed areas remain unchanged, Hence, | flx=2)de = | filx) dx.
-3 -

3 1]
» Inpartfc), | fi2x) d —Diote Horimomtally factor 2, 1 ricy de
- -4

3 ]
the sum of the signed areas is donbled, Hence, | f(2x) dy = ; w | fix) de.
-2 -4
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Exercise §.3
f 4
1. Given that f{x) is continuous everywhere and j F(x)dx =5 and ]' f(x) dx =2, find:
2 2

F i & [

(2) [~2f(x) dx (b) [Lfx)+1] dr (c) [+ f(x)] d
2 2 2
2 2 ( f

@ [ feo) ax () I%:ﬂ_ D [ fix) ar
f fi 4

B L]
2, Gaven Ehﬂlf{.ﬂ 15 continuous everyvwhere and II{I} e =T and If{:} dx =3, find:
S )
7] i] 3
(@) [27(x)d ®) [[f(x)-x]ax (©) [ix+ f(x))
—4 4 f

4 3 Fix) -4
@ [[3f+d1dr (o) |5 de 0 [0-2/(0] a
fi 4 3

3. Given that £(x) and g (x) are cach continuous everywhere and

4 ) T
[ fx) de =3, [ f(x) dx = -2 and [g(x) dx = 4, find:
| | 1
| (/) 7
(a) [ fx)de (b) ]'de (©) [1x*+g(x)] de
1 7 1
p Tf{:}—gm :
@ [U@rgmlde () [FEEE (0 [Bg(x)-2/(x)) dr
| | 1

4. Given that /(x) and g(x) are each continuous everywhere and that
-4 =1 -1
[ frdx =3, [ f(x) e =1and [ glx) dv =2, find:
= o | =4 i

TS s o
@ [x-2Fde ®) [eme2f@dr (@ [ g0+ f(x) dr
-7 -1 =1

-4

4 -1
@ [L2-2D 0 (o [a/0-2 2% @ [LD rg ax
=1 -4 =]
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8
5. Given that f(x) is continuous everywhere and that [ f(x) dx =20, find:
=2

3 7 16

@ [1-2/(x)dr ®) [2/(x+1)d (©) [ f(0.5x5) dx
-1 3 e
-3 . 5 3

(d) [ f-x) dr (©) [f(2x-2) d (0 [ £0-x)de
2 0 7

1]
6. Given that f(x) is continuous everywhere and that I f(x) dx = =10, find:
4

0 11 3

() [2x+ f(x)dr (b) [ flx=1) e (©) [f(3x+1)
4 5 I
—4 2 P =5

@ [ ~f(-x)dx (e) II[T]dr (0 [2/0-x)dr
=1 10 -3

]
7. Given that f{x) is continuous everywhere and that I Fi{x+2)de =4, find:
=3

3 7 3

(@ [~dxsfles2yde  (B) [14f(x) de (© [ flox+2)dn
-3 ) ik
1 f g

)y [ —f(-x) d (&) [ flxs1)ar (0 [2/(x-2) de
= g s - |

6
8. Given that f(x) is continuous everywhere and that I J(2x) dx = =5, find:
7 -2

i} 12 p

@ [ f(2x)-2xdr ) [ f(x)dr (© [ fl2x+2)dx
-3 - -3
2 f{-l:] 13 4

(d) jTa&r (@ [ flx-1)de N [2f(4-2x)dr
b -3 —4
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09 ppllcatm tEI'HI |

9.1 Gradient Function

s [n Section 5.1, we noted that if v = f{x) represents the equation of a curve,
then % = f'(x) represents the gradient function of the curve,

& In this section, we will reverse the process; given the gradient function of a curve,
we will be required to determine the actual equation of the curve.

Example 9.1

The gradient function of a curve is given 'I:u.-' ﬂ!p = | - cos x,
Find the equation of the curve if the curve passes through the point (0, 1).

Solurion:

%=1—m5x —- y=_[|—n:us.rd‘.r
=x —sinx+C

Whenx=0,y=1. = C=1

The equation of the curve is:

y=x-sinx+ L

Naotes:
® Curves witlh equneiion of the form vy = x —sinx + O shore the same gradice fametion i- { =cosx

Tt s, the gradiend funciion % = [ = o5 x v comman fo the gronp of curves with equation
¥
¥= x—sinx+ E.

o [ngeneral, p = ]' :tr Bives a fomily of curves. Trdividual cnrves are abiaimed omly vheit g podal aff

PSSR 15 J.'umm
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1 Applications of Integration

Exercise 9.1
1. Find the equation of the curve with gradient function % and passing through the point:
(a) %=ﬁ-’l’:+1¥"51“1ﬂ} ib) £=E +x+1,(0, 2)
dy == dju'
DV oma =2 (0,1 2
fﬂ‘]drﬁ' (0, -1) [d]drﬁilﬂ'}
dly dy .
(e} i L0, 0) (i = =2+sinx, (0, 1)
'-_JlftE +1 de.

. Find the equation of the curve with gradient function j’b and passing through the point:

dy 1 dy |

(a) = Sl I (bh) —m= L0, 1)
¥ dr  f(x+1)°

dy ay

__1J +1%(0.1 _=_.._ (1|
(c) (x+1)(0, 1) (d) & Q2R A0, 1)

L i A _ .
(e) i x+fx1l[ﬂ12} () - sin (nx), (1/2, =)

. The curve v = f{x), has gradient function given h:.- L8 ,1: + b, The curve has tuming

points, at x =—1 and x = 1. Find the equation afthe curve given that it passes
through the origin.

. The eurve y = f(x), has gradient function given by f(x)= .1'1 + hx + ¢. The curve has two

turning points, at x = =2 and x = 0. Find the equation of the curve given that it passes
through the point (1, 1).

. The tangent to the curve y = f(x) at the point (0, 1) has equation y =x + 1. The gradient

function of the curve is given b].r LA = ax + b. Find the equation of the curve given that it
also passes through the point (1, 3-‘]-

The tangent to the curve ¥ = f(x) at the point (0, =1) has equation y = 2x — . The
gradient function of the curve is given I:n:-,- i =ae +b. Find the equation of the curve

given that it also passes through the point |[1~ 0).

. Giiven that the curve has an inflection point

at (1, =1/3), and turning points at {l], 0) and (2, =2/3), find the equation of the curve,
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9.2 Area under a Curve

9.2.1 Area trapped between curve and the v-axis

i

. _Ffl.’_.r} dx represents the area of the region trapped between y = f(x), the lines x = a,
¥
x = b and the x-axis gnfy if f{x) = 0 within the interval a = x < &; that is, y = f(x) is
completely above the x-axis in this interval.

e If fix) < 0 within the interval a = x S b, ¥ = f(x) is completely below the
x-axis in this interval, then the area of the region trapped between y = f(x), the lines

b
x~a, x = b and the x-axis, is represented by —jf{.t] dx . This is because, for
@

b
Six) < 0inthe interval a < x < b, I_.I"{.:} ex is numerically negative,

i

e If, the region has pars on both sides of the x-axis, then the sub-parts must be
calculated separately.

s Hence, the following results.

fi=)
i ¥ = fi}
« Area of Shaded Region = | f(x) dx.
g { o
il
b
« Area of Shaded Region = - [ f(x) d — x
i o
s ¥ = fiaf
or If{.r}
i
il
« Area of Shaded Region
h € e jixi
= ~[ f(x) d+ [ (x) dix
a b
e
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¢ To calculate the arca of the region trapped between y = f(x), the linesx=a, x= b,
and the x-axis:
» Make a quick sketch of v = f(x), either by hand or using a CAS/graphic
calculator.
o ldentify the location of the trapped region and the points whene y = f(x)
’ crosses the v-axis (if applicable).
] « If the trapped region oceupies both sides of the r-axis, work out each
s sub-area separately. The required area is the sum of the sub-areas.
& Where the use of CAS/graphic calculator is permitted, the area of the region
trapped between y = [(x), the lines x = a, x = b, and the r-axis, may be calculated

= using the formula:

b
Area = ]'j f(x)] .

This formula may be used without the need to partition the trapped region into a
region above and a region below the x-axis.

] b
* MNote that [f{.:':l dx gives the sum of the signed areas whereas I|j"[.l_'}| dx gives
v & |

the area of the regions trapped between the curve vy = f(x), the ines y=a, x = b,
and the r-axis

Example 9.2
Without the use of a CAS/graphic calculator, find the area of the shaded region.
(a) (b)

s

[T
X..s

Solution: |
1 I
(a) Area of Shaded Region = [e* dv = [e‘]“=e' i ey
(
z 3 13 2
(b) Area of Shaded Region = —jr ~2x de = ?_;1
0 {1
= 1E _py—oyn=2
= -9 -10]= 3.
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Example 9.3
Without the use of a CAS/graphic calculator, find the area of the shaded region,
{a) 1]

Solution:

: 2 372
(a) Area of Shaded Region = [(x~1)* dx = {““3“ ] =l ol 2

0 0

| 2
(b) Area of Shaded Region = -I;E ~xde + [x?—x

=z +2=1
Example 9.4
Find the area of the region tapped by the curve y = x(x — 1 ){x - 2) and the x-axis.
Sofution:
The skerch of v = xfx — I — 2) i given in the accompanying diagran, fish
The region rrapped by the corve v = x(x = Fifs = 21 amd fhe x-axis is
shown ar the shaded region.
The roots of y =x{x — I {x— 2)arex=0, 1, 2.
Therefore Area of Shaded Region

Z
= [|xtx—1)x-2)f e = 1.
! 2

3
far a1 =2l
)
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9.2.2 With the y-axis as a Boundary

s Using the technigue demonstrated in Section 8.1,
but with horizontal strips, the area of the region
trapped between the curve x = f{y),
the y-axis, to the hghl of the y-axis, and the

linesy=aandy=h, is givenby A= _Ff[}'}a[v

i

* Note that the equation of the curve is written with
v as the independent vanable, x = f(¥). Also, note .
that y is the subject of the integration,
and the region is to the right of the y-axis.

e Similarly, the area of the region trapped between the
curve x = f(y), the y-axis, and to the left of the oy
y=axis, between the lines y = a and y = b is given by

b
A==[f(y)dy =

b
Jronay|.

= Combining the two earlier results:

The area of the region trapped between the curve x = f(y), the y-axis,
)

and the lines y = a and y = b is given by A=j|f{y}[ﬂjﬂ.

Example 9.5 :

Determine the area of the region trapped between the curve y = 1, the y-axis
and the lines y= | and y =2,

Solution:

3 :
y=x = x=y

Area ::rl'lmpptd region is gnren by:
A= —j}" dy + J"P’

2
1 ]
=_[3L +[3L — 2.6399
4
L
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Exercise 9.2
1. Determine the area of the shaded region:
(a)

(g)

2. Find the area of the region trapped between each of the following curves and x-axis. .
(a) y=x{x-13) (b) y==x(x+2)
{€) ¥y=(r— Dx—2Hx+3) (d) y=—(x+Dx-2x-3)

3. Find the area of the region trapped between given curve, the x-axis and the given lines:
(@) y={x-1)}x-3,x=0andx =2 (b) y=(x+ I}x+ 3 x==dandx=0
) y=x{x+1Hx-2),x=-2andx=2 (d) y==x{x+ Ix+2)r==3andx=2.

4. Find the area of the region trapped between given curve, the x-axis and the given lines;
[a}}'=—2+e1;.r=—l..r=l (b) p=sin{zx);x= -t andx=xn
(c) y=tan{mx); x=—1/4 and x = 1/4 (d} y=1- sin[n'l}: x==gandx=n

5. Find the gma of the region trapped between gimn;:une and the given lines:
fn}y=.t;_|'=_.ﬂ'andy=2 (b) y=x —1; y=0andy=1
(c) p=(x— 1‘]:: left of the y-axis, v = | and y = 4
(d) y=(x-1): y=0and y=2
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9.3 Area of Regions Involving Twe Curves

o If, in the interval, a < x < b, f(x) = g{x) for all values of
x, then, the area of the region trapped between y = f (x) l
and y = g(x), and the lines x = a and x = b is given by;

b
A= [ f(x)-g(x) d

» Mote the pattermn:

¥ N curve that is on “top®
b
A= [fix)-g(x) dx
i - curve that s at the
bottom

= Caution: This formula only works if v = f(x) is always “on top” of ¥ = g(x)
in the interval @ S x < b,

o Where the use of a CAS calculator 15 permitted:

the area of the region trapped between the curves y = f(x) and v = glx),
h
and the linesx=aand x =his given by 4 = Iifl’,.ﬂ—g{.tﬂ dx,

[F]
= In this case, it is not necessary to locate the relative positions of the two curves,

Example 9.6
Without the use of CAS calculator, find the area of the shaded region.

Solufion:
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Alternative Seldution: 2
Let A be the region trapped between p=4x - 2r |
the lines x =10 and x = % and the v-axis and B be the

region trapped between v = x and the lines x = 0 and
x= 2 and the r-axis.

4

Then, Area of Shaded Region
= Area of A — Area of B:
3

- e, [ S D ) (e Ve o
dx—2x° odx [2:-:2:::1]
i
. x 3
=1,;3_.2.£]I-E
]
= 3 ]
- md 2 2T 80
23 3“3} 8 8

|"|l'|'.|']'¢'.'
w for the secoed solution, the method of reglon suliraction is wsed,

Example 9.7

Without the use of a CAS/graphic calculator, find the area of
the shaded region.

Solution:

The shaded region can be divided into two parts,
A and B, as shown in the accompanying diagram.

Area of shaded region = Area of A + Area of B

= .rlnfr+[:'rxl:-cl]

]
|
=1:i +.1.
3 2
S N
R R

youu
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Exercise 9.3
1. Find the area of the shaded region.

(a) (k) (c)

2. Use a calculus method invelving the use of integrals to find the area of the shaded region.

(b) (c)

0 O.T. Lse a5
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(h)

3. Usca -cal-.:ul'us method to find the area of the region trapped by the curves:

[EL}L—'I:' and y=-x+2 (b) y=-2x(x +2)and y=x+2
(c) y= lrh+2]and}—r+2 (d) »=x{x+2) andv=x
(e} y= 1':' a.11d¢--r(x+2] (f) p=—x andy=x>-4
(g) y=xix-2) and 1'1—: (x=2) (h) v=x(x+1) nndrmrv-_tl{_rq- 1)
(i) y=x—1x=3—y () = ii=2-x
4. Use calculus to find the area of the region trapped between the following curves:
(a) y= 1+ sin (x), the x-axis, the y-axis and the line x = 32—“
(b} y=sin(x) and y = cos (x) for % =x< ETK

5. The wake left behind by a boat (up to a distance of 100 m
behind the boat) as it travels through a lake, is indicated as
the shaded region in the accompanying diagram. All
measurements are in metres.

(a) Find the width of the wake, 100 m behind the boat.

(b) Find the area covered by the wake, from the point
immediately behind the boat to a point 100 m behind
the boa.

i O.T Lew 0
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6. The cross-sectional profile of a gully is indicated as the ¥
shaded region in the accompanying diagram.
(a) Find the cross-sectional area of this gully.
{b) If the gully has a uniform cross-section along a
length of 30 m, find the capacity of the gully.
[1m'=1kL]

7. The accompanying diagram shows the cross-sectional profile "
of a block of land. The shaded region needs to be excavated.
The block has a uniform cross-section along a length ﬂfi'iﬂ m.

All measurements are in meires. How much earth, inm
needs o be excavated? yue

& The accompanying diagram shows the logo of a panticular
company. The logo consists of four petals as shown.
All measurements are in metres. Find the total area of the

petals.

9, The accompanying diagram (shaded portion) shows the
logo used to promote a certain product. Find the area of the
logo. All measurements are in centimetres,

€ O.T. Lec T
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9.4 Area Functions
e Let v=f(x) be continuous in the interval @ <x < b, then
I
)= j f(x) dx represents the sum of the signed areas of the region trapped
o

between the curve y = f(x), the lines x = a, x = ¢ and the x-axis.

f
o
By the Fundamental Theorem of Calculus, F'(f) = E[I fix) ,#] = f(0.
o

f

That is, the derivative of the area function If{.xj cx at x = 1 is the value of its
if

curve function f(x) evaluated at x = ¢.

9.4.1 The Fundamental Theorem of Calculus revisited
+ Consider the curve y = f{x) which is continuous everywhere.

f
» Define the area function A(r) = IJ" (x) dr. fix)

i
T+

e Forx=r+ar A(r + &) = _[ fix) dx.

i

o Consider the strip trapped between the curve, W
the x-axis and the lines x = fand x = ¢ + &r. =l
» The area of this strip is given by: =

Al + 66 — A1),
The area of this strip may be approximated
by the area of the inscribed rectangle
and the circumscribed rectangle.
Hence: S = Bt < At + 88) — A < f¢ + 66) = B4
_ Al +8t)— A(r)

fin ry < f{t+ 80
s« Asdr— 0, A[Hﬁ;_d{;] = (N
-A
Thatis:  lim [‘ﬂ”m M] = f0)
ar— i &t

. 4l :
» Hence: I—f{.r] = = [{J"{x} :i:] Fir).

£ O.T Lee 08
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Example 9.8

t
Let F{r)= [J‘; ~7x* +10x dr where for 0 <1< 8. Calculate:

i
(a) F{r) and hence F{2)and F(5).
(b) 1if F{f) =0,

{c) the global minimum and global maximum values for F{i).

Solution:

4 3
f Tr o
e _— = 45§
(a) K 3 3 +5¢

16 125
F2) 3 and F(5) =

[ (31 — 281+ 60) =0

.

(3= 10)r-6)=0
r=0,—,6

{c) Fin = rj - 'L-z +1¢

F'iry =0 = :{11—?.-+ 10)=0
mHr=2¥r=5=0
=g 2 5
F (1) =3( - 141+ 10
F' ) =0, F(2) <0 and F"(5) >0
=+ Local Minimum value for F{/) is
F3)m E ;

Local Maximum value for F{r) is

16
Y
Fi2) 3

=
Check endpoints: F(0)= 0 and F(8) = jx*—?xz +10x g = =

0

Hisi, 125

Gilobal Maximum value 1s ?

r
sclvec [ x3-7:22410 xdar =0,

a
{t'ﬂ,t‘ﬁ--r I'.-""I‘:?

T
W:I-3—?g24lhdx oy B, 85
@

175
{t"h"r'ill.hll--l-?-. :-5}
T
detf#3-1a2~ 10ardar o2y 8, 83
5]

{M:Iw%.tﬂ}
P

Cilobal Minimum value is —E 2

448
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Exercise 9.4

f
1. Let Fir)= Imx +2 dr where for 0 =7 <4, Without the use of a calculator, find:
NI
(a) F{r) and hence F{0) and F(2) (b) rif (=0
(c) the local maximum value for F(1).

¢
2. Let Fn= I 2x~4 dr where for -4 <1< 8, Without the use of a calculator, find:
—4
(a) Fir) and hence F{-2)and F(B) (b) rif F()=-20
ic} the global minimum and global maximum values for F().

'3
3. Let Fin= j' Sx) dx where fix)=10-2x, for -2 <¢< 5. Without the use of a
-2
calculator : {a) Find F(r) (b) Find F'(2) and f(2)
{¢) Comment on your answers in (b),

[}
4. Let F(= J' J{x) dx where fix)= .rz =4, for—1 <t < 6. Without the use of a
=]
calculator ; {(a) Find F'(1) (b} Find F'(4) and f(4)
(c) Comment on your answers in (b).

'
3. The curve y = f(x} is continuous everywhere, Let Fif) = J.f{.r} dx .
i
Prove that F{r) has local extrema at the points where y = f(x) has roots.

'
6. Let F(r)= J- —x° +Tx° +8x dx where for-1<r< 10,
-3
Calculate the global minimum and maximum values for Fi{1),

I
7. Let Fip= [ —x*+20° 4557 <6x d where for6<r1<6,
-5
Calculate the global minimum and maximum values for F(r).
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9.5 Integration & Rate of Change

. P
e Given P=[(1), = measures the instantaneous rate of change of P with respect to 1.

= Hence, given %.Pmnhﬁﬂh’[ﬂiﬂﬂd by using P = IZ—F dr
‘

Example 9.9
The instantancous rate of change of temperature ( & degrees Celsius) with respect to time

it hours) 15 given by % = E_D'm'. Find the temperature of the body in terms of time 1, given

that the initial temperature of the body was 50 Celsius. Hence, find the temperature of the
body after 5 hours.

Solution:
=00l
_ﬁE}h =E—u.ulr =T jf-ﬂ.ﬂ].r dr = e L C
dt =01
: -0.01
Thus, g=100¢ +C
Whenr=0, #=5), = 50=-100+C = C=150,
Therefore g= -!H'J'e_“'u“+ | 50.
(L0015} .
When 1 =5, &= -100¢ + 150 = 54,9 Celsius,
Example 9.10
The instantaneous rate with which effluent is discharged into a recyeling pond is modelled by
dV 1
=7 T where Fis the volume of effluent discharged in kilolitres and £ is time in
& I
hours. Find the volume of efMucent discharged in the first four hours.
Solution:
dv 1 3 =] .
—_— - = V= |+ dr = +
dt (1+1) I( 51 (14r) ¢

When =0, }{0)=—-1 + C. When ¢ =4, 1{4) = _; e
Hence, the volume of effluent discharged into the pond in the first four hours is
given by V)= M0) = (— 1+ Q)= (-1 + O) = L kL,

Nave:

& The voluwme of efffuent discharged inte the pond in the first four hours is Vid) = Py, This is the mer
change in the voltume e the interval 1 <1 24, Bag, wsing the Fardamental Theorem of Caleulus

4 av 4 gy
[ — dr = ¥d) — Vi, Hence, the met change in ¥, in the imerval 0 <1 <4 is given by | > ot .
]

TR
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9.5.1 Net Change

« If % is the instantaneous rate of change of vanable P with respect to 1,

: b
then the mef change in P, in the interval @ <7< b, is given by J'%? dl .
¥ ]

Example 9.11

The instantaneous rate with which, ¥, the number of carriers of a virus within a population

changes with time r (days) is modelled by ﬂ el . Find the net change in the number
. df Et 1

of carriers in the (a) first 8 days (b) 8th day.

Kealution:

B B
. -10 112
{a) Met change in N in the first 8 days = I df =—]ﬂj{|+£} di = —40.
n]l+.’ o
} ~10 ; /2
(b) Net change in N in the 8th day = dt = —I'I:ljl[lﬂhl']l'i et =-3.43=-3,
7 i 7

Exercise 9.5

1. Given that -‘3} =4r+ 2, find A given that whenr=0,4 = |.

2. Given that %fi = (] - r}:, find the net change in (2 in the interval 0 ¢ <4,

3. Given that % = o1+ 21, find the net change in ¥ when 1 changes fromr=2tor=4,

4. Caven that % = % , find the net change in M in the interval 0 €1 < 2.
e

3. Given that % = sin (1), find the net change in {? when ¢ changes from 0 to n.

6. Find the net change in Vin the interval 1 <1 < 5, given thal Ll :If.
)

i
7. Find the net change and hence the average rate of change in L in the interval 2 <1 < 4,
. ol 1
ven that — = .
B d (141
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12.

13

The instantaneous rate with which the temperature, #degrees Celsius, of a body changes

with respect to time, f minutes, is modelled by % =2 — 0,051

(@) Find when the maximum temperature of the body occurred.
(b) Find the net change in temperature in the (i) first 5 minutes (i1) 5th minute.

The instantaneous rate with which the average price. P cents, of a share on the Stock
: " ; ar 2
Exchange, changes with respect to time, ¢ months, 15 modelled by 207 =¢ =31~ 10,

for 0= ¢ < |2, The initial price of the share was 60 cents.
(a) Find the lowest price of this share and when this occurred.
(b) Find the net change in price in the (i) first 6 months (i1) 7th month.

. The mstantanepus rafe with which the concentration C, mg/kL, of a chemical compound

in a river system, changes with respect to time, r weeks, is modelled by
i = . T 2¢, for £ 2 0. The initial concentration was 9.3 mg/kL
dt  (1+0.5)

{a) Find the net change in concentration in the first week.

{(b) Find the maximum concentration and when this occurred.

. The instantaneous rate with which water flows into an omamental pond, is modelled by

% ={r+ IMr+ 304 - 1), for { = 0, where V' is the volume of water in the pond in kL

and ¢ is time in hours.

{a) Find when the water stops flowing into the pond.

(b) Find the amount of water that has flowed into the pond in the first hour.
{¢) Find the volume of water that has flowed into the pond.

A rechargeable battery has a voltage of @ volts when fully charged. When the battery is

uscd to run an electronic toy, the voltage F volts, remains at 9 volts for 30 minutes and

: da¥ L]
then the voltage decreases instantaneously, at a rate modelled by g -0.2e .

(a} Find the net change in the battery voltage after the toy has been in use for 40 minutes.
*(b) Find how long the battery can be used to run this toy, if a minimum voltage of 8 volts
i5 required.

The marginal cost Em' producing x items of a product 15 given by E= 0.04x, where $C

is the cost of producing x items of a product.

(a} Given that the fixed cost is $20, find the cost of producing 100 of these items.

{b) Find the net change in cost if the number of items produced is changed from
100 to 200, '
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I4. The marginal profit associated with the sale of x items of a product is given by
dP

o= 0000 27x +0.18x — 3.6, where SP is the profit associated with the sale of & items

of this product.

(a) Given that there is a loss of $50 if no items are sold, find the profit associated with
the sale of 100 items.

(b) Find the net change in profit if the number of items sold is changed from

100 to 200, =
15, The instantancous rate with which the amount of liquid, o
Flitres, in a holding tank, changes with respect to time }
: % [ 2
t minutes, is modelled by ‘i—: = 1 =1 . The sketch of l";-\\ .
e

dl : : : i
= against 7 1s shown in the accompanying diagram.

{a} Explain what happens at f = | minute.

{b) Find the arca of region A and interpret your answer. »

(¢} Find the area of region B and interpret your answer.

(d) Find the amount of liquid in the tank after 2 minutes, if initially there were 5 litres
in the tank,

-
16. Given that % =|5sin [3—:3%{; -] E}HJJ+ 25, find the net change in T {measured in

degrees Celsius) corresponding to a change in x from x = 90 days to x = 140 days.
Hence, find the average rate of change within the corresponding period of time.,

17. The rate of change of pressure P (kiloPascal) at a given time ¢ (hours) in a leaking tyre is

-3
maodelled by % = -ufz . Find the rate of change of pressure when ¢ = 9 hours. Find
(11t

the net change and hence the average rate of change in tyre pressure in the interval
0 <= %hours. Assume the leak has not been fixed in this time interval!

I8. The rate of change of volume ¥ (em’) at a given time ¢ (seconds) of an inflatable Loy is

modelled by L = 10 E[:J
(1+r)

. Find the rate of change of volume when ¢ = | minute.

Find the net change and hence the average rate of change in the volume of the toy in the
interval 0 < 1 = 2 minutes.

19, The rate at which the speed of contraction of a muscle ¥ changes in relation to the load
dy  =bla+
acting on the muscle F is modelled by — = —{i—@ . where a, b and Fy are
dF  (F+a)
constants,

Find the net change in V corresponding to a change in F from Fy to 4F%.
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I Recttlinear Motion

10.1 Rectilinear Motion and Differentiation

In this section, attention is focused on objects that move along straight lines, Such
objects are said to experience rectilinear motion.

Consider an object P moving along a straight line,
Let its displacement from a fixed point O at time 1 be 5.
Then, = represents the instantaneous rate of change of displacement with respect

to time £. This is termed the instamtaneaus velocity of P, usually denoted v.

dv  d’s

Then, — = represents the instantaneous rate of change of velocity with

d

respect to time . This is termed the insranfaneons acceleration of P,
usually denoted a.

The relationship between displacement s, velocity v and aceeleration a, can be
represented schematically as follows.

displacement .L.. WlMiT‘fL acceleration

The speed of the body at time r= | v/,

The average velocity of a body over a given interval of time is given by:
change in displacement

average velocity = e
time interval

The average speed of a body over a given time interval is given by:
distance Irawl]m_l -
time interval

average speed =

C O.T. Lee
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ﬁr Hands On Task 10.1

In this task. we will match the physical state of a particle experiencing rectilinear motion with
a mathematical condition.

Consider a particle P, moving in a straight line. Let its displacement from a fixed point O
at time ¢ be 5. Let its velocity and acceleration at time 1, be v and a respectively.
Complete the following tables.

Physical State Mathematical condition relating to
displacement s | velocity v | acceleration a
Pisat O 5=0 - -

-

P retumns to O

P 15 at rest

P is instantancously at rest

P starts off from rest from O

P comes to rest at O

P achieves maximum
displacement N

P achieves maximum speed

P reverses direction

Mathematical statement Physical state
5=10

5>

s=0

v=0

v<i

=0

s=>=0and v=0

s>0and v<0

s<0and v>=0

s<0and v<0

a=10
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Example 10.1

A particle P moves along a straight line. lts dis Iaceqwnt, 5 metres, ¢ seconds after passing a
fixed point O, is given by, s =r(r =2}t = 5)=¢ = Tr + ¢, forr= 0.

{a} Find when the particle returns o (.

{b) Find the velocity of P when it retums to O,

{c} Find when the body is instantaneously at rest,

Solution:

{a) Particle returns to O when s = 0.
Hence, t{t=2Yr=5)=0 = r=0,2.5
That is, P returns to O when ¢ = 2 seconds and when £ = 5 seconds.

{b) Velocity v = % =3:2- 147+ 10

Whenr=2, v=-6 Whent=35, v=15
Henee, velocity of P when it returns to O is —6 ms ™' and 15 ms™'

(c] Body is at rest whenv=0 = }r2 = |4t + 10=0 = 1r=10.188, 3.79
That is, P is instantaneously at rest when ¢ = 0.88 s and 3.79 5.

Example 10.2

A particle P, moves along a straight Iins.- Its displacement, s metres, from a fixed point O at
time / seconds, is given by, s == +9% - 23+ 15=(1=Mr=3)r=5), for0<s<5.

{a) Find the initial displacement and initial velocity of P.

(b) Find the acceleration of P when ¢ = | second.

{c) Find when the body achieves maximum speed and give the maximum speed.

Sofution:
{a) Wheni=0, s=15
Velocity, V= & —3:3 + 187 - 23
clr
When r =10, v=-23

Hence, initial displacement is 15 m and initial velocity is —23 ms ™.

(b) Acceleration, a= g} =_6i+ 18
When =1, a=|2

x 5 .. |
Hence, acceleration when r= 1 is 12 ms™.

{e) v has a local maximum whena=0. = r=-18(-6)=3s.
Henee local maximum for v=4ms ', = local maximum speed is 4 ms™'.
When =0, v=-23 ms™', hence the speed is 23 ms™'.
When t=5, v=—8 ms ™', hence the speed is 8 ms ™.
Henee, the maximum speed is 23 ms™' when 1 =0,
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Exercise 110, 1

l. A particle P moves along a straight line. Its displacement, s metres, from a fixed point O,
at time t seconds, s given by, s =t - 1{r—4)for0<r<7.
{a) Find the imitial displacement of P.
{(b) Find when the particle is at O and its velocity when it is at O.
{¢) Find when the body is instantancously at rest.
{d) How long was P to the left of O7

2. A particle P moves along a straight line. Its displacement, s metres, from a fixed point O,
at time ¢ seconds, is given by, s = (1 = I3 - /{1 - 4) = --!'l + E.r: - 19+ 12
for0<¢r=10.

{a) Find when the particle is at O.

(b} Find when P reverses direction.

{c) Find how long was P to the right of O7

{d) Find the acceleration of P when P is instantaneously at rest.
*(e) Find the distance travelled in the first 3 seconds.

3. A particle P moves along a straight line. Its velocity, v ms™', at time ¢ seconds, is given
by, v=2t—8 for0 =i <6,
{a) Find the initial velocity of P.
{b) Find the average acceleration of P in the first 6 seconds.
{¢) Find the instantancous acceleration of P. Comment on your answer.

4. A parlii:_:lt: P moves along a straight line. Its velocity, v ms ', at time ¢ seconds, is given
byves =8+ 12 for 0 << 10, Use an analytical method to:
{a) find when P reverses direction.
(b) find the velocity of P when its acceleration is zero.
{c) find the acceleration of P when it is instantaneously at rest,
*(d) find the maximum speed of P and when it occurs,

5. A particle-P moves along a straight line. s dmpla:eme-nt s metres, from a lixed point O,

at time f seconds, 18 given by, s = (f - E} (r—4) ==r - Ea‘ +9r—4 for0 <7< 10.
{a) Find when P retumns to O,
(b) Find the average velocity in the first 2 seconds.
(¢) Find the velocity when the acceleration is 0.
*(d) Find the distance travelled in the first 2 seconds.
*(¢) Find the average speed in the first 2 seconds.

6. A particle P mnw:s along a straight line. Iis vc!uclt}' vms', at time ¢ seconds, is given

h}rn'—-le ' for120.

{a) Find the initial velocity and aceeleration for P.

{b) Find the average acceleration for P in the interval 0 <7 £ 5.
{c) Find the acceleration of P when the velocity is 2 ms .

(d) Find the velocity of " when the acceleration is —0.5 ms ™.
{e) Describe the motion of P for large values of r.
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7. A particle P moves along a straight line. Its velocity, vms ™', at time 7 seconds, is given

by, v = e forrz0,
*(a) Find the maximum speed attained by P.
ib) Find the acceleration at time 7 = 4 seconds.

8. Particle P travels in a straight line such that its displacement x (metres) from a fixed
point O, 7 seconds after passing O, is given by x = e sin (1). For0=r= x, calculate:
{a) when P is instantaneously at rest and its acceleration at this instant
(b} the maximum velocity for P (in the positive direction),

9. A particle moves along the v-axis, and after 1 scconds, its position from the origin O is
given by x = 5+ 3 cos (2r) + 4sin (2/).
{a} Calculate when the body is momentarily at rest
(b) prove that the acceleration of the particle is given by a= 20— 4x.

. A particle P moves along a straight line. Its displacement from a fixed point (3, 5 metres,

at time ¢ seconds, is given by, 5 = for £ 2 0,

2
(a) Find the initial velocity of P.
(b) Find the average velocity of P for0 <1< 5.
*{c) Find the distance travelled in the first 5 seconds.
(d) Find the average speed in the first 5 seconds.
(¢} Describe the motion of P for large values of 1.

. An object P is thrown vertically upwards and moves in a straight line, s velocity,
vms ', at time ¢ seconds, is given by, v = 19.6 — 9.8¢ for s = 0.
(a) Find the initial velocity of P.
(b} Find when P is instantancously at rest,
(¢} Find when P hits the ground and the velocity with which it hits the ground.
(d) Find the acceleration of P and comment on vour answer.

. A ball Q is thrown down from a tall building and falls vertically downwards. Its velocity,
vms ', at time f seconds, is given by, v=—9.8 — 9.8 for 1 = 0.
{a) Find the initial velocity of (.

(k) Find the velocity of () afier 2 seconds.

(c) Find the average acceleration of Q@ in the first 2 seconds.
(d} Find the acceleration of (} and comment on your answer.

i

13. An object P is thrown vertically upwards. Its height,  metres, at time 7 seconds, is given
by, = 10f =49 fort = 0.
(a) Find the initial velocity of P.
(B} Find the highest point reached by P.
(c) Find the velocity of P as it hits the ground.
(d) Find the acceleration of P,
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14, A projectile P is Iaum.:l'l-g.d vertically upwards. [Its height, h metres, at time r seconds, is
given by, i =30r - 4.9¢ foriz0.
{a) Find the height after 5 seconds.
(b) Find the velocity of P as it hits the ground.
(¢} Find when its velocity is 20 ms .
*(d) Find when its speed is 20 ms™'.

15. A ball is projected vertically upwards from a height of 2 m. Its height, & metres, from the
point of projection, at time f seconds, 15 given by, h = 51 = --1,'!;1'1'2 for ¢ = 0.
{a) Find the time it takes for the ball to hit the ground.
(b) Find the total distance travelled by the ball before hitting the ground.
{e) Find the velocity of the ball when it 1s 3 m above the ground.
(d) Find the speed with which the ball hits the ground,

16. A bowling ball (lawn bowl) is rolled on the ground and moves in a straight line, Its
di_i'.tam:e,_f." metres, from a fixed point, after ¢ seconds, before it comes to rest, is given by,
d=5t—1.

{a) Find the initial velocity of the ball.
{b) Find the distance it rolls before it comes to a stop.
{c) Find the acceleration of the ball. Comment on your answer.

|7. Damien lifts his foot off the accelerator pedal, and allows his car to coast to a stop.
Assume that the car moves in a straight line. The distance travelled by the car, 5 metres,
t seconds after Damien lifts his foot off the accelerator pedal, and before the car comes to
a stop, is given by, 5 = 127 ~ rz :
{a) Find the time taken by the car to come to a complete stop.
{b) A stationary car is 30 m directly ahead of Damien’s car when the he lifts his foot off

the accelerator pedal. Will Damien’s car hit the stationary car?

{c) Find the acceleration of the car and comment on your answer,

18. A car is travelling in a straight line. Its distance, 5 metres, from a fixed point O, al time
i k|
f seconds, 15 given by, s = 10+ 14¢ + ; { forez0.

{a} Find the initial velocity of the car,

(b) Find when the velocity of the car is 20 ms™,

(¢} Find the acceleration of the car. Comment on your answer.
{(d) Find the average speed of the car in the first 4 seconds.
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1 Beetilinear Malion

10.2  Rectilinear Motion and Integration

* Consider a body P moving along a straight line.
Let its displacement from a fixed point at time r seconds be s metres.

h . s
& The instantaneous velocity v= — , Hence, 5= J-v dt
<o
» The instantaneous acceleralion a = ? . Henee, v= ju lf .
()

&
* The net change in displacement in the interval a < 1< b is !'1.- i .

i

® The total distance travelled in the interval @ < ¢ < b is the area of the region
trapped between the curve v = f(7), the lines ¢ = a, ¢ = b and the r-axis.

Where use of a CAS/graphic calculator is permitted,
b

Total distance travelled = J'| v| dt,
a

# The relationship between displacement s, velocity v and acceleration a, can be
represented schematically as shown below.

E L] Ay
displacement velocity acceleration
imil: g
Example 10.3

A particle P moves along a straight line. Its acceleration, a ms ™, f seconds after passing a
fixed point O, is given by a = 2¢ . P starts off from O with a velocity of 1 ms™'. Without the

use of a CAS/graphic calculator:
{a) find its velocity after 2 seconds. (b) find its displacement after 2 seconds
Solurion:
(a) a=2¢ =% u=_[2.rdr—r!+(_' .
Whent=0,v=1 = 1=
Hence, veEF o+l
Therefore, when r= 2, v=5ms "
{h]'t‘f?‘l'l = ¥ j.rz+| i r rt+ K
F = 5= £ — Jrme U
3
Whenr=0,5=0 = =K
3
Hence, g = LES 1
3
14
Therefore, when t =2, 5= T m.
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Example 10.4

e

A particle P moves along a straight line. The velocity-time 103
graph of P (for 0 < ¢ < 10} is shown in the accompanying
diagram. Velocity is measured in ms ' and time in seconds.
Without the use of a CAS/graphic calculator: ]
(a) find the acceleration of P when ¢ = 5 seconds.

(b} find the change in displacement in the first 10 seconds,
(c) find the total distance travelled in the first 10 seconds. ok
(d) find the average speed in the first 10 seconds.

Nolution:
(a) Acceleration of P when 1 = 5 seconds = gradient of v-r graph at 7= 5.
: = 10/(=5) = -2 ms ™" '

1]

{b) Change in displacement = J. val = 3+x5x10-1x5x10=0m
1]
-] 1]

(¢} Total distance travelled jn' di |+ —I vl | =25+25=50m
L1 5

(d) Average speed in the interval 0 <7< 10 = 50/10= 5 ms”’

Example 10,5

A particle P travels i;_.I:I a straight line. Its velocity, v ms™', # seconds after passing a fixed point
O.isgivenbyv=— + 1, for0<r<2

{a) find the change in displacement within the first 2 seconds.

(b} find the total distance travelled in the first 2 seconds.

Solution:
2
{a) Change in displacement = I—!E +1 df = -i- .
]
(b) The sketchofve = + 1. for0<r <2, is given in the v

accompanying diagram.

]
I 2 : “\ .
Total distance travelled = j—r‘+|m " ~j-:2+|af: A : e
|

i

2 4
=24+4.0p
3 3

Alternatively: A

[—13 + I| dr] =2 m. E’I"i"l" ﬂ

Toial distance travelled = l

0 Ny, okt
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| Exercise 10.2

1. A particle P moves along a straight line. The velocity-time .
graph of P is shown in the accompanying diagram. Velocity 197
is measured in ms ™' and time in seconds. Without the use of
a CAS/graphic calculator:

{(a) find the velocity of P when r = 2 seconds. ’ tt
{1} find the acceleration of P when 1 = 12 seconds.

{(c) find the change in displacement in the first 15 seconds.
(d} find the total distance travelled in the first 15 seconds. g
{e) find the average speed in the first 15 seconds.

2. A particle P moves along a straight line. The velocity-time v
graph of P is shown in the accompanying diagram. Velocity is ki
measured in ms~ and time in seconds. Without the use of a 54
CAS/graphic calculator: :
{a) find the velocity of P when r = 5 seconds. CRR T N
(b) find when P reverses direction -5-/ \
{c) find the acceleration of P when £ = 15 seconds,

id) find the total distance travelled in the first 20 seconds.
{e) find the position of P* in relation to the starting point at ¢ = 20 seconds.

bt

3. A particle P travels in a straight line. Its velocity, vms ., 7 seconds after passing a fixed

point O, is given by v = 1 + 2¢+ 3 . Without the use of a CAS/graphic calculator:
{a) find the displacement of P after 2 seconds.
{b) find the instantaneous acceleration of P at f = 2 seconds.

4 A pan;clc P travels in a straight line. Tts velocity, v ms ', at time 1 seconds, is given by
v==t +5t—4. Pisinitially | m from a fixed point 0. Without the use of a
CAS/graphic calculator:

{a) find the displacement of P from O after 5 seconds.
(b) find the initial instantaneous acceleration of P.

5. The velocity of a particle P experiencing rectilinear motion is given by
v = n sin (mr) ms ', Calculate:
{(a) the velocity of P when ¢ = 2 seconds
{(b) the net change in displacement in P in the first two seconds
{¢) the distance travelled by P in the first two seconds
{d) the average speed of P during the first two seconds.

6. The acceleration of a particle P undergoing rectilinear motion is given by
a=—4n" sin (2n/) ms . The initial velocity of P is 2z ms™'. Calculate:
{a) the velocity of P when £ = 1.5 seconds
{b) the net change in displacement in P in the first one and a half seconds
(¢) the distance travelled by P in the first one and a half seconds
{d} the average speed of P during the first one and a half seconds
{€) the average acceleration of P during the first one and a half seconds,
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7. A particle P starts off from a fixed point O, with an initial velocity of 1 ms™',

Its acceleration, @ ms™, afler ¢ seconds is given by a = & Without the use of a
CAS/graphic calculator find:

{a) the velocity of P after 4 seconds.  (b) the displacement of P after 4 seconds.
{c) the change in displacement in the first 4 seconds.

{d) the total distance travelled in the first 4 seconds.

8. A particle P travels in a straight line. Its initial displacement from a fixed point O, and
initial velocity, are —1 m and 6 ms ™' respectively. Its acceleration, 2 ms ™, f seconds afier
-10
{r+|}: :
{a) Fi nd_the velocity of P after 3 scconds.
(b} Discuss the motion of P for large values of 1.
(¢} Find the change in displacement in the 4th second.
*(d) Find the total distance travelled in the first 4 seconds.
(¢} Find the magnitude of the average acceleration in the first 3 seconds.

passing O is given by a =

9. A particle P travels in a straight line. Its velocity as it passes a fixed point O, is 2 ms ™.
2

Its acceleration, % ms ", ¢ seconds after passing O is given by ti’_ti = 6 - 6. Find the:
” 3

(a) velocity of P after 2 seconds *{b)} maximum displacement of P for0 << 2.
{¢) change in displacement in the first 2 seconds.

*{d) total distance travelled in the first 2 seconds. |
(¢} magnitude of the average acceleration in the first 2 seconds.

10. A particle P travels in a straight line. Its velocity as it passes a fixed point O, is =3 ms™'.
d F

Its acceleration, :‘r: ms ", r seconds after passing O is given by % =—6ir + 8. Find:

(a) when P changes direction.  *(b) the maximum displacement of P for 0 < 1 < 3.
(c) the change in displacement in the first 3 seconds,

(d) the total distance travelled in the first 3 seconds.

(e} the average speed in the first 3 seconds.

11. A particle P moves along a straight line. Its velocity, = ms ", t seconds after passing a

fixed point O, is given by % = ki , where & is a constant. Find the value of &, given that

the net change in displacement in the first 2 seconds is 6 m.

12. A particle P moves along a straight line. Its w.!aéily, g} ms ', 7 seconds after passing a

fixed point O, is given by % = ki + C, where k and C are constants. The change in

displacement in the first 4 seconds is 8 m. P reverses direction at £ = 3 seconds.
Find the values of kand C.
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11.1 Definitions
o A Discrete Random Variable{DRV) is a function that assigns a number
{not necessarily a whole number) to each outcome of a statistical experiment.

er = Consider an experiment where 3 identical fair coins are tossed.
The sample space is S = {HHH, HHT, HTH, HTT, THH, THT, TTH, TTT}.

» Define DRV X: Number of heads in a toss of the 3 coins,
The diagram below shows schematically the numbers that are assigned by X 1o
each member of the sample space.

X Prod. (i it fut o

« Clearly the numbers assumed by X are 0, 1, 2 and 3. We write, X=10,1,2, 3,
The set formed by the values taken by X is called the range space.

o The probability of X assuming a value in its range space is equal to the probability
of its equivalent event. For example, P{X = 3)= P(HHH) = 1/5.
o The probability distriburion for a DRV X details the probability of X assuming

each value within its range. The table below deseribes P(X = x), the probability
distribution for X. Note that the sum of all the probabilities is exactly one.

X =x | Equivalent event P{X = x) = pix) P{X =x)
3| HHH : A
? | HTH or THH or HHT Lelelad] li2ec
|| HTT or TTH or THT Lalila2] Ja2=2
[ IR

| Total t

® The probability distribution {mass) function for X, pix), is a function that assigns
cach number that X takes, the probability of its equivalent event.

o The fourth column, P(X < 1), describes the cumulative distribution for X.
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11.2 Properties of the Probability Distribution Function

o Let P(X =x) = pix).
plx) is a probability distribution function or probability mass function for a discrete
random variable X ift
= plx) = 0 for all x in the range space of X
« 2 plx)=1
In words, the individual probabilities are non-negative and add up to one.
MNote that: z,::-{.r} 15 read as the sum of all values of p(x).

Example 11.1
Determine with reasons if each of the p(x) as described are probability distribution functions.
(a) (b)
X 0 1 3 3 X =3 2 I 4
pixy [ =01 ] 01 | 04 | 06 pixy] o1 ]oz]o3 ]| 04
Solution:

(a) plx)is not a probability distribution function as p(0) = 0.1 is negative.

(b} pix)is a probability distribution function as the individual probabilities are non-
negative and add up to one.

Example 11.2

Given that P(X =) = % wherex = 1,2, 3, 4, find: (2) P2sXs3) (b) P(X22|X=3)

Solution:
fa) PR=X<3)=HX=2)+PX=3)
e TR L
" 10 2

(b) Using the conditional rule for probability:

PXz2|x<yy= PX220Xs3)  P2<X<3)
P(X=3) P(X < 3)
(k) &
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Example 11.3

A box contains 3 white and 2 red balls. 3 balls are drawn without replacement.
Defing X: the number of red balls drawn. Determine:
(a) the probability distribution for X (b} the cumulative probability distribution for X.

Sefution:

(a) Clearly X=0,1, 2.
The table below tabulates the probability distribution for X.

X=x Eguivalent event P(X = x)

bli).

0 0 Red & 3 White Balls

1 | Red & 2 White Balls NOR ™
5
L)
: N1 3
2 2 Red & 1 White Ball _[ﬂ_ -
3

(b) Hence, the cumulative probability distribution for X is:
PiX <0 -Ilﬂ,r*{:r;g )= t% P(X<2)=1

Alternative sedution:
Mo of Rod balks
The tree diagram describing the B L 2
situation is given in the ;
accompanying diagram: S S “< 1 R 2
Let R: ball drawn is red, WSt
W: ball drawn is white » ‘3: R 2

.
=
w
=
5/\§5
2 2=

The table below tabulates the
probability distribution for X.

X=x | Eguwvalent ¢vent P{X =x)
3 2 L=l
0 |WWW [5 il g 3] 10
[ REWEWRNGE (2,3 2) (BuZo 4 Bxlal]= L
WWERE 5 4 3 3 4 E 5 4 K| 1]
5 |RRWorRWR or |:E :-c!:..:]] 4.|:Ex ?‘x!) f[d %2 ') 3
WER 5 4 5 4 3 L5 4 3 10
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Exercise 11.1

1. Determine if each of the p(x) as described are probability distribution functions. Justify

your answer ¢ither way.,

(a)
X -3 -2 -1 0
plx) 0.1 0.4 0.4 0.15
(b)
X =1.5 0 1.5 2.5
px) 0.5 0.2 0.2 0.1
()
x | 2 3 4 5 [
plx) 0.1 0.2 0.1 0.3 0.1 0.1

2. Determine if f(x) as described graphically below can be classified as probability
distribution functions. Justify your answer in each case.

(a)

(b)

L]
1}

-a
—w

5

5 X

. oy
1 2 3 4 5% 1 2 3 4

3. Determine if P{X = x) as described below can be classified as a probability distribution
for the discrete random variable X. Justify your answer in each case.
(a) P(X=x)=1/6 X=1,2,3435056
(b) MX =x)=x/6 X=1,213

4
©) PX=x)= [I]u.zr 08%* X=0,1.2.3.4
(@ PX=x)=08 'x02

4. The probability distribution for random variable X is tabulated below, Find:
x 0 1 2 3 4
f(x) 0.1 0.1 0.2 0.2 0.4

{a) the cumulative probability distribution for X
(b) P{1=X<3) (c) P(X>1|X<3)

(d) PX<3|X=1)

5. The probability distribution function for a discrete random variable X is given by
plx) = kx, wherex=0, 1, 2, 3, 4. Find:
{a) the value of k (b) the cumulative probability distribution for X
(e) P(1<X<3) (d) P(X>1]X<3).
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6. The probability distribution function for a discrete random variable X is given by
plx)= i wherex=1, 2, 3, 4. Find:
x

{a) the value of & (b} the cumulative probability distribution for X
{c) P(X=>2) (@) PX=3|x>2)

¥
7. The probability distribution for X is given by P(X = x) = IT forx=-2.-1,0,1,2.

Find: (a) the value of k (b} the cumulative probability distribution for X
(c) P(X>~1) (d) PCX=>—-1]X<1)

8. The probability distribution funetion of X is tabulated below. Find:

X 0 1 2 3 4
fx) k 2k 1 = 10k Ak 3k
(a) the value of & (b) P(X21|X<3)
2x+1 ¥=0,1.2.3
9. The probability distribution for X is given by F(X =x) =
11-2x
r=45
k
Find:
(a) the value(s) of k (b) PX=2/15X24)
2
10. The probability distribution for X is given by P(X = 1) = : forx=0,1,23,.....
x!

Find: {a) P(X<2) (b) PX <2|X<4).
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11.3 Mean and Variance of a Discrete Random Variahle

* Consider a discrete random variable X with probability distribution function p(x).

« The mean or expected value of X, p, is given by:
= E(X) = ¥ [xx p(x)].

= The varance Df X, cr is given h}'
U = Var(X) = E(X } - [Hx}]
where E[K )= Z:II:J:2 ot p{.ﬂ]

'+ The standard deviation of X = JVar(X) = JEX) - [EQOTF .

Example 11.4

A discrete random variable X has probability v " 2 3 4
distribution functi described in the : '
istribution function p{(x) described in the px) | 01 |02 ] 04 03

accompanying table.
Find the mean and standard deviation of X.

Solution:
Mean of X, E[}{}=Z[_xxp{_=:|]
=(120.1)+(2%02)+ (3% 04) + (4% 03)=29
E(X) = E[ﬁm}]
{l "‘m}'“LE rn2}+ﬁ x{rd]+{d % 0.3)=9.3

Hence, Var(X)=E(X')~[E(X)] =93 -2.9" = 0.89
Standard deviation for X = 089 = 0.9434.

Netes:
o The stanistical wizard dn CASGraphic calenlators may be wsed o ealoulate the mean and starndard

deviation fir X as shown below.  The valuwes of pix) may are treated as relative frequencies.
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Example 11.5

The probability mass function of a random variable X is given by pix) = Ji;:;z, x=1,2.3.4.
Find &. Hence, find the expected value of X and its accompanying variance.

Solution:
Clearly:  p(1) =k, p(2) = 4k, p(3) = % and p(4) = 16k and 3 p(x) =1,
But 3 plx)=k+ 4k + 9k + 16k = 30k
Hence, JOk = ] = k= ili:b'
Expected value of X, E(X) = Z[.rx p{.r}]'
= (1 % k) + (2 x k) * (3 = 9k) + (4 = 16k) = 100k = %.

E(X')= Z[ﬁxﬂm]
=17 %K)+ (2 x )+ (3 X OK)+ (4 x 16k) = 354k = 55'3_

v 2
= VarX)=E(X ) - [E(X)] One—Varishle
2 T = 3. 3EFIEE
B ﬂ —{E] -] 3.' Ix = 3. 300
5 3 45 Gt
1

Nofesr

¢ The expecied valine of X 2 3.3, This srears that in the long toem, the “average valive ™ assiemed by X is
appraximarely 3.3,

o The spread aof e valives rekewr by X i deseribed by by standard deviotion, In this caxe, the siamndard
clewicntion i approximately (LS, A

o The caleulations of (X} and EfX ) may be dome by hand or through the use of the statistical wizard in
CAS praphite calcalarors, As the “formmula "_ﬁ'.lrp.!'.l:_} ix ke, we mrcg.'a.f.m;.l.ﬁ'{" M bpily i X RIS
Foumd i CAS rraphic calculaters as shown below.

E{X) =
i sl 5]
. X Iﬂ Ll F
& N — = 18
Iu] 30 - ] o ard *
.I'E-I e “"3'.?]
EQC )= Z[_ﬁ a-cp{.:'}] | 3
0
— :p:_ —
x=l 30 2
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Example 11.6
An investment manager developed a risk portfolio with the following retumns.
Retumns =510 000 —57 000 k %15 000 £50 000
Probabihity 0.4 0.2 0.15 02 (.05

{a} If k=155 000, find the expected return for this investment portfolio and the accompanying
standard deviation.
{b) Find & if the expected retum is $0.

Solution:
(a)  Expected Retum = $850 g e
Standard deviation = 314 927, Ix = 450
Tah = 223550000
dw W 1AET, 48

(b} When Expected Return = 0;
(=10 000 = 0.4) + (<7000 = 0.2) + 0,15k + (15 000 = 0.2) + (30 000 = 0.05)=0
100+ 0L15k=0 = k=-5666.67.

Example 11.7

At a fair, a games stall operator offers prizes worth 35, 83, 52 and 31 for each attempt at a

particular game. The probabilities of winning these prizes are respectively 0.01, 0.1, 0.1 and

0.7.

{a) Find the probability of not winning a prize. :

{b) The games stall operator made a profit of $350 from 200 games. How much did he
charge per game?

Solulion:
{a) Probability of not winning a prize = 1 - 0.01 = 0.1 = 0.1 = 0.7 = 0.09.

(b) Let the price per game be 3&.
Let X: Profit per game for the operator.
Henee, the probability distnbution for X is:

I

k=5

k=3

k=1

P(X =x)

(.01

0.1

0.1

0.7

Given E(X) = El?; .75
200

But E(X)=001(k-5)+0.1{k=3)+ 0.1k = 2) + 0.7(k = 1) + 0.09%
Hence, 0.01(k =5y +0.1(k=3)+ 0. 1{k =)+ 0.T(k = 1)+ 0.09% = |.75
=5 fp=3

Hence, cost per game = 83,
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Exercise 11.2

1. Find the mean p and standard deviation o associated with each of the following
probability distribution functions

(a) f{x)=1/8 x=1,2,34,5678
(b) fix)=x/6 x=1,2,3
5
(e} fix)= [ ]n.zs" 075 % x=0,1,2,3.4.5
X
(d) PX=x)=04""" x06 x=1,2,3,4,5, ..
2. The probability distribution for random variable X is tabulated below. Find:
x | . 3 - 5
fix) 0.2 0.1 0,1 0.3 0.3

(a) Find the mean p and standard deviation o for X,
(b} Find P{X= u). {¢) FindP{p-o=X<p+a)
3. The probability distribution for random variable X is tabulated below. Find:

X =2 -1 0 | 2 k]
fix) 0.1 0.15 0.1 0.2 0.2 0.25

(a) Find the mean p and standard deviation o for X,
(b} Find P{X = p}. (c) FindPljp-g<X<p+ao)

4. The prﬂhfhilily distribution function for a discrete random variable X is given by
pix)=kx ,wherex=0,1,2,3,4 5 6,7. Find:
(a) the value of k (b) the mean and standard deviation for X,

E,—_'r X

*3. The probability mass function for X is given by P(X =x) = forx=0,1,23, .....

x!
(a) Find the expected value and standard deviation for X.
{b) Find the most likely value for X.

(el
6. The probability mass function for X is given by P(X = x) = I-a-;f{- forx=0,1,23,4.
(4)
{a) Find the expected value and standard deviation for X,
(b) Find the most likely value for X.

7. The probability distribution function of X is tabulated below. Given that E(X) = 2, find:

x

0

2

3

4

-

fix)

0.2

i

0.1

0.2

3]

0.1

(a) the values of aand b (b} PX=1or X =4)
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8. The probability distribution function of X is tabulated below. Given that E(X) = 1, find:

X =2 a b | 3 ¥
fix) .15 0.1 0.2 0.2a 0.1 0.1
(a) the values of @ and b (b) FafFX <4)=0.7.

*4, The probability mass function of X is given by pix)=axforx=1,2,3,4, ... . &
The expected valuc of X is 7. Find @ and &.

3
#10, The probability mass function of X is given by p{x) =ax forx=1,2,3, ... .k
The expected value of X is 177/50. Find o and k.

11, An invesiment manager, after some research developed the following risk portfolio with
five considered options and their respective returns.

Returns =55 000 =53 000 b £5 000 £30 000
Probability .3 _ ¢ 015 0.15 0.05

(a) Find a. {b) Find the expected return if & = $2000.

{¢) Find & if the expected retum is $9040. (d) Find &1f the expected return 15 a loss,

12, An investment manager, aller some research developed the following risk portfolio with
five considered options and their respective retumns.

~ Returns -510 000 a h 35 000 520 000
Probability 0.05 0.4 0.3 0.2 0.05

(a) Find the expected return in terms of a and b,
(b} Given that @ + &= 0 and that the expected return is 80, find @ and b.
{c) Find a in terms of & if the portfolio must return a profit.

13. Noel invests 5100 000 in a scheme which lists the value of the initial investment after
five vears as follows.

Value k S 160 D00 £110 D00 875 000 S50 000
Probability 0.1 0.4 0.3 0.15 0.05

(a) For k= 5200 000, find the expected value of the initial investment after five years.
(b) Find the value for k if the expected value after five years is 3100 000,

14. At a country fair, a games stall operator offers prizes worth 310, 85, 32 and 31 for one
attempt at a particular game. The probabilitics of winning these prizes are respectively
0.005, 0.01, 0.1 and 0.3,

(a) Find the probability of not winning a prize.

{b) If each game costs %1, find the expected profit per game for the games stall operator,

{c) Julia paid 32 for a game. Find her expected profitvloss,

{d)} The games stall operator made a profit of $400 from 200 games. How much did he
charge per E';amc‘."
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I5. Atan agricultural fair, a games stall operator offers prizes worth $1.50, $2, 81 and %0.50
for one attempt at a particular game. The probabilities of winning these prizes ane
respectively 0.1, 0,01, 0.1 and 0.3.

{a) Find the probability of not winning a prize.

(b} If each game costs 52, find the expected profit per game for the games stall operator.

{c) If Julius paid $1 for a game, find his expected profit/loss.

{d) The games stall operator made a profit of $540 from 500 games. How much did he
charge per game?

16. Two fair coins are tossed. Let X: number of heads obtained.
{a) Describe the probability distribution and cumulative probability distribution for X.
(b} Find the most likely value for X and the mean value for X.

17. Two regular fair die are rolled. Let X: absolute value difference between the scores on
the two die.
{a) Describe the probability distribution and cumulative probability distnbution for X,
(b} Find the most likely value for X.

18, A box contains 4 green discs and 3 vellow disks. Three discs are drawn randomly from
the box without replacement. Let X: number of green discs drawn.
{a) Describe the probability distribution and cumulative probability distrbution for X,
(b} Find the most likely value for X and the mean value for X and its vanance.

19. An urn contains 4 black discs and 2 white discs. Three discs are drawn randomly from
the box with replacement, Let X: number of white discs drawn. What is the most likely
number of white discs and the mean number of white dises that will be drawn? Justify
yOUur answer,

20, A fair coin is tossed, 17 a head appears, a normal Tair six-sided die is tossed. Otherwise, a
fair 8-sided die (marked 1 through to 8) is tossed. Let X: number obtained from the die.
(a) Find PiX< 71X 23).
{b) Find the mean, standard deviation and the most likely value for X.

21. In an experiment, a child is required to randomly select, without replacement, 3 balls from
a box containing 8 red and 2 green balls. For every red ball chosen, the child is rewarded
with 1 box of chocolates and for every green ball chosen; the child is rewarded with 5
boxes of chocolates. ’

{a) Define the random variable X as the number of green balls selected. Find the
probability distribution for X.

{b) Define the random variable T as the number of boxes of chocolates given to the
child. Find the probability distribution for T. Hence, determine the most likely
number and mean number of boxes of chocolates given to the child.

22. In the game of Lotto, six numbers are randomly drawn from the numbers | through o 45,
Players are required to guess which six numbers will be drawn by marking their guesses
on an entry coupon. Determine with reasons the most likely number of correct guesses?
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23.

24,

23,

A student is required to play over the school FM radio station a classical piece of music
followed immediately by a contemporary piece of music. To choose between classical
piece A and classical piece B, each with playing times 12 minutes and 11 minutes
respectively, the student tosses a fair coin. 1f a head tumns up, then piece A is played,
otherwise piece B is played. To choose between contemporary pieces C and D, each with
playing times 2 minutes and 3 minutes respectively, a fair die is tossed. If a number less
than 3 is obtained, then C is played, otherwise D is played. Let T: playing time for the 2
pieces. Find the probability distribution for T,

List in decreasing order of likelihood the combination of pieces that will be played.

In a quiz show, cach contestant in turn is required to answer a series of questions. Each
correct response will be followed by another question up to a maximum of five questions.
A contestant is declared “out™ if a wrong answer is given to any guestion and gets no
more quéstions, The number of points scored is equal to the number of questions
answered correctly except in the case where 5 questions have been answered comectly
whereby the contestant is awarded a bonus point. Mark has a probability of 0.9 of
answering any question cormectly. Assume that cach response is independent of the
others. Find the probability distribution for T, the total number of points scored by Mark.
What is Mark’s most likely score and mean seore for this quiz.

=

A cereal manufacturer inserts a “cartoon” card in 1% of its 500g breakfast cercal line.

Let N: Number of boxes of breakfast cereal, Amy has to open before she gets the first

“cartoon” card,

{a) Find the probability distribution for N.

(b} Find the mean number of boxes she has to open before she gets the first “cartoon™
card,

Two fair dice are thrown and the numbers A and B shown on each dice are noted.
A+B ifA=8
The score X from the throw is defined by X={ 4A-8 jf A>B
B—A if A<B
{a) Determine the probability distribution for X.
(b) What is the most likely value of X that will occur?
{c) What is the mean value of X.

- The random variable X has probability distribution given by P(X = x) = ﬁ-}—

forx=1,2,3,4.

(a) Find E(X) and Var(X).

{b) Let the random variable F=2X - 3.
Find the probability distribution for F and hence E(F) and Var(F).

{¢) Let the random variable G = aX + b, where @ and b are constants.
Find the probability distribution for G and hence E(G) and Var(G).

(d) Use your answers in (b) and (c) to determine the relationship between E(G) and E(X),
and the relationship between VanG) and Var(X).
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11.4 Discrete Uniform Distributions

» A discrete random variable X with probability mass function of the form
plx)= i forx=1,2,3, ...n
15 called a discrete uniform variable or a discrete rectangular variable.
o Clearly for a discrete uniform variable,

D =p()=p(l)=...=pln) = i (constant for all x).

2 _
» The mean and variance for X are respectively :I and 5 : :

# For X as a discrete uniform variable, the outcomes for X are cach equally likely,
That is, any discrete variable with equally likely outcomes may be classed as a
discrete uniform variable.

Examples of discrete uniform variables are:
» X: the outcome of the toss of a fair n-sided die
» X: the outcome of the draw of a single ball from a barrel with a distinctly
numbered balls

Example 11.8

The probability mass function for a discrete uniform variable is given by
plx) = l forx=1,2,3, ..., n. Find the expected value and variance for X,
"
Solution:
The expected value for X:

h= 3 (xxt]

a=| i ]
- il £ [k 1
o] Am] n
- ' 4 M_.
The variance for X: n *
2 2 2 T ,Exl]
o =E{HT}—IE{J¢}] aml” o ;
=BE(X )-p b Y vad §
x=n 1 I 2 mm;z'"z*a'"ﬂ—«:"—ﬂﬂ: y
el ] 2 nzgl
. ]
N 2t + 3+ _{?H-I]J L
f .
= nz—l
12
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Exercise 11.3
I. A discrete random variable X where X = 0, 1, 2, 3, 4 has a uniform distribution. Find the
probability distribution function, expected value and variance for X.

2. A discrete random variable X, where X = -2, -1, 0, 1, 2, 3, 4; has a uniform distribution.
Find the mean and standard deviation for X.

3. The probability mass function for a uniform discrete variable is given by
|

e+l

plx)= forx=10,1,2,3, ..., n Findthe expected value and variance for X.

4. A fair normal six-sided die is rolled. Define X: Number of dots on the uppermost face of
the die. Find the expected value for X and its associated standard deviation,

3. The faces of a fair eight-sided die are numbered 1 through to 8 inclusive. The die is
rolled. Define X: Number label on the uppermost face of the die. Find the expected
value for X and its associated standard deviation.

6. A charged particle has an equally likely chance of being in any one of the following
states. Define X: State of the charged particle where the values of x are as defined in the
table below.

X -2 -1 il 1 Z 3
Megative Megative Positive Positive
i with with anti- Negative Fncsil:iw;_ with anti- with
clockwise | clockwise | with no spin | with nospin | clockwise | clockwise
spin spin spin spin

{2} Find the probability mass distribution for X. State its mean and standard deviation.
(b) Interpret; (i} P(1 =X <3) (ii) AX=-2wuX=3)
(¢} Find the probability that a charged particle with spin has a positive charge

7. A random digit generator generates numbers randomly between 000 and 999 inclusive.
Let X: Number generated by a random digit generator,
{a) Find the probability distribution for X.
(b) Find . the expected number generated and its associated standard deviation.
(¢) Find the probability that a number generated greater than p is not more than p + o,

8. A discrete random variable X where X = 1, 2, 3, 4. ... m: has a uniform distribution.
It is known that E(X)= 11. Find:
{a) the probability distribution function for X (b} the varnance for X,

9. A discrete random variable X where X =0, 1, 2, 3, 4, ... » has a uniform distribution,
It 15 known that E(X) = 5. Find:
(a}) the probability distribution function for X (b} the variance for X.

10. A random digit generator generates numbers randomly between 0000 and » inclusive.
Let X: Number generated by a random digit generator.
Find n if the variance for X is 1 334 000,
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11.5 Linear changes on Random Variables.

# [n this section, we will examine the effect on the mean and vanance of a random
variable when the random variable undergoes a lincar transformation.

In this task, we will examine the mean and vanance of a transformed vaniable.

Consider the random vanable X with probability distribution function

plx) = % for x=1,2,3,4. The mean for X is given by E(X) = X [xx p(x}].

The variance for X is given by Van(X) = E{Kz} - [E{J{]]I.

E [ﬂi] ﬁ
l. Calculate: a=1 i@
(a) E(X)= 3 [xxp(x)]. . 5
o a0~ Sfrtepe] w0t |[ElraE ()

2. Let Y =3X. Clearly the range forY =3, 6,9, 12,

1 2

Y =3.E = B i FY =62 PFX=21= —
Also P(Y=3)=P(X=1) T { =P ) =
2 F{T=IEJEF{K=4:=%

Y=9)=PX=3)=
Py b= ] T

That is, the probability distribution function for Y is p(y) = ;—u for y=3,6,9, 12
(a) Venfythat E(Y) =3 E(X). (b} Verify that Var(Y) =9 Var(X).

J LletY=3X =4, :
(a) Find the probability distribution for Y, (b) Verify that E(Y) = 3E(X) - 4.
(¢} Verify that Var(Y) =9 Var(X).

4. Let Y = =5X + 2.
{a)} Find the probability distribution for Y. (b) Verify that E(Y) ==35E(X)+ 2.
{e) Verify that Van(Y) = 25 Var(X),

5. Let ¥ = aX + b where g and b are constants.
{(a) Verify that E{aX + r!J}=z abB(X) + b,

(b} Verify that Var(Y) = a Van(X)
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11.5.1 Effects of linear changes on the mean and standard deviation.

* Let the random variable X hzawe probability distribution P(X = x)
with mean p and variance o . Let Y =aX + /& where a and b are constants.

* The following results are quoted without proof (the proof of which is beyond the
scope of this book).
» The probability distribution for Y is P(Y = ar + B) = P(X = x).
+ The mean for Y = ap -I-EE:._:
« The variance for Y =a o .
« The standard deviation for Y = |a|e .
* Note that the standard deviation is affected by the “change of scale factor a”
but not affected by the “change of origin factor ™.

# The mean however is affected by both the “change of scale factor & and the
“change of origin factor A",

Example 11.9
The probability mass function for a random variable is given by
plx)= I]—;I forx=0,1,2, 3. Giventhat Y =-2X + 3, find:

(a) P(Y =-1) (b} P(Y =) {c) the mean and standard deviation for Y.
Solution:
(a) Y=-1 = -2X+3==] == X=2
3

P(Y==1)=PF(X=2)= —
( )=P( ) 10

B) ¥z0 = -2X+320 = X=<135

PI?ED]=P[I=0}+P{}{=]]=-I3E-
Mean for X = 3" xx*1) =2
{c) Mean for Z IKF = % T
xei) = Lol 1
3 2
| 2
Var for X = o Wl ]—2 =] 3 = 4
E“{ 10 P L R P BT
'

Hence, mean for Y=-2x2+31= -],

Standard deviation for Y = | 2| 1= 2
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Example 11.10

The random variable X has mean 40 and standard deviation 8. The random variable
Y =aX +b. Find a and b if the mean and standard deviation for Y are 15 and 2 respectively

Sodution:

Muanﬁ:lr‘faux{M-nanl'w}?+h = 15=40a+b
Standard deviation for Y = |a x Standard deviation for X
= 2=|al x8

lal =

e If'::=—% — hm25

1
4

1
Fm
Fid

| 1
Henc = h=25§ =—— h=25
e, a y or a 3

Example 11.11
The random vanable X has mean p and standard deviation a. Show that the random variable

¥= M will have a mean of 0 and a standard deviation of 1.

¥
Solutron:
Y-
= o == Y= ,I_x—.}'l
(4] ¥ %]

Mean for Y = LS % (Mean for X) - E
o]

Standand deviation B Y = — % Standand deviation foc X ;
4]

1

o Moy ]
i

The Standard Score Transform

* The transform is-an important transform.

X=-p
2

It is often referred to as the standard score transform.

[t transforms gff random variables into random variables

with mean 0 and standard deviation 1.
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Exercise 11.4
1. The probability distribution function for a random variable X is given by
plx) = é forx=1,2,3, 4,5, 6. Given that random varable Y = 2X + 1, find the:

(a) probability distribution function for Y, (b) mean and standard deviation for Y,

2. The probability distribution function for a random variable X is given by
plx)= % forx=1,2,3,4, 5. Given that random variable ¥ = 4 - X, find the:

(a) probability distribution function for Y. (b} mean and standard deviation for Y.

3. The probability distribution function for a random variable X is given by

mx)= % forx=10, 1,2, 3, 4. Given that random variable Y = % find:
(a) Y = iE:': )and P(Y = % Y = ﬁ I (b) the mean and standard deviation for Y,

4. The probability distribution function for a random variable X is given by
4
plx)= [ ]ﬂ.'lx 0.6%* forx=0, 1, 2, 3, 4. Given that random variable ¥ = 5X + 10,
x

find:
(a) P(I15=Y =25)and P(Y <25 ly = 15). (b) the mean and standard deviation for Y.

5. The probability distribution function for a random variable X is given by

B
plx) = i-i-:-h;l—J— forx=0,1, 2, 3, 4. Given that random variable ¥ =4 - 2X, find:
[ 4]
(a) P(Y =2)and P(Y <0| Y <2). (b} the mean and standard deviation for Y.

6. A discrete random vanable X, where X = -3, -2, =1, 0, 1, 2, 3 has a uniform distribution.
{a) Find the mean and variance for Y =6 - X,
(b) Find the mean and variance for W=2X+Y

7. The random variable X has mean —20 and standard deviation 4. The random varable
Y =aX + b Find a and b if the mean and standard deviation for Y are 40 and 12
respectively.

8. The random variable X has mean 80 and standard deviation 30. The random variable
« Y =aX+h Findaand b il the mean and standard deviation for Y are 60 and 15

respectively.
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9, The mean and standard deviation for a random variable X are .54 metres and 0.32
metres respectively, Find the mean and standard deviation if cach value of X is:
{a) increased by 0.5 metres (b} increased by 10%

{¢) decreased by 15% (d) halved and then added to 0.9 metres.

10. The mean and standard deviation for random variable X are p and o respectively.

(a) Random variable Q is formed by adding 10 to each of the values of X. Find the
values of p and o if the mean and standard deviation for random variable €} are 46
and 3.5 respectively.

(b) Random variable R is formed by decreasing cach of the values of X by 25%. Find
the values of p and o if the mean and standard deviation for random variable R are
61 and 5.4 respectively.

(¢} Random variable S is formed by subtracting 5 from each of the values of X
and then increasing each of the results by 20%. Find the values of p and o if the
mean and standard deviation for random variable S are 46 and 3.5 respectively.

11. The random variable X has a mean and standard deviation of 24 and 3.2 respectively.
{a) Find the standard score corresponding to an initial score of 35 and 8.
(b} Find the initial score that corresponds Lo a standard score of 2.5 and 1.9

12. The mean and standard deviation for random variable X are p and 12 respectively.
Find the value of p if the standard score that corresponds to a score of 48 15 ~0.5,

13. The mean and standard deviation for a random variable Y are 124 and o respectively.
Find the value of o if the standard score that corresponds to a score of 13615 1.5.

14. The mean and standard deviation for a random variable W are p and o respectively.
The standard score that corresponds to a score of 52 is 2 while the standard score
that corresponds 1o a score of 27 is =3, Find p and o.

15. The mean and standard deviation for a Science Competition Paper (marked out of 100)
in 2013 was 67 and 23 respectively. In 2014, the mean and standard deviation was 54
and 15 respectively. Jamie scored 62 and 52 in the 2013 and 2014 Competitions
respectively. For purposes of comparison, the marks for each of the two years were
converted to have means of 50 and standard deviations of 16.6. r
(a) Find the standard scores for Jamie's scores in the 2013 and 2014 competitions.

(b) Find Jamie's converted scores in the 2013 and 2014 competitions and hence
determine which is the better of Jamie's two performances.

*16. The mean and standard deviation for random variable X is 68 and 15 respectively. The
mean and standard deviation for random variable Y is 61 and 17 respectively. Use
standard scores 1o determine if P(X = 72) is more likely to be greater than, equal to or
less than P(Y = 65).
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12.1 Bernoulli Variables

» Consider the statistical experiment where a fair coin is tossed once.
+ The sample space consists of exactly two outcomes; | Head, Tail }.
* Define the event of obtaining a “Head™ as a successiul outcome.
1 if out i ;
Finrther, define X1 . oo 8 & Head (Aucoess)
0 if outcome is a Tail {failure)
o * Then, p= P{success) = P(X = 1} =05,
» X is termed a Bernoulli variable with parameter p = (0.5,
The mean for X, p = E:}{} EII .,
The vanance for X, o —E:[.T{ y—u =05~ 1]5 = () 25,

* Consider the statistical experiment where a fair six-sided die is tossed once.
= The sample space consists of exactly six outcomes; {1, 2,3, 4, 5, 6].
= Define the event of obtaining the “number 1™ as a suecessful outcome.
In this instance, the sample space may be rewritten as {1, “not 1"}
1 if outcome is a One (success
Further, define X ={ : )

0 if outcome is not a One (failure)

= Then, p=Psuccess)=P(X=1)= -

="
« X is termed a Bernoulli variable with parameter p = %

The mean for X, p = E(X) =

b | —

. ; T O
Thevariance for X, g =E(X = === | = | = —,
BEETS [ﬁ] 36

= [n general, a Bemoulli Trial is a statistical experiment where the outcomes may be
grouped mto a “success” category and a “failure™ category.

* A Bemoulli variable assigns the “success™ category the numerical value of |
and the “failure” category the numerical value of 0.

« [f X i5 a Bermoulli variable with parameter p, (p is the pmhuhilil}r of success) then:

= the probability mass function of X is p(x) = 1.“= :
E— p ifx=0
» the mean for X, i.l E{K] p
the vanance for X, :r —E{}'{ } p
=p-p
=p(l —p)
= pg where ¢ = P{Failure) = 1 - p.
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Example 12.1

It is known that 15% of students at a certain school are first born (first child in the family), A
student is randomly chosen from this school. Define X = 1 if the student chosen is a first bom
and X =0 otherwise. Find the expected value of X and its associated standard deviation.

Solution:

Clearly X is a Bermoulli variable.
Hence, expected value of X =0.15.
Variance =0.15 = 0.85 = Standard deviation = +/0.15x0.85 = 0.3571

12.2 The Binomial Random Variable

& Consider the Bernoulli Trial where a fair six sided die is rolled once and where

sugcess is achieved when a “one™ appears.
« Define the random variable X as:
{] if outcome is a One (success)

0 if outcome is not a One (failure)

* Clearly X is a Bernoulli Vanable with parameter p =

1 3
d E(X)= — and Var(X) = —.
and E(X) : and Var(X) 3
= Let the Bernoulli Trial described above be repeated n times. That is; the die is
rolled # times and for each trial. success is achieved when a “one™ appears.

= Let X; fori= 1 to » represent the » Bernoulli Trials.

« Define ¥: Number of successful trials from the » Bermnoulli Trials.

: 1 if outcome 15 a One (success)
Since, X, = ) ) ) fori=11on,
0 if outcome is not a One (failure)

Clearly, Y= X; + X5 + X3 +...+ X,,.

z
6

That is, Y is the sum of » Bemoulli variables cach with parameter p = %

o PIY = r) = Plrsuccesses and # = r fanlures)
- L :
+ In m trals, there are [ ] possible arrangements of r successes
r
and n — r failures.

- The probability of each such arrangement is p"(1-p)" .
« Hence, P(Y = r) = P{r successes and » — r failures)

i [:]‘Gr“'”"_r forr=1,2.3, ....m,

« Note that P(Y = r) are the terms of the binomial expansion (p+(1- )" .

+ The random variable Y is termed a Binomial Variable.
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+ The expected value of Y,
E(Y)=E(X; + X3 + X3+ ..+ X3)

=E(X)) + E(X2) + E{X3) + ... + E(X,,) I
=F+P+ﬂ+"'+P
=np

e The vanance of Y,
Var(Y) = ‘-"art]'-".'.. + xz * .‘-'{3 LU,

= Var( X; ) + Var{ X5 ) + Var{ X3) + ... + Var( X, ) 1l
=pg+pgtpgt ... tpq
= npy

= The proofs of the results | and 11 are beyond the scope of this unit.
= [n general, if:

X: Mumber of successes in n independent Bernoulli Trials where P{success) = p
» then, X is called a Binomial Random Variable with parameters n and p.

In symbols, X ~ Bin, p).
» The probability distribution for X is given by:

P(X=r)= [ﬂ Pr-p)"" wherer=0,1,2,3 ...

» The expected value for X, or the mean for X, E(X) = np.
» The variance for X, Van(X) = npg where g = 1 = p.
» The probability values are calculated through the use of the above formula.

However, CAS/Graphic calculators have built-in routines and programmes that
generate these probability values.

Example 12.2

Given that X ~ B(6, 0.2), find: (a) P(X = 4) (b} P(X=2) {¢) RI<X<5)
Solution:

(a) P(X=4)=0.0154

() PX<2)=P(X=0)+P(X = 1)+ P(X=2)
=P(0<X <2)=09011

(€) PR<X<5)=P(X =3)+P(X=4)+P(X=5)
= (.098S
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Example 12.3
Given that X ~ B(4, 0.2), find, without the use of a calculator: (a) P(X =3) (b) P(X=<1).
Solution:

4 de]l 1 4 16

X=3)= —| =] =% ===

Lt 1[3J[5] [5 125 5 5
(b) PX<1)=PFX=0)+P(X=1)

5+ (E
= — - . —
3 1LAS)\S
_ 256 256 _ 512
625 625 625

Example 12.4

Given that X ~ B(10, 0.65), find:

fa) (X z=7) (b) P(X <9) {c) H7<X<9) (d) X =T7IX<9)
(e} the mean value and most likely value of X

Solution:

{a) X7 =P7<Xx<10)
= 0.51383 = 0.5138

(b)) PBIX=9=P0=X=8)=091405=0.9141 1COTL 7, 18 10,8, 65) i =
1
D48, By 100, 65
) T=X<%)=P(T=X=8) #7450 18,0, 65) it
= 42T8T = 04279 &, 42787
{d) Using the Conditional rule for probability:; O P Q. e
PXz7X<9= Helte Tehived) AT T 10,065
P(X<9) OGS, 10,065
_P(7<X<8) 0. 17ses
P0<X<8) .
~ 042787 - 0.468]
0.91405

(2) Mean value for X = 10 = 0.65 = 6.5
P(X =6)=0.23767, P(X = T)=0.25222 and P(X = 8) = 0.17565
Hence, most likely value for X is 7.

Nate:
= The most lkely valwe of X is the vadue of X with the highest probability,
Thiz valve iv ispally close fo the mean value of X
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Example 12.5
Given that X ~ B(11, p), where 0 < p < 1, state the probability distribution function for X,
Find: (a) PIX<S1) (b) X S10) (c) 22X <4) (d) E(X)and Var(X).

Solution:
The probability distribution for X is given by:
1 r m—r
P{K=r}=[r]p (l=-p) ,wherer=0,1,2,3,..... 1L

(a) RXZ=D=PMX=00+PX=1)
=[l|.) G“_ 'IE"'{”] I [ =1
0 P | g (1=p)
—(=p) +1p(l=p) =1 =p)'  [1+10p]
() AX=10)=1-PX=11)

Iy n i
=|—[”]P (1-p) =1-p

(c) 22X <4)=PRX=2)+PFX=13)
11y 2 o [11} 3 L]
. (EJ"} (1=-p) + [3].# (1 =p)
2 o E ] R ) .
=35p (1-p) +165p (1-p) =55p (1 -p) (1 +2p)
(d) E(X)=11lp and Var(X)=1lp{l-p)

Example 12.6
Given that X ~ B(n, 0.01) , find the maximum value for » such that (X = 1) = 0. 1.
Solution:

It is required that P(X = 1) = 0.1.

Rewnting 1-MX=0)-PX=1)=0.l

PIX=0)+PX=1)<09

Therefore [g]u.w" + {T]n_m «0.99" <09

099" +n % 0.01 x 099" ' <09
099" +nx0.01 x 099" @ =09 e (0. 535 + a0, D130, 99% L =g, 5

For
n=534 La=—32E8, 47250292, x=33. 41 TH306 }
Hence, n=54
Afrernative Solution:
PX>1)>0.1 = P(X22)>0.1
Use CAS Calculator:
binomialCDf{2, x, x, 0.01) = 0.1 = n=54,
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ercise 12.1
1. Given that X ~ B(8, 0.4), find:
fa) P(X=1) (b) P(X<5) (c) F(Xz1) (d) X =21|X<35)

(e) P(X<5|Xz21) (f) the mean value and most likely value for X.

‘2. Given that X ~ B(8, 0.45), find:
fa) P(X=1) (b) P(X<3) (c) P(X=1) (d) P(X21|X<3)
(e} (X =<3 Ix2 1) {f} the mean value and most likely value for X.

3. Given that X ~ B(4, p), where 0 = p < |, find:
(a) P(X=1) (b) (X =1) c) (X223 (d) E(X)and Var(X).

4. Given that X ~ B(9, p), where 0 < p £ 1, find:
(a) P(X =4) (b) (X =1) cy P(X=8) (d) E(X)and Var(X).

3. Given that X ~ B(n, 0.2), where » is a positive integer, find:
(a) P(X=13) (b) (X <1} c) P(X>n=-1) {d) E{X)and Van(X).

6. Given that X ~ B(10, 0.35), and 2 < k < 4, find;
(a) P(X=k) (b) Plk <X <k +2) (¢) Mk-1<X<k+1)

1. Given that X ~ B{n, 0.2), find » given that P(X = 0) = 0.06872.
. Given that X ~ B(n, 0.9), find » given that P(X = n) = 0.04239,

. Giveen that X ~ Bin, 0.2), find the largest value of n for which:
(a) PX=21)=0.75 (b) PX>1)=04,

. Given that X ~ B(n, 0.01), find the largest value of » for which:
ta) P(X21)<046 (b) (X =>1)<0.1.

. Given that X ~ B{n, 0.1), find the smallest value of » for which:
(a) P(X21)207 (b) P(X=n-1)=0.01,

. Given that X ~ B(n, 0.12), find the smallest value of » for which:
{a) (X z1)=0.95 (b) P(X >n-2)<0.0001.

. Given that X ~ B{m, p), find n and p if E{X) = 23 and Var(X) = 17.71.

. Given that X ~ B(n, p), find n and p if the mean and standard deviation for X are

{a) 28 and Iﬁ respectively. {b) 20 and 1@ respectively.
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Example 12.7

Assume that 15% of students at a certain school are left-handed. Ten students are randomly
selected from this school. Define X: Number of lefi-handed students selected.

Show clearly that X is a binomial variable. State the probability mass function, expected
value and variance for X.

Solution:
X: Number of lefi-handed students out of the 10 students selected.
R 1 if student { is lefti-handed (success)
' |0 if student i is not lefi-handed {failure)
Clearly, P(Y; = 1)=0.15fori= 1 to |0.
Thus, JY; fori=1 to 10 are independent Bemmoulli vanables with parameter p = 0. 15.
F=1i
Hence, X = E ¥, is the sum of 10 independent Bernoulli variables.
=1
Therefore X must be a Binomial variable with parameters nn = 10 and p = 0.15,

fori=1to 10,

10
Probability mass function for X is p(x) = [ }I]-] o L e T T 10,
X

Expected value for X = np = 1.5 and variance for X = npg = 1,275,

Example 12.8

In a group of 100 students, it is known that 15 of these students are lefi-handed. Ten students
are randomly chosen from this group. Define X: Number of lefi-handed students selected.
Show clearly that X cannot be a Binomial variable.

Solution:

X: Mumber of left-handed students out of the 10 selected.
|1 if student i is left-handed (success)
|0 if student i is not lefi-handed (failure)
P(Y; = 1)=0.15.

But P(Y> =1)= % = 0.15 if the first student selected was not left-handed

Let Y; fori=11o 10,

or P(Y; =1)= % = (114 if the first student selected was left handed.

Hence, Y, for i =1 to 10 are nor independent Bernoulli variables,
i=In
Therefore, X = E Y, cannot be a Binomial variable.
i=|
Mote:
o [fohe T siucdents were dravn from o group of 500000 stdents, 3000 of wivom ave lefi handed, thev the

probabilities PYY, = T =005 for i = 1o 10, In this nstance, ¥; forid = o I would be

o
approximaiely independent Bermoullt varialles and X = rE F; contd be appreaximated by a Binomial
=}

verriaihie.
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Example 12.9

It is known that 5% of a batch of computer chips are defective. A sample of 20 chips is

randomly selected from this batch.

{a) Find the probability that there are no more than 2 defective chips in this sample.

(b} Find the probability that there is at least one defective chip in this sample.

{c} Find the probability that there is no more than 2 defective chips in this sample if it is
known that there is at least 1 defective chip in this sample.

{d} Find the expected number of defective chips in a sample of 1000 chips and its associated
standard deviation.

Solution:
Let X: Number of defective chips in the sample of 20.
Far ¥ 1 if chip i is defective (success)
' |0 ifchip i is not defective (failure)
Clearly, P(Y; = 1} =0.05 fori = 1 to 20.

i=20
Hence, X = Z Y; 15 the sum of 20 independent Bemoulli vanables with p = 0.05.

i=]
Therefore X must be a Binomial variable with parameters # = 20 and p = 0,05,

fori=1 w20,

(a) P(X <2)= 0.92452 = 0.9245

By 0 B 05
(B) P(X21)=(]=<X <20) mﬂl.ﬁ.ﬁ?ﬁﬁ:ﬁ‘?lﬂﬁ?
=0.64151 = 0.6413 Iiw-fE:I..E-.iﬂ'.:.;;;mmm
Ibincrnial CO L 1 Eqﬂqiwaﬂ
B = e = ?%iiil}zl I m'mﬂ?aggmuzw
_ Pl1<X<=2)
P{l1= X< 20)
_ 0.56603
0.64151
=(.88234 = (.ER23

{d) Let W: Number of defective chips in the sample of 1{0,
Clearly W ~ Binomial(sn = 1000, p = 0.05).
Hence, E{W) = 10 = 0,05 = 50,
Var{W) = 1000 x 0.05 x 0.95 = 47.5
Standard deviation = V47,5 = 6.8920,
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Example 12.10

It 15 known that 65% of nurses in a state are members of the Nurses Union, Two samples
each of size 12 nurses are selected. Find the probability that there are:

(a} exactly 8 nurses who are members of the Nurses Union in each sample.

{(b) exactly 16 nurses who are members of the Nurses Union between the two samples.

Solution:

Let X: No. of nurses who are members of the Nurses Union in first sample (out of 12).
1 if nurse i is a union member (success)
Let N; =

0 if nurse § is not a union member (failure)

Clearly, P{N; = 1) = 0.65 fori= | to 12,
f=12
Hence, X = E Ny 15 the sum of 12 independent Bemoulli variables with p = (.65,
i=]
Therefore: X ~ B(12, 0.65).
Let ¥': No. of nurses who are members of the Nurses Union in second sample (out of 12).
Similarly, Y ~ B(12, 0.65).
(a) Required probability =P(X=8nY =8)
=PX=8)=PY =8) since X and ¥ are independent
= . 23669 = 0.23669 = 0.0560,

fori=11to12.

(b) Required probability = P(X + Y = 16)
=12 =12 =M

X+¥=F N+ I M= ¥ N,
i=| i=1 im]

Hence X +Y ~ B{n = 24, p = 0.65).

Therefore, P(X + Y = 16) = 0.1682.

Example 12.11

It is known that 4% of a batch of canned beef stew is contaminated with horse meat. A
sample of » cans was randomly selected from this batch. Find the maximum value of 1 so
that the probability that there is at least one contaminated can is no more than 50%.

Solution:

Let X: number of contaminated cans in the sample of n.
The probability of a can being contaminated is 0.04 which is the same for each can.

Hence X ~ Bin, 0.04)
It is required that MX=1)£05
Rewriting I —P{X=0)<0.5
= PX=01z205
Therefore 096 205 = n<1698

Therefore a sample of no more than 16 cans should be taken so that the probability that
there is at least one contaminated can is less than 50%.
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Exercise 12.2

1.

It is known that 12% of students at a certain school attend school each moming without
having taken any breakfast. A student is randomly chosen from this school. Define

X = 1 if the student chosen attended school without breakfast and X = 0 otherwise. Find
the expected value of X and its associated standard deviation.

It is estimated that 27% of 12 year olds in a certain state are classified as “over-weight™,
A 12 year old is randomly chosen from this state. Define X = 0 if the student chosen is
not “overweight” and X = | otherwise. Find the expected value of X and its associated
standard deviation.

It is estimated that 20% of students in a certain school ride their bicycles to school.
Define X; = 1 if student { rides to school and X; = 0 otherwise, fori = 1 to 50.
b
Let ¥ = 3 X, . Describe the distribution for X; and state its mean and variance.
i=l

Describe the distribution for Y and state its mean and variance.

Assume that 95% of adults in a certain city own mobile phones. Let X; = | if adult i

10}

owns a mobile phone and X; = 0 otherwise, fori= 110 50. LetY = z X, - Describe
]

the distnbution for X; and state its mean and variance. State the probability mass

function for Y and state its mean and variance.

Assume that 65% of students at a certain school live within a 10 km radius of the school,
Twenty students are randomly selected from this sehool. Define X: Number of students
that live within a 10 km radius of the school. Show clearly that X is a binomial vanable.
State the probability mass function, expected value and variance for X,

A box contains 6 red balls and 14 white balls. Five balls were randomly selected from
this box without replacement. Define X: Number of red balls selected. Show clearly that
X cannot be a Binomial vanable,

At a park and ride carpark, 78% of the 300 cars parked were Japanese branded cars,

20 cars were randomly selected. Define X: Number of Japanese branded cars selected.
Show clearly that X cannot be a Binomial variable.

It is known that in a certain electoral district, 70% of the eligible voters are supporters of
the Grey Party. A sample of 20 voters is chosen randomly from this electoral district.
Let X: Number of Grey Party supporters in sample of 20.
{a) Show that X must be a binomial variable, State the parameters of this variable.
(b) Find the probability that the sample has: (i) at least 14 Grey supporters

(i1) no more than 18 Grey supporters if it is known that there are at least 14 Grey

SUPPOrters.

{c} Find the most likely number of Grey supporters in this sample,
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9. It is known that 30% of the teaching staff at a Primary School live at least 20 km from the
school. A sample of 8 teachers is randomly chosen from this staff,
Let X: Number of teachers that live at least 20 km from school in this sample.
Show that X must be a binomial variable. State the parameters of this variable.
Find the probability that within this sample there are:
(a) exactly 5 teachers that live at least 20 km from the school
(b) more than 2 but no more than 5 teachers that live at least 20 km from the school
{¢) not more than 4 teachers that live less than 20 km from the school
{(d) not more than 5 teachers that live at least 20 km from the school given that there are
at least 3 of them.

10. 1t 15 known that 85% of the graduates of a centain University are placed in a job within six

months. A sample of 15 graduates from this University is chosen at random.

Let X; Number of graduates placed in a job within six months in the sample.

Show that X must be a binomial variable. State the parameters of this variable.

Find the probability that within this sample there are:

{a) between 10 and 13 (inclusive) graduates that will be placed in a job within six
months

(b) at least 10 graduates that will be placed in a job within six months given that there
are not more than 13 of them.

I'l. From previous records, it is known that there are 7 wet days in October. Find the
probability that a randomly chosen week in October will have:
(a) at most 3 wet days
(b) at least | wet day given that there is at most 3 wet days.

12, Itis known that 29% of the students in a primary school are asthmatic. Find the
probability that in a random sample of 14 studenis from this school:
{a) at least 3 students are asthmatic
(b) at least 2 students are asthmatic given that less than 4 are asthmatic
(c) the mean number of asthmatic students in this sample and its standard deviation.

13. James is the owner operator of Adventure West which runs one day treks to normally
inaccessible parts of the bush. James® 4-wheel drive has seats for 10 paying customers.
From expenience, 300 of those who make reservations for the treks do not tum up. To
offset the potential loss of earnings, James accepts up to 11 reservations for each trek.
There were 11 bookings for the trek starting the 4th of March. Find the probability that:
(a) there will be more customers than seats on for this trek
{b} there will be more seats than customers for this trek.

14. 10% of DV disks produced by a manufacturer are known to be defective.
(a) Find the probability that in a random sample of 20 disks from the disks produced by
this manufacturer 3 are defective.
(b) Find the probability that in two random samples each of size 10 and 20 respectively,
each sample has exactly 3 defective disks.
(c) Find the most likely number of defective disks in a sample of 30 such disks.
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l6.

7.

18,

- Assume that 65% of houscholds in a particular suburb have experienced a burglary within

the last year. An insurance company randomly selects 2 samples each consisting of 20

households and 25 households respectively from this suburb.

Let X: No. of houscholds that have been burgled within the last year in the sample of 20.

Let ¥: No. of households that have been burgled within the last year in the sample of 25.

Show that X and Y must be binomial variables. State the parameters of these variables.

{a} Find the probability that each of these samples have exactly 13 households that have
been burgled within the last year,

(b} Find the probability that between the two samples: exactly 26 houscholds have
experienced a burglary within the last year.

It is known that 85% of teachers in a particular state are members of the teachers” union.

A random sample of 10 teachers from the state is chosen,

(a) Find the probability that there are exactly 7 teachers in this sample who are members
of the teachers” union.

(b) Find the probability that a majority of the teachers in the sample are members of the
teachers union.

(c) Find the probability that there are at least 5 teachers in the sample that are not
members of the union given that there are at least 3 teachers in the sample who are
members of the teachers” union.

(d) A second random sample of another 12 teachers is chosen. Find the probability that
the each sample has 7 teachers who are members of the teachers” union.

It is known that without treatment 10% of patients diagnosed with a certain form of

cancer will survive beyond 5 years. However, with treatment (which brings about severe

side effects), 30% of patients with this form of cancer will survive beyond 5 years. A

random sample (sample A) of 8 patients who were diagnosed at approximately the same

time as suffering from this form of cancer and refusing any treatment is chosen.  Another

random sample (sample B) of 12 patients who were diagnosed at approximately the same

time as those in sample A as suffering from this form of cancer and undergoing treatment

is chosen. Find the probability that:

(a) at least 1 of the patients in sample A will survive beyond 5 years.

(b) exactly 3 of the patients in sample B will survive bevond 5 years given that no more
than 10 die within 5 years.

(c) between the two samples; exactly 3 patients will survive beyond 5 years.

A chicken sexer has a 70% success rate in determining the sex of chickens, The chicken

sexer is given a sample of 20 chickens.

(a) Find the probability that he suecessfully determines the sex of exactly 14 chickens.

(b} Find the probability that he successfully determines the sex of between 12
and 16 chickens.

(€} The chicken sexer is given 50 samples of 20 chickens each. Find the probability that
he successfully determines the sex of between 12 and 16 chickens in exactly 30
samples.

(d) Find the mean number of chickens that are correctly sexed in a sample and the mean
number of samples with between 12 and 16 chickens correctly sexed within the 50
samples in ().
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19. A golfer has a 75% chance of successfully putting a shot from a distance of 3 metres.

(a) In a practice session consisting of 20 shots from a distance of 3 metres, find the
prabability that the golfer successfully putis at least 18 shots given that there
were no more than 8 unsuccessful putts.

(b} What 15 the mimimum number of 3 metre putts the golfer must make so that there is a
probability of more than 99% that he successfully putts at least one of them.

{c) What 15 the maximum number of 3 metre putts the golfer must make so that the
probability that he unsuccessfully putts at least one of them is no more than 99%.

20. A quiz is made up of 5 multiple choice questions. Each guestion is provided with 5

answers of which only one is correct. Richard randomly selects an answer to each of the
5 questions. To compensate for guessing, the teacher allocates 5 marks to each correcily
answered question and deduets 1 mark for cach incorrectly answered question. The
minimum mark for the test is 0.
{a) Determine the probability distribution for the random variable:

(i) X that is defined as the number of correctly answered questions in this test

{it) T that is defined as the total number of marks scored by Richard.
{b) A pass mark is set at 40% and over, Find the probability that Richard passes this test.
() What is Richard’s expected mark?

21. Itis known that 10% of computer systems (type A} installed by Computer West
encounter some form of malfunction within a week of installation. The average cost to
Computer West of rectifying a malfunctioning system (type A) is $500. Built into the
cost of installing each system is a sum of $400 for rectifying faults occurring within the
first week. Six such systems were installed on a given work day.

(a)} Find the probability distribution for random variable:
(1) M defined as the number of systems out of this six that will have a malfunction
within one week of installation
(11} P defined as the profit for Computer West for rectifying malfunctioning systems,
(¢} Find the probability that Computer West suffers a lost in the money set aside for
fault rectification within the first week from the six installed systems,
(d) What is the expected profit for Computer West for the 6 installed systems?
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[13 Logarithms

13.1 Introducing Logarithms

. 3. =81

[

This number to which 3 must be roised, to equal 81,
i called the logorithm of 81 to base 3

» Clearly, this number is 4.
» Hence, the logarithm of 81 to base 3 is 4.
« Wewrite  log,81=4.

. ET= 32
This number to which 2 must be raised, to equal 32, ﬁl\‘.

is called the logarithm of 32 te base 2

» Clearly, this number is 5.
» Hence, the logarithm of 32 to base 2 is 5.
We write In-gl 32 =45,

™ j:i

TES

Thiz number to which 5 must be raised, to equal 1725,
is called the logarithm of 1/25 to base 5

Clearly, this number is —2.

Hence, the logarithm of é to base 515 2.

We write 1:}35 EIE =3

. 6= 14 ’
Hence, Iugzlﬁ- =4,
. 125= 53
Hence, Img5 125 =3,
. In general, for real number a = 0, if,
M=a" [exponential form]
= log M=p [logarithmic form]
. Conversely, for real number b = 0, if,
log, N =4 [logarithmic form]
= N=b' [exponential form)|
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i
. Note that for real numbera>0,a =1 = log 1=0.
That is, the logarithm of the number one to any positive real number base
is always zero.
|
. Alsp, for real numbera=0,a =a = hg_” a=1.

That is, the logarithm of a given positive number with the same number
as its base is always one.
L] "
. Also, for real number a> 0,2 =a = log _a" =n.
That is, the logarithm of a given positive number 1o a certain power with the
same number as its base is always the power o which the base is raised.

Example 13.1
Without using a calculator, evaluate: (a) log, 27 (b) ]ugmﬂ (c) lugm'[l.ﬂ!
Solution:
(a) Let  log,27=x = 27 3
3
Foewrile as A= J.E = r=3
Therefore Iug_t 27=13
(b) Let  log 8=x = 8=64
Rewrite as E=(8) =Ix= — p=

Therefore log, 8= —.

(c) Let log,,0.01 =x = 0.01= 10"

=¥ X

Rewrite as 10 "=10 = x=-=2
Therefore log, ,0.01 =-2.

Exercise 13.1

1. Rewrite in exponential form:

|
(a} log, 9=2 (b} log,, 1000=3 (c) Iug.ﬂ 625=2 (d) lcrgdl 2= 3
2. Rewrite in logarithmic form:

@ 10" =10000 (&) 2" =64 I () 9= Bl

o | —
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3. Without the use of a calculator, evaluate:
(a) log, 16 (b) 1-|:|ng2 8 (c) log, 243 (d) ]u:rgl,T 343

() log,, (g) log,0.25 (h} log,, 0.000 |

| 1
I B e
(e) log,, 10 121

4. Without the use of a calculator, solve;

(@) log,(1+x)=2  (b) log, (1-x)=4 (c) log, _1_I i
X

id) Iugm{xI— 1})=3 (e} logx=log(2x+ 1) if) Iugz x= log, _rz

13.1.1 Logarithms to base 10

» Logarithms to base 10 are commonly referred to as commeon logarithms and are
denoted log without any subscript,

Hands On Task 13.1

In this task, we will leamn to use the log “button” on your calculator.

13.1.2 Change of Base

of 10, ¢ and any other positive integer.

following formula;
Ingb M
]ﬁgb &

IngﬂM=

I. Use the log “button™ on vour calculator to evaluate; 32
B, 80T 2
x 5 600 (0.8 0.07 199, 6363700043 n
log x i
2. Use the 10 “button” which reverses the log “operation”™ to cvaluate:
log x -3 =512 | 0.69897 | 5.1782 gy (5] a
T 0. BAEATO0043
10 BEBATOD043
8
Newres:

* Loganithms of one base are related to logarithms of another base through the

X
* The log x and 18 funclions are a pair of inverse functions. One finction “wrdoes ™ what the ather
»
Sietion does. Hence, o find a viumber whose log (to hase 10} is 3.323, we use the 18 baiton,

* CAS/graphic calculators have buill in routines for evaluating logarithms with bases
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Example 13.2
Express log,(15) exactly in terms of the common logarithm. Hence, evaluate log,(15) cormect
to four decimal places.

Solution:
log,(15) = log 15 F m-’:ﬂﬂl:t_'n' direcily on a CAS caleulator:
5 log 5 [:1’::5{15} hﬁﬁﬁ
= |.6826

13.1.3 Graphs of Logarithmic Functions

Hands On Task 13.2

In this task, we will explore the main features of the graphs of logarithmic functions.

1. Use your CAS/graphic calculator to graph v = log x. Use built in routines to find:
{a) the intercepts, tuming points and asymptotes (if any)
{(b) the value of x for which ¥ = 1 and the values of x for which the curve does not exist.

2. Complete the following table.

X 1/4 1/2 | 2 4 8
¥ = logyx

(a) Sketch the graph of y = Iugz.r :

(b} Find the intercepts, tumning points and asymptotes (if any).

(c) Find the value of x for which y = 1.

{d) Find the values of x for which the curve does not exist.
3. Complete the following table.

x 1/9 1/3 I 3 9 12

y=log,x
{a) Sketch the graph of y = log,x.

(b) Find the intercepts, turning points and asymptotes (if any).
(c) Find the value of x for which v = 1.
{d} Find the values of x for which the curve does not exist.

4. Use your observations in Questions 1, 2 and 3 to describe the main features of the
sketch of y = log x.

3. Without using a table or a calculator, sketch y = log, x. Indicate the intercepts,
turning points and asymptotes (if any). Indicate also the point where y = 1.
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<l ﬂ Summary .:\
* The curve y= log x (where a>0) is:
+ defined only forx >0, 4 = > X
« has a vertical asymptote with equation x = 0. e
« has a horizontal intercept at (1, 0) (1.0}

since whenx =1, p=log 1=0.

» passes through the point (a, 1).
since whenx =g, y= log a= 1.

[That is, ¥ = | when x = base of the Logarithm]

Exercise 13.2
I. Without the use of a calculator, express each of the following in terms of log.
{a) log,(56) (b) log,(50) (<) log,(1/12)
(d} log,(4.9) (e) log (3.4) (f) log,,(21/13)
2. Maich cach of the following graphs which an equation from the given list.
(a) (b) (c) (d)
¥ ¥ ¥ ¥
5 & ] 5
(‘.__'______-.— [8.=10 (8,1]
1%.4]
4 i x X ’:/-,:.l'
‘I (
A E ] 44
I y=3+ log,x I y=log,(x-1) Ml y=log,x IV y7& log,x
V y=—log.x VI y={(log,x) -1 VIl y= log,x Vill y=log, x

3. Sketch each of the following curves. Indicate clearly, the asymptote(s), intercept(s)
and one obvious point.

(a} y= log.x (b) v = logy(x+4) (¢) y=—log,x
(d} y = log,(x=1) (e) v=(log,x) -2 (N y=3-2log,(x+1)
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13.2 Rules for Logarithms

.*ﬁ- Hands On Task 13.3

In this task, we will explore the rules that govern the use of logarithms.
L. Find: (a) log, & log, 32and log,(8 x 32) (b) I“Ej. 9, log, 81 and ]ﬂg}{‘; % 81)

| | |
ic) Iu.g5 -5-, Ir:ng5 E and Ings [E :-:E] {d) log 3, log 2 and log (3 = 2)

2. Summarige your observations in Question | by writing an expression relating
log (MxN), log M and log N

3. Find: {(a) Iq:ng3 16, Iﬂgzﬁd and |DEE% ih) Ingﬂil Jug}3 and I::ng3 ;-T—
log. 125, log, 25 and log, 22> I ’
el 0 . bog. 20 and log, E id) log 7, log 4 and log :1.

4. Summarise your observations in Question 3 by writing an expression relating

log E— log M and log N .

5. Find: (a) log, 32, log, 32" and 5 x log, 32 (b) log, 9, log,9 ' and 1 x log, 9

(c) Iug5 JE: 11}35 [%]2 and %}: ]‘3"55% {d) log 20, log El}'l and 3 = log 20

6. Summarise your observations in Question 5 by writing an expression relating
log M7, log Mandp.

ﬁ. Summary

e Fora=0 M>=0and N=0

. log, — =log M- log N

. In::ngﬂ MP =px log M
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Example 13.3
Rewrite as a sum/difference of separate logarithmic terms/mumbers, removing all powers.
{a) log 1011 (b) log {I—q{-]
1+ ¥
Solution:
. 2 10x* 2
(a) log 10x =log 10 + log x (b) log| —— [ =log 10x —log (1 +)
= | +2logx I+y
=1+2logx—leg(l +y)

Example 13.4
Express as a single logarithmic term.

| 2 log, 81
(@) log (1 +x)+2log(2-x) (B) =log(l-x)—log(l +x) (c)

2 log, 27

Solution:

(8) Tog {1 +3)+2 log (2 —x) =log (1 +.r]+|ngi1:2—.r,'ll
=log(l +x¥2-x)
i | l ol
{b) %Iﬂg{l —x)-log(l +x)=log (1=x)? = log(l +x)

1
=lﬂgw.
1+x*
log, 1 _ log, 3
log; 27 Jog, 3?
K 41&533 _
Ziuln::l-g_.1

(c)

Lab
L | =

Example 13.5
Without the use of a calculator, solve forx: (a) logs{x+1) =2 (b) 2 logs(x+1) =3
Solution:
(a) logsix+1) =2 (b) 2 logz(x+1) =3
sE1=5 logs(x+1)* =3
S G =3
x=-1+3.3
(reject —1 — 33
asx>-1)
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Exercise 13.3
1. Rewrite as a sum/difference of separate logarithmic terms/mumbers, removing all powers:
(a) log, 5x (b) log25x (c) log.(5/x) (d} log; 1/(5x)
2 A 12 12
(e) Inga.r ¥ (f) log, (x/v") (g) log,x(l +x) {h} log,x/(1 - x)
2. Rewrite a8 sum/difference of separate logarithmic terms/numbers, removing all powers:
K X
(a) log x (b) log. 5 (c) log, 9% (d) log,9
| 1 +x H.III_I
(e) ]-DE_T E i log, 49 {g) log vy (h} log v10
3. Rewnite as a single logarithmic term:
(a) log e+ log(l +x) (b) log x +log v (c) logy+log(l +x)
(d) log (1 +x)+log(l -x) (e) logx—log(l +x) (f) logx-logy
(g) log (1 +x)-logy (h) log (1 =x")=log(l +x)
4. Rewrite as a single logarithmic term:
(a) logx+2logx {b) logx+2logy
(c) lng:—%l:}g{_r+l:| {d) %Iagy—1ng{x+!}
2
(©) 3 (log(x+ 1)+ log (1 -] () 3log(x+ 1) -2 log(1 +x)
g) % log x+ log (1 +x)-2log(l —=x} (h) --;- logy+2logz- %Ing:
5. Simplify:
log, 16 log, 125 log, 3" logBEY
@ 2o &) © —2 4y =B
og, log - oz, log 8
25
*6. Rewrite as a single logarithmic term:
1
(a) (log, x}+ 1 (b} (log, x)-1 (c) (log, x)+2 (d} (loggx)— 5
7. Given that tel:ng2 J=pand Iugzﬁ =g, find in terms of p and g:
(a) log,15 (b) log,75 {¢) log,0.6
*(d) log.6 *(e) In::ng2 1.5 *) !ul:hg2 120
8. Given that p = log, 15 and g = log, 3, wnite as a single logarithmic term:
(a) ptq (b) p+ 29 (<) Yelp + q)
(d) Zp-gq He) p-g+1 WD d*tp-9g
9. Without the use of a calculator, solve for x:
(a) loga{x—-2) =5 ih) Iug,{x_+ 19)=2 {c) 2 logs(x+1) =3
(d} log,32 =5 (e} log,. Bl =2 (f) log,(x+2)=2
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Example 13.6

13.3 Using Logarithms to solve Exponential Equations

* In this section, we will use the common logarithm to solve for x in a=b,
where b need not necessarily be an evact power of a.

Without the use of a calculator, solve for x in terms of the common logarithm:

@ 2°=10 (b) 2052 )=40 ()2 '=3" (d) 100725 )= 50(7"")
Solution:
(a) 2 =10
Take log on both sides log 2 =log 10
xlog2=1
x =
log 2
(b) 20052 )= 40 = 5% =3
Take log on both sides log 52X = log 2
2elogS=log2
_log2
X = .
2log5
(c) BT

Take log on both sides

]ug..‘-!ﬂl = log 3

(x+1)log2=xlog3
xlogd-xlogl=log2
xilog3—log2)=log 2

- log2
log3—log2
?2.1:
(d) 10(7%) = s0(7" ") = — =5
pre
by
Take log on both sides {(x+1)log7=log5
log7
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Exercise 134
1. Without the use of a calculator, solve for x in terms of the commeon logarithm:
&
{a) ¥'=15 ) 3 =10 ) 5 =15 (d) G] 5%
T4 ] =
)2 =6 (Hh5 =10 (g 3% -7 (h) v4™! =10

2. Without the use of a calculator, solve for x in terms of the common logarithm:

(a) Ing._,fr=1' (k) tng:‘mnx (c) lugES:-x (d) lug]%g;

(€) logy7=x+1 (f) logg8=2x—1 (g) IugT%=l—1r (0) 2 ogg T =x~1

3. Find the value of each of the following to 4 decimal places:
1
{a) Ingﬁ 10 (k) lﬁgl I o 4] ]mng2 17 id) Il::ngJ )

4. Without the use of a calculator, solve for the pronumeral in terms of the common
logarithm:

(@) 3.1_ 3:—! (b 1Ju—l=5n (e} 21=64_.1-l () 5:r=H}1—u
@4 =3)  MaH=s5a) @2 7= s H=30""
(i) 1002 )=50(2 ) () 5003 ) =1000(3 )

5. Without the use of a calculator, solve for x in terms of the common loganthm:
(a) (2 +3)2 -4)=0 B 2 =512 +1)=0
() (3 + )3 =T)=0 () (3 -52" +5=0
(e} -ﬂﬁt—ﬁ}"ﬂ (N x5 - 10)=0
(@ 2(x-3=0 (h) 3 (x+4)=0

6. Without the use of a calculator, solve for x in terms of the common logarithm:
(@) 3 —6(3)+8=0 (b) 5° - 3(5") - 10=0
sl =0 @ 3 s -2=0

13.4 Applications using logarithmic models

e Among the uses of loganthmic functions are the development of “logarithmic
seales ” that facilitate the companson of intensities of natural phenomenon
involving extremely large/small numbers.
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Example 13.7

The intensity level or loudness level of sound is measured in decibels (dB). A sound with
intensity f, =1 x 107" Watts m~ is arbitrarily denoted as 0 dB. This corresponds
approximately with the faintest audible sound. The scale that defines the intensity levels
(loudness) of various sounds compared to the faintest audible sound is given by:

Intensity (loudness) level of sound with intensity f= 10 = log [fi) "
[4]
Diagram A is a scale where the positions of various sounds are marked. Diagram B represents

the relative intensities of the various sounds (compared to 1y ).
A

[} i i
a T ,'.-uT 100 1. 150 Ll of loudrass [dB)
whispar nomal comersalion mck concarn
B l i i i Ralatve Intensity {#0)

1 10* 10" 10" 10"

A normal conversation is rated at 60 dB and is Ilflﬁ times lowder than the faintest audible

sound.

(a) A whisper has an intensity 10 times [, . What is the decibel rating for a whisper?

(b} Joe and Sue are standing just below the stage of a rock concert. The decibel rating of the
music is 120 dB. How much louder is the music compared to a normal conversation?

{¢) Comment on the linearity of the scales in diagrams A and B.

Sodution:

(a) Decibel rating of whisper = 10 = Ing[mff“ ]= 10 = log 10=10

L]

(b) Let 1 and [ be the intensities for the rock concert and conversation respectively.

f
Hence 120 =10x Iug(l]
Iy
! ! 3
log| 2 |=12 = 2=10" = 1 =i x10
"r[I 'rll 44
6 .
Similarly i =1, %10
1 =10 6
Therefore e BPR aL ST
IF.|| !ﬂ w 10

Hence, the rock music is one miflion fimes lowder than a normal conversation.

{e) The scale in Diagram A is linear whereas the scale in Diagram B is not linear.

Nose:

o [ diggram B, the relative intensities ranged from I 1o 107 It s nor possible to represens fiis on a
dinear seale. However, In diagram A, swch a comparizon is possible. The scale in diagram A is called
o logarithmic scale. It permits the comparison of extremely lavge numbers using a linear seale,
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Exercise 13.5

I. The amount of light entering a camera is determined by the Fstop setting of the lens. The
commonly used fsiop numbersare 1, 1.4,2, 2.8, 4, 5.6, 8, 11, 16,22, 32 and 45. Find the
logarithm (base 10} of these f~stop numbers and comment on the distribution of these
numbers.

2. To provide a schematic display of the various eleciromagnetic (EM) frequencies, a
logarithmic scale is used. The scale is defined by: scale value = log,, [ where fis the

frequency of the EM radiation.

. ; i 5 (] i
{2a) AM radio waves have frequencies between 5.4 » 10 and 1.6 x 10 Hertz. Find the
scale value of AM radio waves on the logarithmic scale.

{(b) TV and FM radio waves have frequencies between 5.4 x lI:]Tr and 2.2 x ma Hertz.
Find the scale value of TV and FM radio waves.

{c) X-rays have logarithmit scale values between 16.5 and 20.0. Consider the class of
X-rays with a logarithmic scale value of 20.0 and visible light waves with a
logarithmic scale value of 14.6. What is the ratio of the frequencies of X-rays to
visible light in this case?

3. One of the scales used to measure the intensity of earthquakes is the Richter scale. The
Richter scale is defined by the formula: R = log,, f, . where I, is the relative intensity

of the earthquake compared to what is taken as the smallest tremor that can be felt by

humans. The San Francisco earthquake of 1906 is rated 8.25 on this scale.

{a) The Meckering (Western Australia) earthquake of 1968 had a magnitude of 7.0.
How much stronger is the San Francisco earthquake compared to the Meckering
carthquake.

(k) Find the Richter scale reading of an earthquake that is:

(i} twice as strong, (ii) half as strong as the 1906 San Francisco earthquake.

4. The pH {pouvoir hydrogene - hydrogen power) of a solution is a measure of its hydrogen

ion concentration. It is caleulated using the formula: pH = —]llzl-g.H:I HY, where H* isthe

concentration of hydrogen ( /7 ) ions in the solution (moles/litre). Pure water at 22"

Celsius has a concentration of | = "}-'_r moles/litre,

{a) Calculate the pH of water at 22° Celsius.

(k) Calculate the concentration of hydrogen ions in a solution with pH of 8.7.

{c) Solution A has a pH of 9 whereas solution B has a pif of 3. Calculate the ratio of
hydrogen 1ons in solution B to that in solution A.

5. The profit P (5 thousand) in producing and selling x thousand items of a certain product is
givenby: P=-08+ 10log(x+ 1), forx =0 . Assume that all items produced are sold.
(a) Find the number of items produced and sold when breakeven occurs.,

(b} Find the number of items produced and sold that correspond to a profit of $20 000
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. The velocity, v (ms '), of a particle P moving in a straight line, ¢ seconds afler it passes a
fizred point O is given by: v=-12log {{ + 1.5} + 1.6, for t = (0.
{a) Find the velocity of P when it first passes O.
|

{b) Find when P first reverses its direction. *(c) Find when its speed is | ms .

. The displacement, s {m), of a particle P moving in a straight ling, at time # seconds, from a
fived point O, isgivenby: s=-23+ 15 log(r+2),forrz0. Find:
{a) the initial displacement of P (b) when the particle is at O
{c) the displacement of P at 1 = 40 seconds

*(d) the distance travelled in the first 40 seconds.

. The unit cost, C (%), of producing a certain product is given by: C=2 + log (x + 1),

for 0 < x < 90 000, where x is the number of items manufactured. Each item is sold for
£19.95. Assume that all items produced are sold. Find:

{a) an cxpression for the cost of producing x items

{b) an expression for the revenue when x items are sold

{c) an cxpression for the profit when x items are produced and sold

{d) the profit when 10 000 items are produced and sold

(e} the number of items that need to be produced and sold to have a profit of $160 000 ,

. A small toy manufacturer produces 2 lines of toys; Cuddly Roos and Squeezy Bears. The
profit, P ($ ten thousands) from the manufacture and sales of x thousand Cuddly Roos is
given by Pc =2 log (x + 0.75) . The corresponding profit for Squeezy Bears is given by
Ps=3log (x +0.5). Assume that all toys produced are sold. Find:

(a) the value of x which comresponds to the breakeven point for the production and sales
of Cuddly Roos

(b) the number of toys produced and sold for which the two lines of toys bring in the
same profil

*(c) the number of toys produced and sold for which Cuddly Roos will bnng in more

profit than Squeezy Bears.

0. A computer simulation is used to test the effectiveness of two different courses of
treatment for a bacterial infection. For treatment course A, the number of bacteria,
N (millions), r days after the start of the treatment, is given by: N =30.61 log (15 -/},
for0<r<15. Fortreatment course B, the corresponding model is given by;
N=06(t+5K12=-0,for0=1<12.
{a) Find the initial number of bacteria in both trals.
() Find when the number of bacteria in the first treatment falls below 5 million.
{c) Find when the two treatments have the same number of bacteria.
{d) By comparing the graphs of the two models, discuss the differences between these

two types of treatment and determine which is the more effective treatment.
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14 Natural Lngarithms

14.1 Natural Logarithms

e Ifa=e ,wherea=0,then, log,a =x. ¥
log,. a is the logarithm of a to the base ¢. s |
(e.1)
» Logarithms with the base e are termed /
natural logarithms and are denoted In. _,..-r-"'""'_-'-_-_-_
That is log,a =ina. "a\ ' s §
o (v g
= The sketch of vy = ln x is given in the LEn
accompanying diagram. The obvious points are a4

(1,0 and (e, 1= (2.7, 1).

g ﬁr Hands On Task 14.1

In this task we will learn 1o use the In button to calculate the natural logarithms of numbers.
|. Locate the In button on your calculator.
2. Verify that In 2 =0.693 147 181 and In 0.5 = -0.693 147 181 .

3. Given that In 4 = 1.386 294 361, find the caleelator routine that will reverse the result.

4. Given that In 0.2 =-1.609 437 912, find the calculator routine that will reverse the result.

& Summary

# In Hands on Task 13.1, we found that, log x reversed the effects of 10 and vice-
versi.

o Similarly, in this task, we found that, " reversed the effects of In x.

o Therefore, e* reverses the effects of Inx and In x reverses the effects of ¢°.

X

= Mathematically, a” is described as the inverse of log , x, and

log,, x is the inverse of a* (a > 0).
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14.2 The Inverse Relationship between Logarithms and Exponentials

= Consider the real number a.
 If'we raise Euler's number ¢ to the power of @ we get ¢ .
= If we then take In of the result, we get In & =a.
« In other words, we are back with the number we started with.

* Consider the positive real number a.
« If we take In of the number a, we get In a.

« If we raise Euler's number ¢ to the result we get ¢ @ .

» Let & =,
Rewniting this in loganthmie form, (na = in b.
= a=b

Hence, Em" =

» In other words, we are back with the number we started with.

* In other words, the two functions v = ¢* and v = In x have an inverse relationship.
One function “undoes™ the effects of the other.

= Using this inverse relationship, we notice that:

« g=In & foraasareal number

sa=¢"?  foraasa positive real number.

The second result allows us to write any positive real number in terms of e.

* In general:
) r
e a =ln e for « as a real number
v o* =4 for a as a positive real number.
s The accompanying diagram shows the "

graphs of y = ¢" and y = Inx.

= Motice that the graphs are
symmetrical about the line y = x.

* The symmetry 15 due 1o the
inverse relationship where the x
and y coordinates are swapped.

= This feature 15 present in all pairs
of functions that share an inverse
relationship.
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14.3 Solving expressions/equations with the use of natural logarithms

Example 14.1
Express hgsli exactly in terms of the natural logarithm.
Solution:

]1)35!3 _ nl3

Using the change of base formula: oaa(13)
Ins

]

Example 14.2
Express each of the ll:ullnwing exactly as a power of Euler’s number e
(a) 10 (b) x

Kelution:

(a) 0= g0 (b) x = g2l

Example 14.3
Without the use of a caleulator, solve for x in terms of the natural logarithm:

{a} E"'I - % {h} 11'4'1 = 31—]
Solution:
- 1
a) ¥ =
( 5
— 1
n2"=In-—
5
Hence =k ml==mh5
in 2
{b] E.T'I"I = 31-'
In 2% = gy 357
x+1)in2=(x=1)In3
x(n2-m3)==({m3I+in2)
Hence: X = Eﬂ:—
Iﬂ. E
i LT Lee 162

al




I Namral Logarithms

Example 14.4
Without the use of a calculator, solve for x:
fa) & =4 b} Inix=1)=3 (c) 100 &*%3% = 500
Solution:
(a) EIIH“ 4
= x+1=Ind
Sk nd =1
2
1 1
=_lnd- —
*T 3 2
x=in2- -I-
2
(b} In{x-1)=3
= x-1= 33
x=1+¢
(c) 100 293* = 500
— (05x _ g
0.05x=1In5
= ins
xr=20n5
Exercise 14.1
1. Simplify:
{ﬂ_} fhlu {h} Ell'n.r {l:} E‘Iﬂ “—'IJ
(d) "% gl © In(e*) 0 (e
e = bog. (5
@ @) -hE") 0 hE)+2heEE) 6 2%
rt+5 | —2x
Gy 10" (k) log(10 ) (1) log,3 )

2. Express each of the following in terms of the exponential number e
X
(a) 3 (b) 1/4 () 5 (d) Vx

3. Use natural logarithm to express each of the fgll.uwing as a power of 2:
(a) 3 (b) 1/5 {c) x (d) e
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4. Express each of the following in terms of In:

(@) log,(56)
(d) log,(49)

3. Without the use of a caleulator, solve for x using natural logarithms:

{a) &

{d} E'I el §

=4

=10

(b) log,(50) (c) log,(1/12)
(¢) log,(3) (f) log, (21/13)
B ¢ == (©) 0% as
&
{e) 10" = SEI'E"‘ (f) Imf_ﬂ'“h i EEE—D.ﬂlx

6. Without the use of a caleulator, solve for x

(a) mx=2

o

(b) In(1-2x)=4 (c) 2Inx=6 (d) % in(l+x)=2

7. Without the use of a calculator, sketch each of the following. Indicate at least one
obvious point. State the equation of the vertical asymptote,
(a) y=in2v

(d) y=1+nx

(b) y=In(x-1) (e} y=in(x+2)
{e) y=1-Inx (N y=1+nix-1)

8. Determing the equation of each of the following natural logarithm curves,

(a)

4= =

xr

(b)
v

AL

(c) (d)
¥

Y 5 &

Lt &4

9. Without the use of a calculator solve for x in terms of In where appropriate:

(a) 2°

= /200

(d) 125* =10
(g) 20(4%)=30(2")

b 372 =30 () 5%+ = 1/80
{e) 20(5% ) = 500 (0 100(3%017y = 120
{].I} Smi'T:I:"I-{F[JI_I'} []I} 3I+I Ell—[ =5

10. Without the use of a calculator solve for x in terms of n where appropriate:

(a) 2e**)-5(e")+2=0 (b) &2 —2&° -3=0
(c) 4% —-6(2°)-16=0 (d) 29%)+ 3*! +4=2(3""
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14.4 Differentiating Logarithmic Functions

14.4.1 Differentiating In (x)

BT
f 25!
“FY Hands On Task 14.2

In this task, we will explore a rule for differentiating In (x) forx = 0.

Recall the definition of the derivative of f(x)as /{x) = lim |:
fi—el}

ni{x+h)-in {.:Ji|
]

f{x+ﬁl—f{xl]
: :

Congider y = In (x), = %in (x) = ;.I.Im[

—ib

h—0 h

In(1+%)
b can be rewritten as  lim | —ie |,

I. Verify that lim ["l"' (e A} ””]
fr=+0

2. R:.."writl:-% as 1. Verify that %Iﬂ: (x) = lim [l[h‘: ll+:]]}‘

xt=k0| X ]

3. As xis a vanable, restrict the limit xr = 0 to ¢ — 0,
Hence, %Iﬂ (x)= lim [l[fn L F]J-l :

=) X {
As 1 is not dependent on 7, lim [l[h“*”]] e T tim[iﬂ ':l"'-'}]
I = X f T f—l0 i
n(l+1)

Use your CAS calculator to find the value of Iim[ ] and hence find %fﬂ (x).

F=il )

A Summary

Given that y = I (x), ‘—f}-— . where x = 0,
de x
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14.4.2 Derivative of in f(x)

* Consider y = In f{x).
Let = f(x). Hence, y= In(u).

Using the chain rule:
a1
de  u * S
= L)
Fix)
# Mote the pattern;
y=In f{x)
| & _ L.
dv f tx}j
—
Example 14.5
Find % for; (a) y=2In(x) (b} y=In{2x) {c) y=In {rz + x)
Solution:
(a) y=2in{x)
= i = z[lJ = E
ey X x
ih) y= In (2x)
. L |
de 2x x
2
(<) y=lin{x +x)
e dy _ 2x+1
de P ix
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Example 14.6
Find 2 for: &) y=in VEx+T () y=lnfe+ 1) e+ 2) © y= m[”_“:]
X+
Solution:
(a) - ¥=lIn 2x+1
=%:n{1:+n.
=% E._'.[ B ]= !
dy 21\ 2x+1 2x+1
i
(b} y=nfix+ 1) {x+2)]
i
=h{x+1) +in(x+2)
=2in(x+1)+in{x+2)
ol 2 A
dr  x+l1 x+2
= x—1
{c) y—fn[—]
x+
=hx-1)-In{x+1)
PR e e S
de x-1 x+l
Node:
. f::e:qrm ecre convertiend, using the rules of logarithm, to rewrite expressions before differeniiating
Example 14.7
Find % for: (a) ynf In(x+ 1) (b) y= i (x)
Solution:
F
(a) y=x In{x+1)
- z=)
— =2eln(x+1)+x | —
o WEE IR
®) =i
x
Lo ) -mex g
dx x2 ¥
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Exercize 14.2

1. Without using a calculator, differentiate with respect to x.
(a) ¥= In(4x) (b) yv=In(x2) (c) y=In(x+2) (d) y=in(2x+ 1)

(e) J'=‘”ﬂ“+-l‘2} () ,v-*r':&!nmnrl} (g) y=In(x2-1 {]1}_1*=4J'ﬂ{_r3+1]

2. Without using a calculator, differentiate with respect to x,
4 3
(a) ¥=In ({x) (b) v= In (1ix) € y=(l=-x) (d) y=In(l+2)

(e} y=In +Jl+x () ,1-'=!'u[]| ] (g) y=in 1+ x2 {h}y=hu[ ] :|
+x

(1+2x)°
3. Without ysing a calculator, differentiate with respect 1o x.
3
(@) ¥=In[{x+ 1)}x-1}] (b} y=In[{x-1) (x+ 1]
(€) y=In[{x + 1} x- I]ndi (d) y=In[{x+ IMx— I]III"]
(e} y=In 12] N y= fu[ I_“]
| x-3 x* +1
(g) ¥=In -{2“-”2 (h) y=in {IH]%
- | x=l 2 ¥
4. Without L_Jl.sing a calculator, dlﬂi:remiaie#wilh respect to /.
(a) v=r In(l+0n (b} v=2r In(l =4 {:}u=nn[:+.-z].
(@ v=(1+m{-20 (o) v=—1 () v= L+17
m(l-¢) inir)
5. Find £'(r).
(a) £ =t I (1+30 ) () =1in(1+1)
© fi0=t" In it () f(n= 100
(r+1)
6. Find ',
(@) y=In(l - &%) () y=In[(l - &) ]
(<) _!‘=.|"rt[{l+e"]n{l-ez"]l] {d]}r=h[:]l+gr
-
(¢) y= "2 (0 y=(1+ ) in(1+x)
&
7. Find y'.
{a)  ha [sin (x)] (b} sin (x) In [sin (x)] (c) cosi(s) in [sin (1)]
{d) ¢ In [tan (26)] () Blsnly (0 " *In [cos (x)]

sin (f)
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A Natwrard Lograritie

. Wil,h_luut the use of a calculator, find the equation of the tangent to the curve
y=x In(x+2)at the point where x = -1,

- Without the use of a caleulator, find the equation of the tangent to the curve v = " In (x)
at the point where x = 1.

. Find the equation of the tangent to the curve y = In (x + 1) at the point P where x = 1.
Hence, find the equation of the line through P that is perpendicular to this tangent.

. Find the coordinates of the point(s) on the curve v = In (x - 2) where the gradient of the
curve is 0.5,

- The tangent to the curve y = In (1 + ¢ ) at the point P is parallel to the line x + 2y = 10.
Find the coordinates of the paint P,

. Use calculus to find the coordinates of the stationary point on the curve with equation
¥y =25 In (x) — x. State the nature of this point.

2
. A curve has equation y=In (1 +x ).
(a) Use calculus to find the coordinates of the:
(i) stationary point and indicate the nature of this peint (i) inflection point.
(b} Sketch this curve,

2
15. A curve has equation y = 4x In (0.5x) for x> 0.
ia) Use caleulus to find the coordinates of the;

(i) stationary point and indicate the nature of this point {ii) inflection point.
(b) Sketch this curve.

16. The annual profit, P hundred thousand dollars, of a retail store, is modelled by,
P=2¢ In (1), for 0 <r < 10, where £ is time in years after establishing the store.
(a) Find the instantancous rate of change of profit with respect to time when 1 = 1.
(b} Find when the rate of change of profit with respeet to time is:
{i) O (i) 5400 000 per year.
(c) Find the largest loss experienced by the store, and when it occurred.

17. A particle P moves along a straight line. Its velocity, vms ™', at time 7 seconds, is given
by,v=in(r+1) for 2 0.

(a) Find the initial velocity and acceleration of P.

(b) Find the acceleration of P when its velocity is 2 ms™'.

(c) Find the average acceleration of P for the interval 0 < ¢ < 10,
(d) Describe the acceleration of P for large values of r.
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Mathemarics Methods Ulmits 3 & 4

18, The displacement, s (m), of a particle P moving in a straight line, at time ¢ seconds, from a
fixed point O, is given by: s =-2+1.5In(¢r+3), fort =0, Find:
{a) the initial displacement of P (b} when the particle is at O
(<) the displacement of P at r = 40 seconds
{d) the distance travelled in the first 40 seconds.

145 Anti-derivative of /%) [ (x)

S(x)
s Since —Iu_,f"f x) = J’; {[I:}
f(x) =In +, -
]‘ﬂ}m inlfix ]

¢ [n particular;

j—lrdr=ht|.t|+-f:'. -‘
x

Example 14.8

Find: (a) jﬁm

Solwdton:
l | 5
de =~

@ !.]1-5]: 5'{]+5.tm

=l.!r:il+5.r| + .

5
4x? 4 ¢ -0x°
{h} Eﬁ | ——
jz I 0733
=—im|za3xf‘f+c
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4 Narwral Logoriifaw

na Example 14.9
3 EE:
Find: (a) jt_gh dr (b) Itan (2x) e
Solufion: J
2x P
(a) I £ : 2 _I_ 231
- 2
= —l£n| 1—e| +C.
2
~ gin(2x)
“ﬂ j lam fz.ﬂ' el Im
1 ¢—2sin(2x)
e | ———— v
—II cos(2x)
= —-r;-{n|ms{1r}[+ c
Exercise 14.3
1. Integrate each of the following with respect 1o x.
2 3 X 4x 1
(a) = by — d
- b) © @ 5
2 2 .
1 | 2
© & (1] @ —= W 3
x X 1-5x 2x =5
2. Find the anti-derivative of®
x+3 3?4 x-1 {
(a) (b) ——— (c)
X% +6x 2 4t 2y 2{I+3x}1'r
2 2
1 —" e " L .
(d) [.r+—] (e) |———dk (b} el
_:2 j EI _I_E—.J.' II +E—2.T

3. Integrate cach of the following with respect to the appropriate variable:
1

(a) tam (£} (b) tan (1 + 2x) (c) tan (1 —x) (d)
tan (3x)
4. Integrate each of the following with respect to the appropriate variable:
cos(mx) (b) sin(mx) ; 1+ cos(2x) d sin(f)—cos()
| + sin{ mx) 2= cos{mnx) 2x+sin(2x) sinir)+cosiry
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5. Venfy that = - . H , find | ——ix
y (x+1Mx+2) x+1 x+2 e j{.:.'+|]{.r+2}
6. Ciiven that XE2 4 i where A and B are constants, determine the values

C+1Yx=-2) x+l x-2

of 4 and B. Hence find J{—-—:'II—}:;—I:}
X ==

7. The gradient function of a curve is given by % = 4 + . Find the equation of this
: -2x
curve given that it passes through the point (0, 4).
: : Sl dy x ; :
8. The gradient function of a curve is given by T e’ + = — |. Find the equation of
x l4x°

this curve given that it passes through the point (0, =2).

9. Use calculus to find the area of the shaded region.
(a) (b)

10}, Use calculus to find the area trapped between the curve y = 1 * =, the x-axis and the
+x*

linesx=-2and x= 2.

2 LT Lew 1




I8 Comtinnons Ramdiomn Pariables

15.1 Definitions

* A random variable with a range space that is continuous is called a
Continuous Random Variable (CRV).

* For example, X: the height of year 12 students at Fremantle College.
X takes values over an interval rather than discrete values,

The values taken by X are usually obtained through the process of “measurement
rather than through the process of “couniing ",

15.2 Estimating Probabilities

Example 15.1

The accompanying table shows the distribution of Height x cm No. '-"'f_
heights of a group of students. Define random variable A0 = x <133 Slui"nth
X: The height of students. Use this table to estimate: M43 = x =130 T
(@) P(X < 170) (0) PX2150 | X<170) oS =5
Solution: 165 <x< 170 20
170=x<175 2
) PRyt bRt E) Fel 175 <x< 180 5
fﬂ;l2+zn+22+lﬁ-+2ﬂ'fﬂfﬁ+¢ IH-{"E.T{Iﬂj 4
120
7
Oy R =150 | X <igny= 22X 20t ol B
103 103
{¢) Using linear interpolation:
|FExzu] " y

PISOsX<isy=23 2 =" -

=160, 54167
L e

xd =3 183250
=9, Flel1l3

(d) P(X = 152) = P(X < 150) + F{150 = X < 152)
R 0 e . iz
1

120 120 5
{e)} Using class-midpoinis as representative of class intervals, E(X) = 160.54.

Noes:

# s perris fo) and §i), the method of linear inferpolation & wed fo extimarte e imerval frequency. B this
wretfed, tive mnmher af stnckenis i a given class & asvaered T e disteilied wiformily within fie class.

» The expected valwe of X ix the same ax the statisticel mean for x. {n extinaring e sfiatisticod mean, aif
shirdgnts i epch class are axunmed fo be locared ol the mid-poin of e respeciive class inferval
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Example 15.2
The accompanying table shows the distribution No. of Relative
of masses of a group of males. Define random Mass x kg Males | Frequencies
variable X: The mass of males. 40 <x <50 10
{a) Complete the column of relative frequencies, 50 < x < 60 ]
{b) Use this table to estimate & if P(X < k) = 0.6, 60<x<70 I8
Solution: L5 2 28
’ 80 <x <90 16
(a) Total frequency = 100, a0 =< x - 100 13
For40 =x < 50:

Mo, of Relative

relative frequency = L 0.1. MY R Males | Frequencies
100 40 < x < 50 10 0.1
Completed column is as displayed. 50 <x <60 15 0.15
60=<x <70 18 0.18
(b} P(X <k)=10.6. T0<x <30 28 0.28
From table,  P(X <70)=0.43 B0 < x < 90 16 0.16
and P(X <80)=0.71, 90 < x < 100 13 0.13

Hence, 70 = k< B0,
PX<TO)+PHT70=X<k)=06
0=X<k)=06-043=0.17
Hence, number of students with height 7O0< X <kemis0.17 = 100 =17.
Using linear interpolation;

k=70 28 =17 = k=761

oy

Exercise 15.1
I. The accompanying table shows the distribution of Height x cm No. of
heights of a group of students. Define random . Students
variable X: The height of students. Use this table 0=x=<110 22
to estimate: 110 <x< 120 I8
(a) P(X=120) (b) PCX<140 | X =120) 120 <x < 130 32
(€) P(X<146) (d) kif (X <k)=0.7 130 < x < 140 41
{e) the expected value and variance of X. 140 = x < 130 19
150 < x < 160 12
160 < x = |70 6
2. The accompanying table shows the ;
distribution of masses of a group of females. Mass x kg SNuvl:i.E of Ew:la.twq_: |
Define random vanable X: The mass of tudents | Frequencies
PR 40 < x <50 50
. 50 < x < 60 68
ia) %tm::tupclﬁgie column of relative = =
(b) Use this table to estimate k 70 =x < 80 10
ifPX < k)= 0,25, 80=x<90 5 =
{c) Find the mass exceeded by 20% of the
females.
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15 Connmuous Bandom Variahles

3. The accompanying histogram shows
the distribution of the length of 279
blue swimmer crabs measured across
the widest part of the shell (carapace
length). The data was collected
during the later part of the closed
season (when no fishing of these crabs

is permitted). During the open season

only crabs with carapace lengths
exceeding 127 mm are permitted to be
caught, Define the random variable
X: Carapace length of crab,
(a) Estimate P(X < 127).

(b} Estimate kif P(100 <X < k)= 0.5.

160

118

120

lengih frmin)

130

(¢) Suggest with reasons if illegal fishing of these crabs have been occurming.

4. The accompanying histogram shows the

distribution of times taken by a group of
100 students to complete a required task.

Define the random vanable T: Time to

complete task, Estimate:
{a) the expected value p and the
standard deviation o for T.
(b) Plp-oc=T=u+a)
(¢} the time exceeded by 75% of
the students.

Lo
LaTel BT}

o 150

3. The lifetimes (f hours) of a consignment of electric light bulbs are displayed below.

)

i =50

i< 100

1= 150

1< 200

Mumber
of bulbs

8

&0

180

AT

| 1= 250

f = 300

e

£< 350

250

300

380

Define the random variable T: Lifetime of light bulbs, Estimate:

{a) the mean and variance of T
(c) the lifetime exceeded by 10% of the light bulbs,

(b} the median m for T, that is P(T = m)= 0.5

"

6. Air samples were taken at a research site for 130 consecutive days and the conceniration
of pollutants (¢ parts/million) recorded. The table below shows the results of the study.

¢ csl | es2 [ e53 | es4 ]| cs5 | c56]| 57| cs8]c59|cs10]
Mumber
ufda}'s T 17 29 43 56 T4 T 110 135 150

Define the variable C: concentration of pollutants. Estimate:

(a) P(C =4.4)

{b) the median m for C, that is F{C < m) = 0.5
(¢} the concentration of pollutants exceeded by 5% of the days in the study
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15.3 The Probability Density Function

Let X be a continuous random variable.

The function f(x) is defined as the probability density funcrion for X where
asx<hil
» fix)z0 asxsh

. j:f[x}:ir=l

If f (x) is the probability density function for X then:
I’{mﬂﬁﬂn‘,|=‘|;:ﬂx];ir wherea<m=n<h

Interpreted geometrically, f(x) is a probability density function for X
where g € x < b, if:

» the graph of y = f{(x) is always on or above the x-axis fora<x < b

= the area between the curve v = f(x) and the x-axis and between the vertical

lines x = a and x = b is exactly one.
= As a consequence:
Pim = X < n) = Area between the curve v = f{x) and the y-axis and the
vertical linecsx=mandx=n

For continuous random variables, probabilities are defined by the use of integrals.
As such, for any continuous random variable X, the probability that the X takes a
specific value within its range space (e.g. X = 5) is zero as the integral

over a point is zero. For continuous random variables only probabilities associated
with intervals of values are meaningful.

&
Note that as P(X = k) = L fix)dv =0,

FX <k =PX<K+P(X=h=PX<k.
That is, for continuous random variables, the “equal sign” has no impact on
probability values,

The mean of a continuous random variable with probability density function f (x)
with domain a<x< b is given by p = E{X) = jb xx fix) dx.
i

The variance of a continuous random variable with pmhabélll}r density function
Stx) with domain g <x < b is given by o = Var(X) = E(X") = [E(X)]
where E(X) = I: x% % f(x) d.

D O.T Lee
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15 Comrinvons Randowm Fariabies

Example 153
X 15 a continuous random variable with probability density function given by:
L
flx)= e for0sxs5.
(a) Sketch f(x). (b) Venfy that /(x) is a probability density function.
(¢) Find P(1 = X £3). (d) Find P(X < 3)
(e} Find P(X = 1 | xX=3) (f) Find the mean and vanance of X.
Solurion:

{a) The sketch of fix) 1s shown in the
accompanying diagram, :

=mm

(b) Clearly, f(x) = :EE >0for0<x<s.

[See graph for visual representation].

3 2
Also, _1'3—1- dy = 1.
125
i o f— T :'n"
Hence, f{x) = ia% where0<=x=5isa
probability density function. i 2w 1
S T
3 1
e 26 3.
1= X<23)= iy = . EE 4
(c) P == == [ o
1 2
=
sl Tl
3x 27 |-
d) PX=3)=P0<X23)= | — dv = —. L
(d) P )=P ) ] 123 T 8 o
125
{e) Using the conditional rule for probability:
P(X21~X<3) PlX<3)
PXZ11X=3)=
( | ) P(X <3) P(X<3)
;& r
(&) 2
{17 27
125
T 357 15 fETs®
(1) Meanwlucﬁ.mrx,p=j'_.:&=__ A
9 125 4 15
F
5 - 2 Ry
Variance for }:.n: L dx - [E] IE:”_E“
. 125 4 e i
_1s = =
16
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Example 15.4

The probability density function f(x) of a continuous random variable X defined forO = x < k
15 sketched below. frx)

(a) Find the value of k.

{b) Find the probability density function of X.
(¢) Find P(X = 1).

(d) Find m such that P(X < m) = 0.75.

Solution:

(a) Using a geometrical approach, since f(x) is a
probability density function, the arca of trapezium OABD = 1.
Hence using the trapezium rule:

. %x[.ﬂ.‘+{.ﬂ:—l}]x‘t*1 = k=15

(b) For@ <x =1, fix) is represented graphically by a straight line passing through the
points (i, 8 and ¢F, 1) Eguatien of this line iz y = x
For ! < x 1.5, f{x] iz represented graphically by the Nue y = [,

Hence, the probability density function is given by:

x O=xzl
fm_{! l<x<1.5
(¢) P(X = 1) = Arca of triangle OAC
= I.
3 % I =1
=0.5
(d) Since P(X = 1)=0.5, m must necessarily be greater than 1.
Rewrite PIX=m)=05+P(l <x=m)
Hence 053+l <x=<m)=0.75

P(l<x<m)=0.25

P(l = x < m) = Area of rectangle with length 1 and width (m - 1)
=] x{m=-1)=m-1
Hence m=1=0.25
= m=1.25.
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Example 15.5
‘The probability density function f{x) of a continuous random variable X is given by
)= ko 0<xz4
0 otherwise
(a) Find the value of &. (b) Find P(X <3 | %X = 13. (c) Find m such that P(X < m) = 0.75.

Solution:

4
(a) Since f(x) is a probability density function, [k dr = 1.

0 4
3
. g x4 | ] ' u'.:r]ﬂ-d{k.l dar=lkd
':TH:-:. e =i :} |- - R
4 64 {ege}
3
I.-.-%.-
(b} p[}{53|x31]=w ' 0
Pixz1) 4
3 [ a7
k[ '
4 {.IE-F] 51 20, 22
ket de L 1
: 1)
1 m
() PXsm)=075 = — j.:3 dr =075
64 {
4 iR
L. |:""—] =0.75 o
64 4 0 mw:f%u-a.ﬂ.m::mm
4 &
m s L (e, T22419436)
256
m=3.72
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Exercise 15.2

1. Determine with reasons whether f(x) with the corresponding graphs are probability
density functions:

(a) (b) (c)
fix) fixl fiix)
054 b8 y |
D+ 0
631 0.3 Ly
u:rrl 0.3
{Hl 0.1
—I——|-- i i | e % . 1 i et S u i * >0
1 & 3 W8 4.1 o1 02 0.3 04 05 1 2
(d) = e (f)

Hix) ]
1

X
F, f 'f'
—t— ——
\
4

2. The probability density function of a random variable X defined for 0 < x < & is sketched
below, Find: o
(a) the value of & -
{b) the probability density function of X
(c) P(X = 0.54)
(d) P(X > 0.75k)
. (&) P(X > 0,75k X > 0.5k)

-
&

3. The probability density function of a random variable X defined for 0 < x < 2k is sketched

below. Find: fix)
(a) the value of k :
(b} the probability density function of X 0.4

(c) P(X = 0.5k
(d) PIX < 0.75k)
(e) P(X = 0.5k| X <0.75k)

4. The probability density function of a random variable X
defined for 0 < x < 10 is sketched in the accompanying
diagram. Find:

(a) the value of k
(b} the probability density function of X
(¢) msuchthat P(5 =X <m) =025
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3. The pruhahiii?}r density function of a random variable X
defined for 0 < x < 2k is sketched in the accompanying
diagram. Find:

(a) the value of k
(b) the probability density function of X
(c) m given that P{k <X <m)=0.2.

=l i
L ik

6. Venfy that /{x) = 2x where 0 < x < 1 is a probability density function of a continuous
random variable X, Hence find:
(a) P(X=10.5) (b) F(X=0.1)
(c) P(X>051X>0.1) {(d) the mean and variance for X .

7. A continuous random variable X has probability distribution function given by
fix) =.l;:lr1 where 0 £ x £ 2. Find:
(a) the value of k (b) X <x)where0<sx<2
{c) the value of m such that P(X < m) = 0.5 (d) E(X)and Var(X).

8. Given that f{x) =05 for 1 £x<2and 3 < x < b is the probability density function of X
of a random variable X, find: (a) the value of b (b) P(X =2 1.5)
{c) (X = 350x= 1.5) (d) E(X)and Var(X).

9. A continuous random vanable has probability density function f{x) =025 for-1 <x < |
and } s x<a Find:
(a) the value of a (b) F(X < 3.5)
() PX>0[X<3.5) (d) m such that P(X = m) = 0.5,

0. A continuous random variable X has probability density function f(x) = ax + b
forl<x<4 and (X <2)=1/9.
(a) Find the values of @ and b, {b) Sketch the probability density function of X
(c) Find m such that P(X = m)=0.75. (d) Calculate E{X) and Var{X).

11. The probability density function of a random variable X is given by:

X D=sx=l ’
= . Find:
g3 {I—x l€x<2
(a) P(X >=1.3) (b) P(X < 1.5)
(e) PX> 13X <15 (d) & such that P(X > k) = 0,25 |
12. Given that the probability density function of a continuous random variable X is given by

f)= ax D€x<2 :

2a 22xs3
(a) Find the value of a. (b} Sketch fix).
{c) FindP(Xzk)if2=<k<3. {d) find m such that P(X = m)=0.5.
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13. The life X (in years) of an electronic component has probability density function
maodelled by f{x) = a - é:x— 1) for0=x=<2,

{a) Find the value of a. (k) Sketch the probability density function of X
(c) Find the median for X, that is find m such that P(X 2 m) =0.5.
(d) Calculate the mean and standard deviation of X,

14, The length X {in cm) of a biological specimen has a probability density function

ax 0=x<1
odelled by fix) = :
" Lo 2G-x) 1sx<3
{a) Find the value of a. {b) Sketch the graph of f{x).

{e)} Find the probability that a randomly chosen specimen will have a length exceeding
| em given that its length does not exceed 2 cm.
{d) Find the probability that in a sample of 20 randomly chosen specimens at least 14
have lengths exceeding | cm given that their lengths do not exceed 2 cm.

15. The mass X (in kg) of a small mammal has a probability density function modelled by
_ |2a(l-x) 0=x=05

/e {Em 0.5<x<l’

{a) Find the value of a. {b) Sketch the graph of j(x).

{c} Find the probability that a randomly chosen mammal of this species with a mass
less than 0.75 kg will have a weight exceeding 0.5 kg.

{d) Find the median mass and the mean mass of the mammal,

(e} Find the probability that in a sample of 20 randomly chosen specimens at least 6
have mass cach less than 0.75 kg given that their mass each exceed 0.5 kg

16, The life X {in vears) of a brand of electric globe has a probability density function

kr O=x<1
modelled b = .
5 Y ) o34 x=1
©
{a) Find the value of k. (b) Sketch the graph of f(x).

(e} Find the probability that a randomly selected globe of this brand having a life
exceeding 0.5 years will have a life exceeding | year.

{d) Find the median “life™.

(e} Find the probability that in a sample of 12 randomly chosen globes with “lives”
exceeding 0.5 years no more than 6 will have “lives™ exceeding | year.

17. A continuous random variable X has probability density function given by

|
z -2<x<-1

fix)=4x*  0<x=l.

% 1<x<5
(a) Sketch the graph of f{x). (b) Find P(X = 0).
(c) Find P(X < 4). (d) Find P(X <4|X >,
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154 Linear Transformations on random variables

« Consider the random variable X with probability mass function f{x) fora<x<h.

e Let the random variable T = mX + n where m and n are constants.
* The expected value, or mean for T is given by:
E(T)= E{mX + n)

= E(mX) + E(m) gt bbby
=mE(X)+n
® The variance for T is given by:
Var(T) = Var{mX + n)
iz this ix bevend
= VarimX) + Var(n) the ;;::j:;mﬁ; Sook
=m Var(X)+ 0.
* Hence, if random variables T and X are linearly l‘ulatf:d in the form T = mX + n,
s E(Ty=mE(X) +n e VanT)=m Var(X)

s Standard deviation for T = |m| = gtandard deviation for X,
These results are true for all random variables, discrete and continuous,

Example 15.6

Jx

The random variable X has probability density function f(x)= T for0<x<9,

Find the mean p and standard deviation & for X and hence find the mean and standard

deviation for Tif: (a) T=2X+5 (b) T= il
a
Solution:
9 g
27 2 =1
peE0 =[x = 20 godym (2228 [
4 18 5 18 7 g
: g
z 4
243 (27 18421 -
= JE(X*)-[E(X 2=,f——[—~] - [ e
L J (A7) [ { }] 7 5 15 % T E;E
2 27 T4 - -
(a) E(T)=2E(X)+5=2x = + 5= =
Standard deviation for T=2 = IEJE_I = 315--4"5
5 35
1 5 : -[U u I g and o are respectively
E(T)= —E(X)-= = =xp-==0 the mean and standard
o o o (5] deviadfbon for the random

variably X, then the randam

Standard deviation for T = L standard deviation for X Ll
L] variabhle Wil herve g
[
=l1-:¢=]_ rrean of 1 aod a stavdand
4] deviaiion of I,
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Exercise 15.3

l. The random variable X has probability density function f(x) = 5—-’:} for0<x< 10,
Define random vanable T = X + 5. The probability density function for T is given by
j{.‘} --—-DE forS<s=|5,

(a) On the same set of axes, sketch the probability density functions of X and T.
(b) Find 0= X <5)and P(5<T < 10). (¢) Find E(X) and E(T).

2. The random varniable X has probability density function f{x)=0.1 + 0.04x for0<x <35
Define random variable T = 2(X = 1). The probability density function for T is given by
JN=007+00lx for-2<r<8§.

(a) On the same set of axes, sketch the probability density functions of X and T.
(b) Find P(X<2 | X=1)and (T<2 | T20).  (c) Find Var(X) and Var(T).

3. The random variable X has probability density function f{x)= E]J:{.r - ”: for0<x<3.
Define random vaniable T = 4 — 2X. The probability density function for T is given by
fi= é{l 050 for-2<i<4.

(a} On the same set of axes, sketch the probability density functions of X and T.
(b) Find P(X =1 f X=2)and (T <2 T T=0)  (¢) Find Var(X) and Var({T).

4. The random vanable X has probability density function f{x) = %{1 - .rz} for=l<x=<1,

Define the random variable T = il where p and o are respectively the mean and
o

standard deviation for the random variable X. The probability mass function for T is

2
given by f{r)= i|{l —Lj for -5 <1< 45,

(a) Find the mean p and smnda:rd deviation & for X,
(b) Use integrals o determine the mean and standard deviation for T.

{c) Hence, verify that E{T)= L E(X) =0 and Var(T) = Lj\-'ar{?:j = 1.
a -

A-ix for—-1=x<2.

5. The random variable X has probability density function f(x) =

" X= y
Define the random variable T = 2—® where H and o are respectively the mean and
]
standard deviation for the random variable X. The probability mass function for T is

¥
givcnhyf{:jl:EE L for -2 <1< 2.

{a) Find the mean p and standard deviation o for X.
{(b) Use integrals to determine the mean and standard deviation for T.

(¢} Hence, verify that E{T) = 1 E(X)=0 and Var(T) = -I-I-—\-’ar{}:} =1,
o i
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o fa The Uniform Disteiburion

16.1 The Discrete Uniform Distribution

* The discrete uniform distribution was discussed in Chapter 11,

16.2 The Continuous Uniform Distribution

» [f the continuous random variable X is fix
uniformly distributed in the interval t
a = x < b, then the probability density
function of X is given by e R —
: : asxsh I
fix)= 4 (b-a)
1] otherwise 2 a .

® The graph of f{x} is sketched in the
accompanying diagram.

= Note that /(x) is independent of x and is equal to the reciprocal of the width of the
interval. The mean value is the midpoint of the interval.

* The mean value or expected value of X, = =
. g+ h Iﬁ“
E(X)= I.'n.'u = —, "
=4 1 .2 h'?
i) T:la=b) Z+lab
b el dif i
¢ The variance ol X, | ?
2 3
Var(X) = E(X ) - [E(X)] %
T | by [
(s bt
) h-a 2 Fla~b) Hela-b)
il i
5 3 2
_ a4+t +ab  (a+b) '—*":“'b
3 2 aory b2
(a—b)* aw)? | atebZemb
= , 3 3
12 | 2 =1 S¥T
{a=b}2
; iz 1

¢ Random variables that are equally likely to take any value within a given interval
have probability distribution functions that can be modelled by the continuous
uniform {rectangular) distribution,
For example: X: the waiting time for a bus that is scheduled to arrive between
3.30 pm and 3.40 pm .
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Example 16.1

The continuous random variable X is uniformly distributed in the interval 3 < x < 23,

{a) Find the probability density function of X.
{b) Sketch the probability density function of X.
(c) Find P(8 <X < 12).

(e} Find the E(X) and Var{X).

(d) Find P(X < 12| X =>8)

RYITTT N
— <
(a) Probability density function f{x)= 1 20 G 13.
0  otherwise
ib) Skeich of f(x) is shown in the accompanying fix)
diagram. e
£ 3 T @ b
PE<X=12)= — =—, !
R HRSR LS 20 5 E i
——if & x
3 10 ap 23
P(8<X <12)
dy POX< 12| X>8)= -2
i B X
3-8 15
3423 (23-3F 100
XS e = [ 3 WA X)) = X
(e} E(X) 5 an X) 2 3

Example 16.2

A continuous random variable X has probability density function f{x) = 0.2 for a £ x < b, and

P(X < 5)=0.6. Find:
{a) the values of @ and b
Solution:

(@) P(X£5)=06 = (5-a)x02=06

a=2

Since f{,x'1=]§1b—2=5 = h=7

(b) P(X<k)=025 = (k—2)x02=025
k=325

(b) & such that P(X < k) = 0.25

fix)
S
0 + @ " ®
] |
. =
a = b

f
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Example 16.3

A traffic light has a red cycle that lasts 60 seconds. Jodie arrives at the traffic lights during

the red cycle. Define X: waiting time for Jodie at the lights.

(a) Determine the probability density function of X

(b} Sketch the probability density function of X.

(¢} Find the probability that Jodie has to wait at least 40 seconds.

(d) Find the probability that Jodie has to wait at least 40 seconds given that she has been
waiting at least 30 seconds.

(e} Find Jodie's mean waiting time at the lights and the accompanying standard deviation.

Solution:

(a) Jodie is equally likely to have arrived at the lights during any point of its red eycle.
Hence, Jodie is equally likely to have to wait anything between 0 and 60 seconds.
Therefore X is uniformly distributed in the interval 0 < x < 60.

The probability density function of X is: f{x)= ;:J— for 0 <x < 60

{b) The sketch of f{x) is given in the fix)
accompanying A
diagram, " T
' + l .‘i‘rx
an L [ 2]
20 1
¢) MXz240)= — = =,
(c) P( } 03
P(X =40~ Xz 30)
d) X z40|X z30)=
(dy P{ 1 P(X = 30)
_ P(X =240)
P{X = 30) ’
_ (60-40) _ 2
(60-30) 3

(e} Mean waiting time = 30 seconds.

z
Stinigeed deilation = ,||'['E*[’u‘:”I = 1043 seconds.
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Exercise 16.1

F-J

The continuous random variable X is uniformly distributed in the interval 2 <x < 8,
{a) Find the probability density function of X. (b} Sketch the pdf of X.
(c) Find P(4 < X <6). (d) Find P(X <6/ X > 4).

. A continuous random variable X is uniformly distributed in the interval a < x £ Sa. a # 0.

{a) Find the probability density function of X. (b) Find P(2a < X < 4a).

(c) Find F(X = 2a| X £ 4a) {d) E(X)and Var(X).

A continuous random variable X has probability density function f(x) = 0.25 for

| £x <k (a) Find the value of &. (b) Find P{X = 2).

(c) Find (X >=2wuX<3) {d) Find the mean and vanance for X.

A continuous random variable X has probability density function f(x) = 0.1 fora<x < b,
and P(X < 5) = 0.4. Find:

(a) the values of a and & (b) ksuch that P(X < &)= 0.25
{c) g such that P{X < gq) = 0.75 (d) P(X=2a)
The pH X of a chemical solution can be assumed to be uniformly distributed in the

interval E=x =9,
{a) Find the probability density function of X.
(b} Find the probability that a solution of pH greater than 8.2 does not exceed 8.5,
() Find the probability that a solution has a pH less than 8.2 or greater than 8.8.
{d) Four such solutions were made. Find the probability that:
(i) none of these solution will have a pH between 8.2 and 8.8.
{i1) at least one of these solutions will have a pH less than 8.2 or greater than 8.8,

. The off-cuts of a line of logs processed by a timber yard can be any length between 0 and

2 cm. Define X: length of an off-cut. The probability that an off-cut has a length not

exceeding x is kv

{a) Find the probability density function of X. {b) Find the value of &.

(c) Find the probability that an off-cut of at least 0.5 cm is no longer than 1.5cm.

{d) Ten off-cuts are chosen at random from a processed pile from this vard. Find the
probability that exactly five of them have lengths of at least 0.5 cm but not longer |
than 1.5 cm.

A amount of soft drink V dispensed by a dispenser may be any value between 745 mL
and 752 mL inclusive.
{a) Find the probability density function for V,
State the mean and standard deviation for V.
{b) Find the probability that a child using this dispenser gets:
(1) exactly 750 mL of soft drink (i1} less than 750 mL of soft drink.
{c) Six cups of soft drink were obtained from this dispenser. Find the probability that
no more than 5 of these cups had drinks less than 750 mL.
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8. The time T to download a movie from an Internet site between Tpm and 10pm daily is
any value between 10 minutes and 40 minutes inclusive.
fa} Find the probability density function of T.
(b) Find the probability that the time to download the movie is:

(i) 15 minutes (i) is more than 20 minutes.
(e} Find the average time required to download the movie and its associated standard
deviation.

(d) The movie was downloaded on three separate evenings between Tpm
and 10pm, find the probability that on at least two of these occasions, it took more
than 20 minutes.

9. The red cycle of a traffic light is of duration 120 seconds. Emily arrives at the traffic

light when the lights are red. Define T: waiting time for Emily at these lights,

(a) Find the probability density function for T.

(b} Find the probability that Emily waits for exactly 1 minute at the lights,

(¢) Find the probability that Emily waits for between 30 and 90 seconds inclusive.

(d) On eight separate occasions, Emily arrives at this traffic light during its red cycle.
Find the probability that on at least 5 occasions she has to wait between 30 and 90
seconds inclusive,

10. A group of year seven students were each asked to draw a circle of radius 10 cm using

compasses. Assume that the radius of the circles drawn can have any value between

9.9 ¢cm and 10,1 cm inclusive. Define A: area of circle drawn.

{a) Find the probability density function for A.

(b) Find the probability that a randomly chosen circle from this group has an area less
than 310 cm’.

(¢) Find the probability that of three circles randomly chosen from this group at least one
will have an area less than 310 cm’.

1. The continuous random variable X is uniformly distributed in the interval 0 < x < 10,

(a) Find the mean and standard deviation for the variable A= where p and o
o
are respectively the mean and standard deviation for X,
(b} Find P(p —o =X < u + o), (c) Find (-1 2= <)y
o

I2. The continuous random variable X is uniformly distributed in the interval —6 < x < 6.

(a) Find the mean and standard deviation for the variable d | where 1 and o
5]
are respectively the mean andgtandard deviation for X,
(b) Find P(X =343 | X225, ) Find(2=P <15 | X=B .y
o o
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The Normal Distribution

17.1 The Probability Density Function of a Normal Distribution

o If X is a continuous random variable with probability density function given by:
2
=[X=]

j ]
i 2
gl T for —oo < x < o,

filx)=

Gy 2T

where p and o are positive constants,
then. X is a normal variable with a mean of p and a standard deviation of a.

In symbaols, X ~ N, o).
o Ifu=0and a= 1. then, X is a standard normal vanable, represented by the letter
£, That is, £~ N0, 1)

¢ The graph of the probability density function of a normal variable X with mean p
and standard deviation o is shown below. The graph of the probability density
function is bell-shaped and is symmetrical about the mean p. The inflection points
are located at a distance of o on either side of the mean. Clearly the larger the
value of o, the “wider” the curve.

frx)
A

17.2 Calculating Normal Probabilities

s
~{x=p)* |
s Lol | O |

| lﬂz |
¢ To calculate Pla = X £ &), we need to evaluate j 4 dr .
&

i“
a2

The integral however is non-integrable! Hence, to evaluate the value of the integral,
numerical methods are used.

= CAS/graphic calculators have built-in routines/programmes that automate the
calculation of probabilities associated with the normal distribution.

¥
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17 The Mownral Désreibntioe

17.2.1 Estimating Probabilfties for Normal Variables

* Consider a normal variable X with mean p and standard deviation o.
= Since, the normal curve is symmetrical about the mean u,
XZp)=PX=<=p)=05.
# It can be shown that:
Plp-o=X<p+ag)=068
Plp-2o=X=p+20)=095
Pip-3a=X=p+3cg)=0997

Example 17.1

The diagrams below show the graphs of the probability density functions of the normal
variable X with mean 0 and siandard deviation 1. Without the use of calculator, estimate the

area of the shaded region.
{a) (b)
Al |
» _m
4 2 T Ui 1 2 2 . 1
Solution: 4
(a) Arcaof shaded region =P(-1 =X <1) (b) Areaof shaded region
= .68 =1 -M-2=X<2)
- = | =0.95 =005
Example 17.2

+ The diagrams below show the graphs of the probability density functions of the normal
variable X with mean 0 and standard deviation 1. Without the use of calculator, estimate the
area of the shaded region. ’

(a) {b)

= R

¥ Bl ¥ 4 -1 1 1 ] i T

Solurion:
{a) Area of shaded region (h) Area of shaded region
=P-1=X=<2) =P(X<=2)
_ 068 095 s D0
2 2 s
=0.815 = 0.975
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Example 17.3

Giiven that X i1s a normal variable with mean 100 and standard deviation 10, without the use of
a caleulator, estimate: (a) P(X = 100) (b) (X = &0) (e) M70<X < 120),

Solution:
(a) Since, the mean for X is 100, (X = p) = 0.5

(b) P{IX=80)=P(X = p - 20)

0.95
= r~ + ﬂ_s

= [.975

’

{c) HHO<X=<120)= P{p—lﬁﬁ}{ﬁp-rzq}

_ 0997 095
2. 2
~0.9735

17.2.2 Caleculating Probabilitics Tor the Standard Normal Distribution Z ~ N{0, 1)

¢ In calculating probabilities related to normal variables, we use tables embedded
in CAS/Graphic calculators.

Example 17.4

Find the area of the regions shaded in each of the sketches of the graph of the probability
density function of £ ~ N(0, 1}

(a) (b)
Iz} fz)
5 3
: A5 1
Solution:
(a) P{Z 2 2)=0.0228 [T nimed an
nommCai{2e0.1) o.02a75 T
(b) P(-1.5<Z < 1) = 0.7745 i LI Bl
|
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Example 17.5

The diagrams below show the graphs of the probability density functions of the normal
vanable Z with mean 0 and standard deviation 1. Find the value of k corresponding to the
area of cach of the shaded regions:

{a) (b}
fiz) iz} ;
‘9-1129 ‘2‘/ 0:8064
E E
1.1 K -K k
Solwrion:
(a) P(1.1<Z<k)=0.1129
But Pll.i<Z<k=PZ<b-PZ<1.1). e LT, =, 1, 14 1o @)
= P(Z<k)=01129+PZ<1.1) mmw.u.m‘;'ﬁ’i‘m‘“ﬂ
=0.1129 + 0.8643 = 0.9772 it
Hence, k=1.999] = 2.0
DR

tﬂ\h‘l{hﬂmﬂﬂfflu lsks Lp@0=0, 1129, k>
{k=1. 593705258 — k=1.09997=20

(b) P(—k < Z = k) = 0.8064
|lﬂl\ﬂ{ﬁﬂl‘m('—k1 ky 1,83=0.2054,k
Ek.l‘EEEEEEEEE} — k: LE

Exercise 17.1

1. Find the area of the regions shaded in each of the sketches of the graph of the probability
density functions of Z ~ N(0, 1)

ia) (b)
Tz} fiz)
] z
1.96 185
il (d)
1z} 1(z)
z z
1.1 =15
(e) ()
fiz) f{z}
= z
0.5 2 =15 =05

@ 0T Lee 143



Mathemrniics Merods Undes 2 & o

l. (2) (h)
fiz] (z)

(i) i)

15 -0.5

ba

Find the value of each of the following, where Z ~ N(0, 1):
(a) P(Z<2.35) (b) P(Z = 1.82) (c) P(Z <—1.92)
(d) P(Z=-1.87) (¢} P{1.45= 2 <2.89) (f) P(-0.54< 7 < 1.76)

3. Find the value of each of the following, where Z ~ N{D, 1}:
(a) HZ<2.02Z<145) (b) P(Z =256 nZf<-1.25)
(c) P(Z <046 Z > 1.98) (d) P(Z < -2.54 U Z22.28)

4. Given that Z ~ N0, 1), find:

(a) P(Z2145|7<1.96) (b) P(Z=0.67|Z2-1.56)
{c) P(Z2-1.96|27 < 1.96) (d) Pl(Z>0.54wZ<-054)|2<0]
3. Given that Z ~ N(0, 1), find the value of & corresponding to the arca of cach of the shaded
regions;
(a) : (b)
rz)
09842 "= e
fﬁf / I
& ¥ ]
x K
ic) id)
Tz} fiz)
— 08624
l', H’f
F 3 £
05 k 15 k
(€) ()
p4313 5 1" "E o aoea
z Z
k k - k
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17.2.3 Standardisation of non-standard normal variables

» |f X is a normal variable with mean p and standard deviation o, then as shown in

H i% a normal varable with o mean of 0

Section 13.4 of this book, the vanable
2]

and a standard deviation of 1.
X8 _z0.1).
o

X which is a normal variable with mean p and standard deviation o, has been

e Thatis, if X ~N(u o) then

transformed into a standard normal variable by applying the transform S :
o

. H:!‘IL‘-E..P{.&EIE[;}:P{”_U < X-p < b—u}
a 5

0
S P
L o

=i and Ais X are respectively the standard scores
s 43
associated with a and b.
« Standard scores measure the “distance”™ of a variable from s mean in terms

of its standard deviation.

-,

Example 17.6
Given that X is a normal variable with a mean of 100 and a standard deviation of 5.

{a) Find & where P(X < 101)= P(Z < k). Hence, find P(X < 101).
(b} Find & where P(X = 90) = P(Z = £). Hence, find P(X = 90).

Solution:
[ (a) In the expression P(X < 101} = P{Z < k),
k 15 the standard score for 101. )
Thatis, k= @ ~02.
Hence, P(X < 101) = F{Z < 0.2) = 0.57926 510150
D e B, 25 1,80
=18
{b) In the expression P(X = 90) = P(Z = k), S o
k is the standard score for 90. R
That is, Pt o U
Hence, X z290)=MZ=-2)=097725
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Example 17.7
X is a normal variable with a mean of 30 and standard deviation of 7. Find:
(a) P(X > 55) (b} P(X > 55| X >45),
Solution:
fa) P(X = 55)=0.23753.

P{X =35 X >45)
P(X = 45)

C P(X>55) 023753

CP(X=45) 076247

(b) P(X>55x>45=

={.3115.

Example 17.8
X is a normal variable with a mean of 120 and a standard deviation of 20. Find & such that:
(a) X<k =075 (b) P(120-k<X <120+ k) =09 (c) P(I15<X <k)=0.5.
Soldation:

(a) P(X<k) =075 = k=133.4898 = 133.5,

(b) P{120- k<X <120+ k)=09 = 120-k=87.10293 = £k=329.

' (c) P(IIS<X<k)=PX<k-PX<115)

Hence, P(X < k) =05+ P(X < 115) PRI e T D R
! Therefore  P(X < k) = 0.5 + 0.40129 IESIUESN BB Loy
= 0.90129 MCDTCL", 8. 90129, 28, 1 28
= k=145.77874 = 145.8 13 T
{!R e e
solveinormCDFfi] 15k, 28, 1280=8.5, k)
{(k=145,7791621) — k=458
Example 17.9
Given that X ~ N{p, 16), find p if P(X = 200 = 0.01,
Seadtibien;
P[;::: 2 20) = 0.01 S r T pmmere
: i | Ve 2.32635
Standardise X, PZz y=0.01. e 2 L 52655, >
o [x=18. 69460}
Hence Er-“ = 232635
Therefore po= 10.69
]

[salve-:n-:.rmc[:uf-:zﬂ,m.4.m-a.m.;.L:a H
{u=10.6946085} [ || = p=10.69
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Example 17.10
Given that X ~ N{g, a), find g and o if P{X = 170) = 0.1151 and P{X = 190) = 0.6554,

- Solfuion:

P(X =170)=0.1151

Standardise X, P(2< 202 )= 01151 EsLLe
170 DRy B, E554, 180

Hence B - 119984 1 o =

o AT o1 1598

M-.ﬂ_m
P(X > 190) = 0.6554 .y
190 - " (=199, 99975, w25, BEI12)

Standardise X, P(Z > )= 0.6554
Hence P01 039994 11

(5]

Solve 1 & 11 simultaneously:
p = 200 and o= 25.

Exercise 17.2

I. X i5 a normal variable with mean 10 and standard deviation 2.
(a) Find & such that P(X = 12) = P(Z = £). Hence, find P(X = 12).
(b} Find & such that P(X = 16)=P(Z = k). Hence, find P{X = 16).

2. X 15 a normal vanable with mean 50 and vanance 25.
{a) Find & such that P(X = 55)=P(Z < k). Hence, find P(X < 55).
(b} Find k such that P(X = 45) = P(Z = k). Hence, find (X = 435).

3. Given that X is a normal variable with mean 185 and variance 169, find:

(a) P(X < 180) (b) P(X = 170) (c) P(X < 180]|X = 170)
4, Given that X is a normal variable with mean 16 and standard deviation 3, find:

(a) (X2 20U X < 14) (b) (X=10wX2z22) (o) P(IX-16] 26)
5. For Z ~ N(0, 1), find the value of k in each of the following:

(a) MHZ=k)=0.1234 (b) P(Z=k)=0.5672

(c) P0.56<Z<k)=0.158%9 (d) P(k<Z<1.98)=0.7851

(e} P(-k=<Z<k)=08132 () P(-k=<Z<k)=04524
6. Civen X —~ N80, 100}, find &k such that:

(a) P(X <k)=0.95 (b) P{X < k)= 0.05

(c) P(BD < X < k)= 0.25 (d) Plk< X <80)=040

(e) P(RBO-k<X=RBO+ k) =03 () P{RO =&k <X < B0+ k) =0.995
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7. Find pif: {a) P(X S 20)=0.1587 where X ~ N(u, 25)
(b) P(j< X <20) = 0.3413 where X ~ N(, 100),

8. Find oif: (a) P(X = 75)=0.2023 where X ~ N(65, r.l:]
(b) P50 < X =60)=0.2995 where X ~ N(55, a").

9, Given that X - N(u, o), find  and & if:
(a) (X =T70)=0.1817 and P(X < 80) = 0.9655
(b) P(X = 167)=0.3085 and P{ | X — u| < 10)=0.2313.

17.3 Applications using the Normal Distribution

Example 17.11

The marks {out of 100) for an Engineening Examination taken by 200 students may be

assumed 1o be normally distributed with mean 58 and standard deviation 14.2. Students with

marks two standard deviations above the mean are awarded “distinctions” while students with

marks two standard deviations below the mean are awarded “fails™.

{a) Find the number of “distinctions™ and “fails” awarded.

_ (b} Find the probability that a student randomly chosen from this group is awarded a
distinction given that the student passed the examination.

(¢} The top 0.5% of students are awarded “high distinctions™. Find the cut-off mark for the
award of a “high distinction”.

Selution:
Let X: Marks for the Engineering Examination. = X ~ N{5§, H.EJ}.

{a) The proportion of students awarded distinctions = P[X = 58 + 2{14.2)]
= {02275
Hence, the number of distinctions awarded = 200 = 0.02275 = 4,

ih) Pistudent gets a distinction | student passed) = P(Z>2 |?_ 2 =2}
_ P(E>2)
P(Zz-2)
_ 002275 0.0213 .
097725
{c) Let the cut-off mark for a high distinction be &
Then PX = k)= 0.005
k—58
L= = (.005
W 14.2 :
k-58 57583
14.2
k=946
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Exercise 17.3

1. The length of screws in a given batch is normally distributed with a mean of 10 mm and a
standard deviation of 1.1 mm. A screw is randomly selected from this batch. Find the
probability that the length of the serew:;

(a) exceeds 9.9 mm (b} does not exceed 10.2 mm
(e} does not exceed 10.2 mm given that it exceeds 9.9 mm.

2. The diameter of cylindrical rods in a given batch is normally distributed with a mean
of 20 mm with a standard deviation of 1.5 mm. Find the probability that a diameter of a
randomly chosen rod from the batch:
{a) does not exceed 21 mm (k) is between |8 mm and 21 mm
{¢) exceeds 18 mm given that it does not exceed 21 mm.

3. The time to complete a 50 metre sprint for children of a certain age group is normally
distributed with a mean of 12 seconds and a standard deviation of 1.9 seconds, Children
with completion times exceeding the mean by more than three standard deviations arc
referred to the school nurse. Find the probability that a randomly chosen child from this
group: '

{a) will have a completion time that exceeds the mean by more than three standard
deviations:

(b} is a candidate for referral to the school nurse

{c) is a candidate for referral to the school nurse given that the completion time 18 more
than two standard deviations from the mean.

4. The marks {out of 100) of a Mathematics Competition taken by 10 000 students s

normally distributed with a mean of 62 with a standard deviation of 13.6.

{a) The top 0.5% of students are awarded Certificates of High Distinction. Find the

- minimum mark (to the nearest mark) required to receive a Centificate of High
Distinction.

(b} Certificates of Distinction are (o be awarded to the next 10% of students. Find the
interval of marks within which a student is required to achieve to receive a
Certificate of Distinction. ’

{¢) Students with marks less than 40 are awarded Certificates of Participation. How
many students will be awarded Certificates of Participation. .

5. The life of a brand of electric light globes is normally distributed with a mean of 100
hours and a standard deviation of 120 hours. Globes with lives of less than 700 hours are
rejected and recycled.

{a) Find the proportion of globes that are rejected and recycled.

{b) In an effort to reduce the proportion of globes that are rejected, the quality control
processes are tightened with the aim of altering the standard deviation of the life
of the globes (mean unchanged) so that the proportion of globes that are rejected 15
0.1%. Find the standard deviation required to achieve this.
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6. The weight of an adult rodent is normally distributed with a mean of 50g and a standard

deviation of 3.6g. In a field study, an adult rodent was trapped and weighed.

{a) Find the probability that the weight of this adult rodent is less than 55z

(b} Find the probability that the weight of this adult rodent differs from the mean by no
more than 5g.

{¢) Find the probability that the weight of this adult rodent differs from the mean by no
more than 5g given that its weight is less than 55g.

{d} Three other adult rodents were trapped and weighed. Find the probability that at
least one of the three rodents weighs less than 50g. .

7. The speed of vehicles on a freeway is a normal variable with a mean 90 kmh ™' and

standard deviation 15 kmh™' . On the freeway, vehicles must hav?spccda of at lcast

80 kmh " but not more than 100 kmh™'.

{a) Find the proportion of vehicles that have speeds below the permissible range.

(b} Find the proportion of vehicles that have speeds outside the permissible range.

{¢) Five cars travelling on the freeway were radar-gunned to determine their speeds.
Find the probability that all 5 cars had speeds within the permissible range.

(d} Cars with speeds 10% above the maximum speed limit are picked up for “speeding™.
Find the proportion of cars that will be liable for speeding tickets.

(e} Cars with speeds less than 90% of the minimum speed are picked up for “obstructing
the free low of traffic”. Find the proportion of cars that are in this category.

8. The lengths of a supply of metal stakes are normally distributed with mean 1 metre and
standard deviation 3 em. A stake with length less than 97 cm is rejected and recyeled. A
stake of length between 97 em and 100 + & cm, inclusive, is filed down to a length of
97 cm. A stake with length exceeding 100 + & cm has a piece of length 2 + k em cut from
it and it is then filed down 1o a length of 97 cm. 500 stakes were prndur:ed
{a} Find the number of stakes that will be rejected.

(b} Find the number of non-rejected stakes that have to be cut if & = 4.
{c} Find the value of & so that there is only 80% of non-rejected stakes that ha\rc to be
filed.

{d) Find the probability that in a sample of 5 stakes, exactly two is rejected.

9. The length of time Jane takes to complete her homework (excluding in between rest
breaks) at the end of each school day is normally distributed with mean 2 hours and -
standard deviation 10 minutes. Each day afler school she starts her homework session at
7.30 pm and takes a 10 minute rest break at the end of each hour. She takes no other
breaks.
ia} Find the probability that the length of time Jane takes to complete her homework
{excluding rest breaks) is not more than 1 hour and 50 minutes.

(b} Find the probability that Jane completes her homework by 9,30 pm.

{c) Find the probability that Jane competes her homework by 10,00 pm.

(d} Find the probability that Jane completes her homewaork after 9.30 pm given that she
finishes her homework by 10,00 pm.

{e) Find the probability that on five weekdays, Jane completes her homework by 9.30 pm
on exactly 2 days.
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10.

13.

14.

15.

The diameter of a brand of reticulation hose (sold in lengths of 20m) is normally
distributed with mean 10 mm. Find the standard deviation of the diameter of the hose if:
{a) 107 of these hoses have diameters exceeding 10.5 mm

(bl 10% of these hoses have diameters less than 9.8 mm

(c) 95% of these hoses have diameters that differ from the mean by less than 0.2 mm.

. The marks (out of 180} for a Mathematics Examination taken by 5 000 students is

normally distributed with & mean of 102, Find the standard deviation of the marks if:
(a) 10 students scored above 178 marks (b) 30 students scored below 10 marks
{c) 40% of the students had marks within 20 marks from the mean.

- The weight of a batch of organically grown tomatoes is normally distributed. Find the

mean and standard deviation for the weight if:

{a) 15.87% of the tomatoes have weights that exceed the mean by Bg and 73.40% of
tomatoes have weights less than 100g

(b} 68.27% of tomatoes have weights within 6g of the mean and 4.78% of tomatoes have
weights less than 140g.

The marks (out of 100) for an English Examination are assumed to be normally
distributed, Find the mean and standard deviation for the marks if

(a) 17.24% of students had scores above 70 and 0.25% of students had scores above 95
(b} 2.41% of students had scores above 80 and 31.07% of students scored less than 40

The power consumption of a centain brand of light bulb is rated at 100 Watts and may be
assumed to follow a normal distribution with mean 100 W and standard deviation 2 W,
(a) Calculate the probability that a randomly chosen bulb will have a power consumption
(i) exceeding 101 Watts (ii} between 98 and 101 Watts

(i) less than 105 Watts given that its power consumption exceeds 101 Watts
ib) Find k if the probability of a bulb with a consumption exceeding & Watts is 10%.
(c) Find the probability that in a sample of 3 such bulbs, exactly 1 bulb will have

a power consumption of between 98 and 101 Watts,

The daily consumption of electricity per house in St. lan"s Mews with 50 similar houses

has a normal distribution with mean of 8 units and standard deviation of 2 pnits.,

{(a) Find the probability that a house selected at random uses not less than 4 units and
not more than 11 units in one day.

{b} Find the probability that a house selected at random from those houses with
consumption between 4 and 11 units inclusive, has a consumption of less than
10 units.

(e} Find the daily consumption which is exceeded by 5% of the houses.

(d) Find the probability that on a given day exactly 40 houses have a consumption of
between 4 and 11 units.
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IS Sampling

18.1 Samples

Consider the scenario where the Health Department of a state wishes to know the
proportion ©of the 100 (00 high school students in the state who are short-sighted.
To determine the true value for m, each and every student in the state would have to
be tracked down. The department could then:

» require each student to complete a questionnaire regarding their eyesight

_» and/or require each student to have their eyes tested.

This procedure i1s called a census. As can be imagined, this project would have
been very labour and time intensive and costly.
A far more efficient approach would be to test a sample of students from across the
state and from this sample, form a reliable estimate for o
For the estimate to be rehiable, the members of this sample must be carefully chosen
and must reflect the different “types™ of students in the state,

* [n statistical terms, the samples must be random and unbiased.
o A sample that consists predominantly of students from one ethnic group or socio-

economic group or from one geographical locality would be unrepresentative of
students across the state. Such a sample may not provide a reliable estimate for =

18.1.1 Simple random samples

Consider again the group of 100 000 high school students. A sample of 200
students is to be selected from this group. Each of the 100 000 students is given a
unigue number from 000 001 to 100 000,

Two hundred numbers from 000 001 to 100 000 are then drawn either from a
“barrel” or using an electronic random number generator. In this instance, each of
the 100 000 students has an equal chance of being selected.

Such a sample is called a simple randam sample. That is, in a simple random
sample, at the start of the process, every member from the population (base set) has
an equal chance of being chosen.

The selection may be done with replacement or without replacement. If the
s¢lection is done with replacement, then, if the same number is selected more than
once, it is just ignored. MNote that if the selection is done without replacement, then
the selection process 15 not independent.

However, because of random effects, we could end up with a sample of 200 that
consists of students from one predominant sex or age group. In which case, the
sample would no longer be representative of the population.
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18.1.2 Systematic or interval samples

* Consider again the group of 100 000 high school students. A sample of 200
students is 1o be selected from this group. Each of the 100 000 students is given a
unique number from 000 001 to 100 000.

= Instead of choosing two hundred numbers from 000 001 to 100 000 as in the case of
a simple random sample, one number is chosen randomly from 000 001 to 000 500,

= If for example, the random number 314 is chosen. Then, 314 and every 500th
number following 314 is chosen to form the sample of 200 numbers.

= As in the case of a simple random sample, at the start of the sampling process, each
student has the same chance of being chosen. Mote again that the sclection process
is not independent. Once, the first number is chosen, the other numbers forming the
sample are automatically selected and those outside the interval have no longer any
chance of being selected.

18.1.3 Stratified samples

= In strata sampling, the population is divided into several strata (layers). The choice
of strata is determined from prior knowledge of the composition of the population.

* In the casc of the 100 000 high school students, if the Health Department is aware
that short sightedness is correlated to ethnic groups, then one of the strata or sub-
strata would be the ethnicity of these students.

s As another example, if vear level is a suspected variable in the proportion of short-
sighted students, then the entire population would be divided into vear levels.
Further, if the ratio of the yvear 7: year 8; year 9; vear 10: year 11: year 12 students is
determined to be 3: 3: 3: 2: 2, then the composition of members in the sample of
200} should also reflect this ratio. There should then be approximately 46 vear 7
students in the sample. These 47 students may be selected using simple random
sampling or systematic random sampling,

* In stratified samples, not all members of the population have an equal chance of
being selected. But members within the same stratum should have the same chance
of being chosen,

¢ Clearly, constructing stratified samples can be both time consuming, labour
intensive and expensive,

18.1.4 Cluster samples

* [n stratified samples, it is possible that members of a particular stratum may reside
in remote and not easily accessible locations. To aveid this complication, the year
groups could be further divided into several clusters representing students from
major towns. Then several of these clusters are selected to make up the
representatives of the year level. All members of the selected cluster are selected
and no students outside these selected clusters are selected.
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18.1.5 Convenience samples

* [n convenience sampling no regard is paid to the need for the sample to be
representative of the population. If a sample of 200 students is required, then a
possible convenience sample would the first 200 students in a high school close to
where the rescarcher lives,

18.1.6 Quota samples

¢ [n quota sampling, the population is divided into vanous strata as in the case of
stratified randomly sampling. However, in place of a simple random sampling
method of selecting the students in a given stratum, a method of convenience
sampling 15 employed.

18.1.7 Self-selection samples

* In self-selection or volunteer samples, the members of the population volunteer
themselves rather than being selected. Hence, if 200 students are required, the first
two hundred students to respond positively to a mass email send-out by the Health
Department would constitute the sample.

18.2 Random and non-random samples

e A sample is termed random if every member of the population from which the
sample 15 denived has a known non-zero probability of being selected. These :
probabilities need not be the same for cach member of the population.

* Hence, simple random samples, systematic samples, stratified samples, cluster
samples are random samples.

¢ However, convenience samples, quota samples and self-selection samples are non-
random samples as some members of the population have a zero chance of being
selected.
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18.3 Bias

= Bias is a statistical concept and is not a reflection of the statisticians” intent to
mislead/deceive.
« A sample is termed bigsed:
= if some of the members of the population from which the sample is derived:
has cither a zero chance of being selected
« or the probability of these members being selected cannot be determined
before-hand.
* Hence, non-random samples are by definition most likely to be biased. Most
samples are biased 1o some degree as it is almost impossible to design and conduct
a bias-free sample,

18.3.1 Sources of Bias and Reducing Bias

¢ [n designing a sampling method, costs, efficiency and the reduction of bias are key
factors. The guickest and cheapest sampling method may be more prone to bias
while a sample less prone to bias could be prohibitively expensive and time
cOnsumMing Lo construct,

* |f estimates of a population parameter are required in a hurry, then the bias factor
while still important would have to recede into the background.

» Stratified random sampling would be the best sampling method in terms of bias
reduction. However, the various strata need to be clearly and correctly identified.
The use of wrong variables to describe the strata may lead to unreliable results or
unnecessary waste of finances.

Example 18.1
In a survey conducted by a Primary School, 240, 90, 170 students respectively indicated that
they walked/rode their bicveles, took a train'bus or were driven to school. 50 students are to

be selected to attend a road-safety competition. ’
ta} How many students from those who were driven to school ought to be selected?
(b) What would be a fair way of selecting the students in (a)?

Solution:

170
240+ 90+170
Hence, required number of students in sample = 50 = 34% = | 7.

{a) Proportion of students driven to school = = 34%

(b} The use of a simple random sampling method.
Each of the 170 students driven to school would have their names written on a
picce of paper and placed in a barrel. A student or staff-member could then be asked
to randomly draw 17 names from the barrel.
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Example 18.2

Consider the scenario where the Health Department of a state wishes to know the proportion
of the 100 000 high school students in state who are short-sighted. In each of the following
cases, comment on the sampling method used and discuss possible sources of bias,

(a) A health department official visits the high school located 200 m from where he lives and
wails at the bus stop just outside the school half an hour before the start of school, He
observes the first 100 students that alight from the school buses and notes that 15% of
these students wear glasses. From this he estimates that 15% of high school students in
the state are short-sighted. Comment on the sampling method used.

(b} Another health department official visits the high school located 2 km from where he
works and waits at the drop off point at the school entrance half an hour before the start
of school. He observes the first 100 students that are dropped off by cars and notes that
05% of these students wear glasses. From this he estimates that 65% of high school
students in the state are short-sighted.

{c) Another health department official emails all high school students enrolled in state *
schools. The emails requests 500 students to volunteer (by return email) for free eve-tests
and offers free glasses for those that found to require them. It was found that 73% of the
respondents were short-sighted.

Solution:

(2) This an example of convenience sampling. It is quick, efficient and cheap but non-
random and hence is prone to be heavily biased.
The official assumed that the wearing of glasses is evidence of short-sightedness.
There are other vision defects that require the wearing of glasses.
It is also possible that students who take buses to school are those that are not short
sighted.

(b) This an example of convenience sampling. It is quick, efficient and cheap but non-
random and hence is prone to be heavily biased.
The official assumed that the wearing of glasses is evidence of short-sightedness.
There are other vision defects that require the wearing of glasses.
It 15 also possible that students who are dropped off to school are short-sighted as
parents are more concerned with their safety and well-being.

(¢} This an example of self-selection sampling. It is quick, efficient and cheap but non-
random and hence is prone to be heavily biased,
The emails were sent only to students of state schools. Students attending private
schools were automatically ruled out.
The high proportion of students who responded to the survey could be due to the offer
of free-glasses and hence only students who are already short-sighted have responded.
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Exercise 18.1

l.

On a particular media website, readers were invited to respond to the following question:
Do you agree that asylum secker boats should be forcefully turned away from Australian
territorial waters? Comment on this method of sampling public opinion on the matter and
discuss possible sources of bias.

Following the release of the latest federal budget, the Australian public was invited to
“twitter” their favourable or non-favourable responses. Comment on this method of
sampling for gauging the proportion of the Australian public that found the budget
favourable and discuss possible sources of bias.

On a popular celebrity cooking show, viewers were invited to sms their choice of one of
two celebrities for the title of “Australia’s favourite celebrity chef™. Comment on this
method of polling for the “title” and discuss possible sources of bias,

_ A fast food chain recently released a new low-caloric budget menu. The Australian

public were invited to register their “likes™ or “dislikes™ on the company’s Facebook
page. Comment on this method of sampling the public’s response to the new menu and
discuss possible sources of bias.

. A city council’s cost cutting measures include the switching off of strect lamps between

the hours of 2 am and 6 am each night. A street with 300 dwellings fronting the street
was randomly selected and a method of systematic sampling was used to select 30 homes
from this street. Comment on the choice of sampling method and discuss possible
sources of bias and ways to reduce them.

A radio station conducted on phone poll of 500 homes in a large city to determine the
level of support to the issue of daylight saving, Comment on the choice of sampling
method and discuss possible sources of bias.

An expensive private school (single sex) conducted a phone poll on the families of 200 of
its students to gauge the proportion of families supporting the extending of school hours
for the students. Comment on the choice of sampling method and discuss possible
sources of bias and ways to reduce them.

A co-educational senior college has 380 year 10, 320 year 11 students and 360 year 12
students. The staff association of the college recommends that recess should be shortened
by Sminutes and lunch by 10 minutes, Construct a sample of 100 students to collect
information on the students’ response to this recommendation addressing possible sources
of bias and procedures of reducing these biases.

A sample of 1000 year 8 students from a city is to be selected to participate in an
international mathematics test. Suggest a method to select this sample addressing
possible sources of bias and procedures of reducing these biases,

Suggest a method to select 3000 Australian citizens to gauge their opinion as to whether
Australia needs a new national flag. Address possible sources of bias and your efforts to
reduce them.
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18.4 Variability of random samples.

= The accompanying diagrams show four histograms representing four different
samples of fifty observations each from a discrete uniform variable X with

probability mass function f(x) = % forx=1,2,3,....10.
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* Theoretically, the histogram for a sample of 50
observations of X should look like the histogram

on the right.

= However, due to the effects of randomness, the
histograms are as shown above, This is not in any
way evidence of bias in the sampling process.

* However, as the sample size increases, the
histograms should more resemble the theoretical LRESS
histogram as seen in the accompanying diagram;

on the right; sample size = 500.
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* The accompanying diagrams show four histograms representing four different
samples of fifty observations each from a Binomial vanable X with parameters
n=20and p=02.

Redadre Frequancy Retaing Fraguanty
-
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e Theoretically, the histogram for a sample of 50
observations of X should look like the histogram
in the accompanying diagram on the right.

o However, due to the effects of randomness, the
histograms are as shown above. This 15 not in any
way evidence of bias in the sampling process.

* However, as the sample size increases, the
histograms should more resemble the theoretical
histogram as seen in the accompanying diagram
on the night; sample size = 500.
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e The accompanying diagrams show four histograms representing four different
samples of fifty observations each from a Normal variable X with parameters
p=358 and o= 14.
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» Theoretically, the histogram for a sample of 50 2y
observations of X should look like the histogram 0
in the accompanying diagram on the right.

# However, due to the effects of randomness, the g
histograms are as shown above. This is not inany ot
way evidence of bias in the sampling process.
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ﬁt Hands On Task 18.1

In this task, we will make use of a CAS calculator to generate random samples consisting of
observations from several random variables.

sample of 50 observations of the Binomial £6: 71859, T2 5:8s 8, 10,7,8,6,
variable X with parameters n = 10, p = 0.7,
Export your sample into a list.

(b} Use the statistical graphing capability to
represent this list as a histogram.

(¢} Repeat (a) and (b) to obtain a total of 10
different samples of 50 observations cach.

{d) Forcach sample calculate the proportion
of observations that exceed 6.

(¢} Comment on your answers in (d).

1. (a) Use your CAS calculator to generaie a SndBn(10,0.7,50) 5Tiet] ﬁ

19

12

—

=7 =
Eitﬁ'ﬂl |E
2
(a) Use your CAS :f_alcutatur Lo generate 1] P ITT]
samples each with 50 observations of the {15189, 35 10,9, 755:8; 754, 7
discrete uniform variable X, for

¥r=1,23 ..., 10
(b) Use vour CAS calculator to draw the

corresponding histograms.
(¢} For each sample calculate the proportion of

observations that exceed 6. 12
(d) Comment on your answers in (d).

)
T Fem
atGraphl

"

3. (a) Use your CAS calculator to generate 10

samples each with 50 observations of the {Tﬂg‘}"ﬁ;’ Eég?;f!:;lﬁ?h ,ﬁ
normal vanable X with p= 10and o = 3.
{b) Use your CAS calculator to draw the
corresponding histograms. "
(e} Foreach sample calculate the proportion of i
observations that exceed 6.
{d) Comment on your answers in (d). [ HL 24
Iimn
E= : Fc=3
tatlraphl
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19 Sample Proportion _"

19.1 Sampling distribution for sample proportion

e The table below shows the proportion of students that take the bus to school cach
day for ten samples of fifty students each. These samples are taken from a larger set
of studenis called the population set or parent set.

Sample 1 - 3 4 g | & | 7 8 G 10
Sample | 27 [ 23 26 2 31 2 5 24 % 2
Proportion | 50 50 50 50 50 50 50 50 | 50 50

* As discussed in the previous chapier, because of random cffects, different samples
will produce different values for the sample proportion. It can also be seen that the

3 1 23 X% W A 2T M O B
sample propo i e A A PO e oo SR
ple proportions 50° 50" 50" 50" 50" 50°%0° 50 % form a frequency

distribution of its own. Note that this distribution is a discrete distribution (i.e. it is

. 7 .
not possible 1o have 15‘.]5 as a sample proportion).

# The distnbution formed by the sample proportion of afl possible samples is called
the sampling distribution of the sample proportions. There are different sampling
distributions of the sample proportions for samples of different sizes.

= The set of ten sample proportions above form a frequency distribution
of sample proportions of sample size 50. As the number of samples
obtained increases, the frequency distribution approaches the sampling
distribution of sample proportions of sample size 50.

* Consider a population where the proportion of the population with a particular
attribute is n. (For example 23% of the population is lefi-handed).

» Consider a random sample of size n taken from this population,

e Define X: No. of elements in the sample with the required attribute.
Define the random variable : proportion of sample with given attribute.

« Thatis, & = E
n

Clearly, X is a binomial variable with parameters » and .

Mean for X =nm and standard deviation for X = Jnm(l - x)
Mean for X - n

» Therefore, the mean for & =
" i

- Standard Deviation for X

n
X ,.Il':mil—ﬁ] _ [=(l—m)
n '

Hence, the random variable © has mean 7 and standard deviation

Standard deviation for =

n(l—mn)
=—-—n )
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= The sampling distribution of the sample proportions of size i has the same
properties as & the random vanable representing the sample proportion of size n.
Hence, the sampling distribution of the sample proportions of size # will have a

mean of © and standard deviation .|||M .
i

Example 19.1

It is known that 35% of year 12 students in a given state are aiming for university entry,
Random samples of 300 students are taken and the proportion of students aiming for

- university entry in each sample calculated, Find the mean and standard deviation of the
sampling distribution for the sample proportions of size 300.

Sodution:
Mean of sampling distribution = (.35
Standard deviation of sampling distribution = ﬂj-;’ ’;}-ﬁﬁ
=0.02754

19.2 The Central Limit Theorem

* Previously, it was pointed out that the sampling distribution of sample proportions:
= has mean = population proportion =
(]l - n)
—

= has standard deviation =

* The Central Limit Theorem states that the sampling distribution of sample

proportions has a distribution that approaches the pormal distribution as the sample
size n increases.

* Hence, as the sample size » increases, the sampling distribution of sample
proportions tends towards a normal distribution with:

mean = population proportion & and standard deviation = [ 20—
T

* For practical purposes, it is acceptable to treat the sampling distribution as normally
distributed as long as the size of the sample n = 30.

= Note that 7 is a discrete distribution related to the binomial distribution. The
Central Limit Theorem permits us to approximate i with a continuous normal
distribution provided the sample size is large.
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Example 19.2

It is known that 85% of students starting school in a particular state have been immunised
against measles. Samples of 250 students starting school were taken. Describe the probability
distribution for the sampling distribution of sample proportions of size 250 for students
immunised against measles.

KSalation:

As the size of the sample = 250 = 30, by the Central Limit Theorem,
% is approximately normally distributed

with mean = 0.85 and standard deviation = Iﬂ‘:m?t% = (1.02258.

Example 19.3

It is known that 42% of studenis at a college have a parent who was once a student of the

college. A sample of 50 students was selected from this schoal,

{a} Use the Central Limit Theorem to estimate the probability that the sample proportion of
students with a parent who was once also a student of the college is no more than 0.5,

{(b) Use the Binomial Distribution io estimate the probability that no more than 50% of
students in this sample have a parent who was once a student of the college.

(e} Use an appropriate method to estimate the probability that 0% of students in this sample
have a parent who was once a student of the college.

Solution:
{a) By the Central Limit Theorem, as sample size n = 50 > 30,
the sample proportion mtwill be approximately normally distributed with:

0.42x(1-042) _ 0.06950
50 ;

rmean = 0.42 and standard deviation = J

Hence, P{ & < 0.50) = 0.87413.

{h) Let X: No. of students with a parent who was once a student of the college out of 50.

X ~B(n =50, p = 0.42). B, 42¢1-0, 42 ~
Hence, P(X < 25) = 0.90076. =3
. 26958
LD ~=, 8, 58, 8. 9698, 8,42 )
(e} From (b), X ~ B(n = 50, p = 0.42). s
Hence, P(X = 25) = 0.05871. D2, 25,50, 0,480
9. 85871

MNotes:
o Pfa =030 and PEX = 25} rofer to the probability that the sample praportion is no move than 50%,
Ar expected, the answers are slighly different. Prg = 0.50) wres the nornnal disieibuetion w
erprprrernimate & discrele disteibiction withowt the wee of @ continity correetion, which in this instance s
alfffenlt fo agnmly.
# Py (o) was done wing the Soowial varighle X To approximate & with a wovenal disteibution
wonld regrive the uee of @ covlinuiny correction wiich in this case is med appropriale.
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Example 19.4

It is known that 5% of a batch of USB sticks manufactured is defective, Samples of n USB
sticks are randomly selected. Find » if the standard deviation of the sample proportion of
sticks that are defective is not to exceed 0,01,

Solution:
The sample proportion & will have mean = 0,05

and standard deviation = Ju.ns:u—u_uﬂ .

"
For the standard deviation not to exceed 0.01:

Jﬂ.mxu—n.nﬂ} i tnlwf [eEies m..n;n

" {rsd T3}

=475

Exercisel9.1

I. Itis known that 38% of students in a school are from Non-English Speaking Backgrounds

(NESB). A sample of 80 students from this school was taken.

(a) Describe the probability distribution for the sampling distribution of sample
proportions of size 80 of students from NESB.

(b) Use the Central Limit Theorem to estimate the probability that the sample proportion

- of students from NESB is at least 40%.

(c) Use the Binomial Distribution 1o estimate the probability that at least 40% of students
in this sample are from NESB.

{d} Use an appropriate method to estimate the probability that 40% of students in this
sample are from NESB.

2. It is known that 9% of residential homes in a city are connected to a 4G wireless network.

A sample of 200 homes from this city was taken.

(a) Describe the probability distribution for the sampling distribution of sample
proportions of size 200 of residential homes connected to a 4G wireless network.

(b) Use the Central Limit Theorem to estimate the probability that the sample proportion
of residential homes connected 1o a 4G wireless network is at least 109 .

(c) Use the Binomial Distribution to estimate the probability that in this sample, no
more than 12% of residential homes in this city are connected to a 4G wireless
network.

(d) Use an appropriate method estimate the probability that in this sample, 10% of
residential homes in this city are eonnected to a 4G wireless network

3. Samples of 50 observations cach of a binomial variable with parameters n = 10 and
= 0.47 were taken,
{a) Describe the probability distribution for the sample proportions it of size 50.
(b) Use the Central Limit Theorem to estimate the probability that & lies between 0.45
and 0.48.
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. Samples of 150 observations each of a binomial variable with parameters m = 25 and

p = 0L63 were taken.

{a) Describe the probability distribution for the sample proportions & of sample size 150,

(b} Use the Central Limit Theorem to estimate the probability that & exceeds 0.62 given
that it is no more than 0.65.

. The variable X is uniformly distributed for 0 < x <24,

(a) Find P{X = 20),

(b} Samples of 40 obscrvations of X were taken and the sample proportion T of
observations exceeding 20 calculated.
(1) Describe the probability distribution of .
(1) Lse the normal approximation to T to estimate P{ & =02| & =0 15).

. The vanable X 15 a discrete uniform vanable for X =1, 2, 3. 4, 5.

(a) Find P(X <2).

(b) Samples of 60 observations of X were taken and the sample proportion 7 of
observations not exceeding 2 calculated.
(i) Desecribe the probability distribution of &,
{ii} Use the normal approximation o & to estimate P{ 1< 0.3 & < 0.4).

. The variable X is a normal variable with mean 60 and standard deviation 15.

(a) Find P{X < 80).
(b) Samples of 100 observations of X were taken and the sample proportion 7t of
observations not exceeding 80 calculated.
(i) Describe the probability distribution of !
(11} Use Central Limit Theorem to estimate P( 1 < 08 & =0.9).

. The variable X is a normal variable with mean 100 and standard deviation 20,

(a) Find P(X > ¥3).

(b) Samples of 200 observations of X were taken and the sample proportion # of
observations exceeding &3 calculated.
(i) Describe the probability distribution of 7.
(i) Use Central Limit Theorem to estimate P{ & > 0.75| & <0.8),

It is known that 22% of students in a school come from single parent homes. Samples of
# students are randomly selected. Find # if the standard deviation of the sample
proportion of students from single parent homes is not to exceed 0,05,

. It is known that 19% of residents in a suburb are over the age of 65, Samples of n

residents are randomly selected. Find n if the standard deviation of the sample proportion
of residents over the age of 65 is not to exceed 0.1,
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12,

13.

14,

15,

The waiting time at a pharmacy is uniformly distributed over the interval 5 to 20 minutes.
In a study conducted by the pharmacist, the waiting times of several samples of 40 clients
each, were recorded,
{a) Find the mean waiting time of all clienis at the pharmacy.,
{b) Describe the probability distribution that best models the distribution of the sample

proportion of 40 clients with waiting times exceeding the mean waiting time.
(¢} Find the probability that a randomly chosen:

(1) patient has to wait at least 15 minutes.
{ii) sample has a sample proportion of clients with waiting times exceeding the mean
waiting time of no more than 60%.

The amount of sugar dispensed by an automatic sugar dispenser is uniformly distributed

over the interval 1.5 gto 2.5 g. The dispenser was used » times and the amount of sugar

dispensed recorded.

(a) Forn= 100, describe the probability distribution that best models the distribution of
the sample proportion of sample size i of sugar dispensed not exceeding 2.1 g

(b) For n= 100, find the probability that a randomly chosen sample has a sample
proportion of sample size » of sugar dispensed not exceeding 2.1 g of at least 61%.

(c) Find » so that the standard deviation associated with the sampling distribution of
sample proportion of sugar dispensed not exceeding 2.1 g is no more than 0.05 g.

A box has | green ball and 7 red balls. Eight balls are drawn with replacement from this

box and the number of green balls noted. This procedure is repeated 36 times to form a

sample of 36 observations. Define X: No of green balls drawn and let ®: the sample

proportion of draws where X = 3.

{a) Find the probability distribution for X and &,

(b) Use the Central Limit Theorem to find the probability that & has a value between
0.03 and 0.04,

(¢} Find the probability that in 20 samples of 36 such procedures; at [east 4 samples
would have Tt with a value between 0.03 and 0.04.

A box has 7 green balls and 5 red balls. Four balls are drawn without replacement from

this box and the number of green balls noted. This procedure is repeated 36 times to

form a sample of 36 observations. Let X: No. of green balls drawn and let ©: The

proportion of draws where X = 2, |

{a) Find the probability distribution for X and .

{b) Use the Central Limit Theorem to find the probability that for any randomly chosen
sample of four draws @ has a value between 0.7 and 0.8.

(¢} Find the probability that in 50 samples of size 36 each; at least 15 samples would
have & with a value between 0.7 and 0.8,

It is known that 7 % of teachers in a state are members of the teachers union. Samples of
144 teachers are chosen. The sampling distribution for the sample proportion of teachers

of sample size 144 who are members of the union has standard deviation -]-:—En . Find =
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19.3 Approximating sample proportion xt with the Normal Distribution

* As mentioned in Section 19.1, the random variable #: the proportion of sample

with a given atiribute is given by ft = L where the random variable
"

X: MNo. of elements in sample with the required attribute, is a binomial variable
with parameters mand 7. 7 is the proportion of the population with the given
attribute.

# In Section 19.2, it was noted that if the sample size # = 30, then by the Central
Limit Theorem, 7 may be approximated by a normal variable.

# There is another justification for approximating 7t with the normal distribution.
It can be shown that if X is a Binomial Variable with parameters » and p,
and if n = 30 with np = 5 and g = 5 (that is, p is neither too close to 0 or 1) then,
X may approximated by a Normal Variable with mean np and variance np(1 - p).
+ The diagram below shows the relative frequency histogram
for a binomial variable with parameters n = 50 and p = 0.4.
[Which gives np = 20 and mp(1 — p) = 12.]

RE]
niz

=1
el

2

Redative Froquency
= =
E &

=2
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=

» The diagram below shows the graph of the probability density function of a
mormal varable with mean 20 and vanance 12,
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012
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il |
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= e
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» Note the congruence of the two graphs.

+ Since, the random varnable ©t = X is a discrete variable related to the binomial
)

variable, for large n, @ may also be approximated with a normal variable.

» Hence, for # = 30 with sp > 5 and ng = 5, fi= & may be approximated

"

with a normal variable with p = I - pr and ﬂ'E - -’-szi - 29
i "
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A7 e
.%L' * Hands On Task 19.1 (For Casio ClassPads Only)

. o A simulated run of b samples each with # observations of a Bernoulli variable with
parameter 15 equivalent to a simulated run of ene sample of b observations of a
binomial variable with parameters # and m.

o [n this task, we will usc the first approach (use a Bernoulli variable) to simulate a
frequency distribution of & sample proportions calculated from b samples each
containing n observations of a random variable, and explore the behaviour of the
frequency distribution.

We will use the program wizard 1o write a simple program to perform the simulation

* Tap the Program Wizard. |
 In the Program screen tap =24 | L= b [ | Eﬂﬂ

to start a new file {program). Folder: jmamn 1=]

e Ciive the new file a name, e.g. Simp01.

» Note down the parent folder, e.g. “Main".

* In the program editor, type the contents of the accompanying screen dump.
= Tap to save the program.

* Tap to exit the program editor.
* Tap to run the program.

PEN ST }I IENESEETNC
FirText
Imput ne"Size of Sampla"
Input by"Mo. of Samples"®
ut Py =7 (B<m<1)"y"Population
oportion n"
seqix,xs 1:bira
For 1# To b ’
Bﬂh';l:lﬂl €1 b
i HE Fandeint. Ly Ppandze
This program will: For 194 Yo n
» simulate b samples, each If x[il=1
containing n observations of I ﬁ:‘c
a Bernoulli variable with IfEnd
proportion/probability of ﬁrﬁ AL
SUCCESS T Frint =
. calculatcf the proportion of g;ﬁtsn
success in each sample. Print a ’
» display the frequency distribution &m@mﬁ 1,00, Hstooram, Listl, 1

of sample proportions as a list
» display the frequency distribution of sample proportions in a histogram.
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PESERTY S e R e

I. Simulate 100 samples of 5 observations of a Bernoulli variable with parameter 0.6,

* When the program has simulated the collection of 100 samples of 5 observations
and formed the frequency distribution of the
sample proportions, a pop-up screen will appear.

* The screen allows you to set the drawing
parameters of the frequency histogram.

® Choose HStart; 0

HStep: 0.1
s Tap OK
s The accompanying screen dump shows the
final screen,

& Tapanywhere on the graph screen.

* You can analyse the graph by tapping the
“Analysis™ Menu and selecting the
required tool.

* You can also caleulate the mean of the
sampling distribution and its associated
standard deviation using the “Cale” Menu,

# You can have a whole lot of fun!

2. Simulate 100 samples of 50 observations of a
Bernoulli variable with parameter 0.6. Be patient! T ||IE[,|,]|,}HIJ F-:.Hr L!."III:'

=g 489

=B, & Fe=45

3. Use this program to observe how for large n, as the number of samples increases, the
frequency distribution of the sample means 1 approaches the theoretical sampling
(] =) )

"

distnibution of sample proportions Nim,
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Pnt & Interval Estimates for &t \

-

20.1 Point Estimates for population proportion m

» Assume that the Federal Government wishes to know the proportion & of year one
students in the country who have been vaccinated against measles, mumps and
rubella (MMR).

»  As mentioned in Chapter 18, a census of all year one students would be both time
and labour intensive and costly.

= A random sample of year one students could be taken. The caleulated sample
proportion of year one studenis vaccinated against MMR, 7, could be used 1o
estimate =, When 7y is used in this sense, it is termed a peint estimate of the

population proportion .

» As mentioned in Chapters 18 and 19, due of random effects these point estimates &
vary from sample to sample and form a discrete random distribution called the
sampling distribution of the sample proportion. That is, when different samples
(unbiased) are taken, estimates for the population proportion will vary. This isa
disadvantage of using point estimates.

20.1.1 Sampling distribution for sample proportion when & is not known

e Let @i, be the sample proportion of a particular sample of size ».
It can be shown that if # = 30 and for values of (n ) > 5 and (m7tg M1 — @p) > 5,
the sampling distribution of sample proportions of size # will be approximately
normal with mean 7y and standard deviation M
« In summary:
s The population proportion = is not known.
e Let 7 be the random variable representing
the sample proportion of size .,
o Let 1y be the sample proportion of a particular sample.
Then a point estimate for 1 is .
(Since, m is not known, we use Tty as a point estimate for n.)
s If, the sample size n is large (= 30)
and nity > 5 and mag(l = ®p) =5,
then the sampling distribution for the sample proportion of size »
will be approximately normal

with mean ®t; and standard deviation .||| Topll ~%p) .
i
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Example 20.1

In a random sample of 100 students, it was found that 43 of these students lived within a 5 km

radius of their school.

(a) Suggest a point estimate for the true proportion of students in this state that live within a
5 km radius of their school.

{b) State the approximaite probability distribution for the sampling distribution of sample
proportions of students that live within 5 km of their school for samples of size 100.

{c) 200 samples of 100 students each were taken. State the approximate probability
distribution for the frequency distribution of sample proportions of students that live
within 5 km of their school for samples of size 100,

Soluiton:

¥ . . 43
{a) Sample proportion for given sample = 100 =043,

Hence, an estimate for the true proportion of students in this state that live within a
5 km radius of their school would be 43%,

(b} As sample size n > 30, the sampling distnbution for sample proportions of sample
size 100 is approximately normal with mean 0.43 and standard deviation
0.43x0.57
100

= (L0449 508,

(c) As the number of samples is large, the frequency distribution tends towards
the sampling distribution of sample proportions of size 100,
Hence, the frequency distribution of the 200 sample proportions has an approximate
normal distribution with mean 0.43 and standard deviation 0.049 508,

T—1
[®(1-%)
M

s Consider b samples cach with n observations of a random variable X.
Let the proportion of the required attribute be x.
= For each sample, the sample proportion

20.2 Probability distribution of

S =T
and the Stalishc —e— s calculated.

K—X

» Hence, we have a distribution for — s .
=
"
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« It can be shown that for large n (0 = 30),

providednr>5andma(l - nt) =35,
this distribution will be approximately standard normal,

Thatis, forn=30and rn>Sand n(l - a)>35
ffi—m

e = N0 T
I“ﬁ'-.“?
n

= As the number of samples b increases in size, the frequency distribution of

n—m

s Will tend towards the sampling distribution of
|i k=)
i

Example 20.2
It is known that the 28% of residents in a certain state are aged 65 and above. 500 samples of

100} residents were taken. For each sample the statistic —= U_ =
=1

is calculated, where m and

fl

ft are respectively the true proportion and sample proportion of residents aged 65 and above.
{a) Describe the sampling distribution for the sample proportion of sample size 100 of

residents

aged 65 and above.

=1

(b} Describe the distribution and frequency distribution for T .
fi(l - it

Solution:

T

(a) Assample size n = 100> 30,
1 is approximately normal with mean =028

and standard deviation =
2 100

(b} Asn= 100 =30 and as the number of samples is large, the distribution for

and

0.28x0.72 — 0.0449

F

2=
I f=
— i ]

- I_“' } will be approximately standard normal.
-
n

the frequency distribution of

=
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7
“" ﬁ- Hands On Task 20.1 {For Casio ClassPads Only)

In this task, we will make use of a Casio ClassPad to observe how the variable

tends towards a standard normal distribution.

I. Create and save a new program “Simp02" Bz I

to: ClrText , -
o simulate b samples, each containing n el BN g el
observations of a Bernoulli variable with | [EUt By x=f, (B<r<1%, "Population
proportion/probability of success n. el fa
e calculate 7t the i i B
proportion of success in o T
each sample. lEor 195, Ta'n
- If xCil=1
» display the value of ————==for each ::‘ﬁ:
|-I {1 - x) IfEnd
Hext
i cSned
sample. {dpd/r(dxdi-dd/nybatil
* display the frequency histogram for :‘ﬁif.-ri
-7 t a
— StatGraph 1, On, Histogram,Listl, 1
ml—mx) DrawStat
n
: ; R—N ;
2. By observing the shape of the frequency histogram of T use this program to
ml=m)

I

explore how J% tends towards a standard normal variable for large values
afl—mn
L

of i (n = 30) and values of & such that rx > 5 and m(1 — 1) =5.
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Exercise 20,1

I. Consider the Bemoulli vanable X with
probability of success m. Five samples each
<contaiming 10 observations of X were
obtained and displayed as lists.

{a) Calculate the proportion of successes for
each sample.
{b) Use the first sample 1o provide a point estimate for x and:
(1) state the mean and standard deviation for the sampling distnibution for the
sample proportions of sample size 10.

(i) calculate the value of S o B for cach sample.

(1 =)
n
2. Consider the Bernoulli variable X with
probability of success 1. One sample M" 1:8;6,1,8,
containing 50 observations of X were obtained 15151,1,1,8,8,1,8,1
and displayed as shown. By1s8515148,151,1,1
(a) Calculate the proportion of successes for ByBy1s1:8:8,1.641
this sample. Belslslslalslslslall I

(b) Use this sample to provide a point estimate
for m and:
(i) state the approximate distribution for the sampling distribution for the sample
proportions of sample size 50,

(1} caleulate the value of :[_ . == fOr this sample.
[#(1-7)
M

(iii) state the probability distribution for the statistic

3. Consider the binomial variable X with parameters 10 and . I_{E’ Dy dy 6352

Five observations were made on X and the results as shown.

{a) State the frequency distribution of the sample proportions of successes.
{b) Use the first observation on X as an estimate for m and:
{1) state the mean and standard deviation for the sampling distnibution for the
sample proportions of sample size 10.
K-n

{ii) calculate the value of for each observation.
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P .

4. Consider the binomial variable X with
parameters 30 and m. Ten
observations were made on X and the results as shown.,

{(a) State the frequency distribution of the sample proportions of successes,
(k) Use the sixth observation on X as an estimate for = and:
(1} state the approximate probability distribution for the sampling distribution for
the sample proportions of sample size 30,

{ii) calculate the value of T:_' ﬂ_ for each observation and hence the
[30-7)
"

T—1

mean and standard deviation for the frequency distribution of T
Fﬂ_— %)
"

K17,10,13,13,20,14,13,17,13, 182

&

5. In a random sample of 200 students, it was found that 39 of these students were dropped

off at school each moming by their parents:

{a) Suggest a point estimate for the true proportion of students in this city that were
dropped off at school by their parents.

(b) State the approximate probability distribution for the sampling distribution of sample
proportions of students in this city that were dropped off at school by their parents
for samples of size 200.

(e} 500 samples of size 200 students each were taken, State the approximate probability
distribution for the frequency distribution of sample proportions of students that were
dropped off at school by their parents for samples of size 200,

6. Itis known that the 32% of residents in a certain city are aged below 25 years. 1 000
AT

samples of 30 residents were taken. For each sample the statistic : 15
[70-7)
n

caleulated, where = and & are respectively the true proportion and sample proportion of
residents aged under 25 years.
{(a) Describe the sampling distribution for the sample proportion of sample size 50 of
residents aged under 25 vears.
K-

(b) Describe the probability distribution of the frequency distribution for T:: .
n(l —x)
'8
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20.3 Interval Estimates for population proportion «t

e [nterval estimates for the population proportion 7 involve using a point estimate

and the properties of its sampling distribution to provide an interval of values for
estimating .

20.3.1 Confidence Intervals for

= A confidence interval for m:
= uses the sample proportion & as a point estimate for m,
» provides a margin of error (+ ) for the point estimate 7,
thereby providing an interval of possible values forn, &t ~e<n< 7 4+ ¢,
» and a statement of confidence in percentage terms that
would lie within the interval of values calculated.

20.3.2 Calculating Conflidence Intervals for

= Let the random variable 7: sample proportion for samples of size n,
where n = 30, from a population with proportion of success n.

* Ag seen in the previous section, © may be approximated by a normal variable with

mean p = x and standard deviation o = BN :
"

Note that Ll 2 = — will be approximately standard normal, Z ~ N{D, 1).
= =

k= 1

n

o Consider P(n = k< 1 <m+k)=10290.

= P| e £ 2 S | = 0.90.
A7) A-#) *
=
Since, P(-1.645 < Z < | .645) = 0.90,
k1645 = k=16e5 (=R
x(l-n) .
2]
= Pr- 1645 JHEE < icneneas x (HED) - 090, m
(1) can be rearranged to give:

Pk - 1645 % (PR ooz i paasx [FUZR) _h0g (1)
n

n
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e,

o (I} states that there 15 a 90% probability that & will lie in the interval

& +1.645 (2=
n

For it as a point estimate for m, we are 90% confident that the interval

g + 1.645 ol m"} will contain 7. This interval is known as the 90%
n

conlfidence interval for a.

» Likewise, the 95% confidence interval for 7 is g + 1,960, |20 —To)
"

and the %9% confidence interval for p is 7ty £ 2.576 Tyl - y) ":“}
n

¢ Hence, if the sample size n = 30, the 100c % confidence interval for s given by

P fﬂ“—ﬂ::ﬁ{nqi*_: . |Rll=m)
¢ n “ "

where F{—zc << z.)=rc

s Clearly, different samples will yield varying interval estimates for © with the same
confidence level 100c %, However, from the repeated sampling, 100¢ % of the
interval estimates obtained will actually contain m

& That is, the confidence level of 100¢ % refers to the percentage of intervals
obtained through repeated sampling (of the same size) that will contain .

¢ In summary, a 100¢ % confidence interval for m:
= uses the sample proportion 7t as a point estimate for ,

: : ||:‘|: I =it . : :
= provides a margin of error (£ z_* %] for the point estimate &,

A 2 z 2 il =7)
thereby providing an interval of possible values form, & £ z_= —
» provides a statement of confidence in percentage terms that through repeated

il - m)

n

obtained will contain =

sampling, 100¢ % of intervals &t = z_=
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* The table below summarises the different confidence intervals for p.

i Confidence Level Confidence interval
90% i 15as 20—
i
95% i+ 1,960, 2T
"
99% & +2.576, (M=%
i
100c % fazx (RO-T)
e 1
100(1  6) % Srp i fi(l - it)
s <

* NotethatP(-z, <Z<z.)=candP(-z, <2< z.}=1-a.
F 2

« Note that the higher the level of confidence, the wider the confidence interval,

Example 20.3

It is known that in a certain city, the proportion of dwellings armed with electronic security
alarm systems is m. A random sample of 150 dwellings was selected and 58 of these
dwellings had such devices installed.

{a) Find a point estimate for the proportion of dwellings in this city armed with such devices.
(b) Estimate a W% confidence interval for n.

Solution:

: : z 5 2
(2) Point estimate form, © = —3 = —9 ’

150 75°
.2.‘5.’[1_3’.?]
28 75 LEZAN

(¢} Since n = 30, by the Central Limit Theorem, &t ~ N{ ey 50

290 .3."]
A 90% confidence interval for wis = & 1,645 “[—’5
75 150

= 032=r<045.
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Example 20.4

Let the proportion of voters in a city that support the “Ban all 4 Wheel Drive Vehicles in the
City” political party be n. A random sample of 400 voters was selected and 80 indicated that
they would vote for this political party. Without the use of a calculator:

{a) find a point estimate for =

(b} given P(-2.24 < Z < 2.24) = 0,975, estimate a 97.5% confidence interval for .
Solution:

) B} Bl
a) Pointestimate form, 1 = — =
{a) Point estimate for o,

LAy | =

1 0.2(1-0.2)

{a) Since n = 30, by the Central Limit Theorem, n~ N{E o ).

Since, P(-2.24 = Z<2.24)y=0.975

A 97.5% confidence interval for m = 1 + 224 Il{ﬂ'l._._.._‘z':1 -0.1)
3 400

-02:224x 23
20

=02 + 0.0448
That is, 0.15 = = 0.24,

Example 20.5

Let the proportion of parents/guardians in a college that support a six-day school week be n.
A random sample of n parents/guardians (where n = 100) was selected and 56 indicated that
they supported the proposal. Find m if the magnitude of the margin of error for the 99%;
confidence interval for 7 is 0.1,

Solution:

. : ]
Point estimate for o, £ = —.
i

Since # = 30, by the Central Limit Theorem, & is normally distributed,
The margin of error for the 99% confidence interval is

e=2.546 x

For magnitude of margin of error = 0.1:

Ive(2,546% | ——— =a,1,n}
{re=214, 08061, =52, 2341, n=151. 1720}

= integer n=152.
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Example 20.6

Let the proportion of parents/guardians in a college that suppont a four-day school weck be =
A random sample of 200 parents/guardians was selected and 78 indicated that they support
the proposal. Find the level of confidence for a confidence interval for  with an

error of £ 0.1,

Solution:

’ : . 78
Point estimate for = — =(),39,
T, i

Since 1 = 30, by the Central Limit Theorem,  is normally distributed.

0.39(1-0.39) 8.1
e=x0.l = z;% ,!ﬁ——“ =01 fa,ﬁtg.w}

2, = 289946 2, 89948

b 1] LR LR ) }
But P(-2.89946 < Z < 2.89946) = 0.99626, e s
Hence, level of confidence is 99.6%.

Example 20,7

Let the proportion of people in a city that are able to “roll their tongue™ be 7. A sample of

400 residents in this city yielded a confidence interval for ras 0.23 < <0.29,

(a) How many in this sample are able to “roll their tongues™’

(b) If 50 samples of 400 residents each were selected, and the associated confidence
intervals for x calculated in the same manner. How many of these confidence intervals

would actually contain a7

Solution:
{a) Point estimate for %, &t = w = ().26.

Hence, number in sample = (.26 = 400 = |04,

(b) Since n = 30, by the Central Limit Theorem, # is normally distributed,
Error ¢ = (.29 = 0.26 = 0,03,

0. 85
H . L e T w03 B, 264 1-9, 26}
ence, Z ,/ 0D e
1.36788

z.= |.36788 D=1, 36788, 1, B6TER, 1,00
But P(-1.36788 < Z < 1,36788) = 0.82865. E’ -

Hence, level of confidence is 82.9%.
Therefore, 82.9% of the 50 confidence intervals would be expected to contain =.

That 15, approximately 41 of these intervals.
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20.4 Simulating Confidence Intervals for the Population proportion «

» Different samples will yield different intervals estimates for 7, for the same level of
confidence. For example, 500 samples will vield 500 interval estimates for « fora
given confidence level. If the confidence level is 90%, then theoretically, 90% of
the 500 intervals will contain the population proportion = In this section, we will
use a CAS calculator, to try to observe this phenomenon.

‘% }ﬁ{ Hands On Task 20.2 (For Casio ClassPads Only)

In this task, we will use a Casio ClassPad to simulate the construction of confidence intervals
tor the population proportion & based on a binomial variable with parameters n and 7.

I. Create and save a new program “Simp(3",
This program will;
= simulate b samples each containing n observations of a Bernoulli variable
with proportion of success 7.
# construct a 100c % confidence interval for 7 for each sample and display them
on the screen.

Bimeoa M|

| IrText

nput ne''Size of Sample"

Input By'"Mo. of Samples"

Input pe"m=7 (B < 12"y "Fopulation Proportion m"
Input ca'Lewvel 84cdlY, "Confidencea®
irveHormCDFC "y cp 1, @0 %d

Print "n="
Locate 280 1:p
randBinin, p,b)#x
For 1%i To b
zLil/ n#a
[atde(Max(l=ad/nidy a~dx(f{ax(1-ad/ ndi 1y
Print »
INE:-:t
* The accompanying screen dump shows =03
a simulation of 10 samples of 100 {. Eg: ﬁmgﬁﬁ:g: Eﬁ-ﬁﬁgﬂ
observations each of a Bermoulli variable (0. 42TTTITEEE, 0. 592226231211
: ; [ra. 33331!5349‘9: 0.381183158111
with proportion of success 0.5, Ten M [[8. 4277737688, 0. 59222623121)
confidence intervals are displayed. In this Eg: :ﬁﬁ%ﬁ:g‘ ﬁ%ﬂg ':-:
f i i i L0, 3681695653, B, 531020434 71]
hlmu]zdlll.lm nine of the |_|1rcr1.fa!s actually Lo Sreecen1 77 o aa o
contain the true proportion m = 0.5, [L8. 3291006204, 3. 4509993796])
In simulations, this need not necessanly

b true all the tme,

4. Explore the phenomenon that 100c% of the confidence intervals will actually contain the
population proportion .

© OT Lee 232




20 Peint & frrerval Estiniares for

Exercise 20.2

1. To estimate n the proportion of year 12 students in a school with mass above 65 kg, a
random sample of 30 students were selected. The mass (kg) of these students were:
63.4, 54.6, 56.5, 69.2, 59.4, 61.5, 45.6, 66.7, 49.8, 57.3, 64.3, 669, T4.2, 61,4, 62.5
62.4,63.1,64.2, 58,7, 56.1, 55.3, 59.4, 62.4, 67.3, 57.8, 45,5, 48.7, 69.2, 51.9, 57 4.
Use this sample to find a point estimate for m.

2. To estimate the daily travelling times to school, 60 Travelling Time | No. of
students were surveyed, The results are shown in the {mins) Students
accompanying table. B<tsS 5
{a) Use this sample to obtain a point estimate for =, the |T:+Tr5-_-iaﬂs Ti;

proportion of students with travelling times 15=1=20 0
exceeding 15 minutes, W<r<25 5
(b} State the probability distribution for the sample 25 <+ <30 3
proportion of students with travelling times et i 2

exceeding 15 minutes.

3. The proportion of dwellings in a certain suburb equipped with roof-top solar panels
connected to the main electnicity supply grid is = A random sample of 200 dwellings
was selected and 42 of these dwellings had such devices installed.

{a) Find a point estimate for x,

(b) Estimate a 95% confidence interval for 7.

{c) Find the size of the next sample of dwellings if the error margin for a 95%
confidence interval for = is no more than 0.1.

4. The proportion of dwellings in a certain suburb equipped with an underground bore for
garden reticulation is m. A random sample of 120 dwellings was selected and 6% of these
dwellings were equipped with underground bores.

{a) Find a point estimate for m.

(b) Estimate a & confidence interval for .

(e} Find the size of the next sample of dwellings if we wish to be 90% confident that the
point estimate for mis not to differ from the true value of © by more than 0L08,

5. The proportion of voters in a state that support the ban of live animal exports is 7. A
sample of 400 urban voters was selected and 320 indicated that they suppori the ban.
(a) Without the use of a calculator find a point estimate for 7.

(b) Determine with reasons if the point estimate in (a) would be a fair estimate for m.
{c) Given P{-2 < Z < 2) = 0,955, without the use of a calculator, estimate a 95.5%
confidence interval for n.

6. The proportion of mathematics teachers in a state that believe that CAS calculators
should be banned in examinations is ©. A sample of 100 mathematics teachers was
selected and 40 were found to agree with the ban of CAS calculators in examinations.
(a) Without the use of a calculator find a point estimate for 7.

(b) Given P(=1.5 < Z < 1.5)= 0.866, without the use of a calculator, estimate a 86.6%
confidence interval for .
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7. The proportion of adults in a state that self-diagnose their health condition through the
internet is 7. In a random sample of n adults (where # > 100} 88 adults indicated that
they self-diagnose their health condition through the internet. Find » if the magnitude of
the margin of error for the 95% confidence interval for 7 15 0,05,

8. The proportion of students in a state that have Facebook accounts is 7. A random sample
of i students (where # = 100) was selected and 50 indicated that they do not have
Facebook accounts. Find # if the magnitude of the margin of error for the 99%
confidence interval for « is 0.05.

9. Let the proportion of parents/guardians in a high school that support the proposal that
students be required to spend one Saturday morming each term o clean the school oilets
is 7 (in same East Asian countries, students are required 1o tum up each Saturday
moming during term time to clean the school wilets). A random sample of 200
parents/guardians was selected and 160 indicated that they support the proposal. Find the
level of confidence for a confidence interval for x with an error of = 0L03,

10. Let the proportion of students in a high school that support the proposal that
parents/guardians be required to spend one Saturday morning each term to help maintain
the school grounds and lawn is @ A random sample of 100 students was selected and 90
students indicated that they suppont the proposal. Find the level of confidence for a
confidence interval for m with an error of £ 0,08,

1. A supermarket chain intends opening their stores in a city, 24 hours, seven days a week.
To estimate n the proportion of people in a city who would actually make use of this 24
hour service, a sample of 1000 residents in this ity vielded a confidence interval for n as
0.28 <n =032,

{a) How many in this sample indicated that they would make use of this 24 hour service?

(k) 1T 20 samples of 1000 residents cach were selected, and the associated confidence
intervals for m calculated in the same manner. How many of these confidence
intervals would be expected to contain x?

2. To estimate the true proportion 7 of the residents of an Australian state that would
support Australia becoming a republic, a sample of | 000 residents were interviewed.
6350 residents in this sample indicated that Australia should become a republic.

(a) Calculate approximate 90%, 95% and 99% confidence intervals for .,

{b) In a second sample of 1 000 residents from another part of the same state, 490
residents supported the idea of Australia becoming a republic. Determine with
reasons if the residents of the second sample were less in favour of Australia
becoming a republic.
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13. 500 students attended a University lecture. 100 of these students were tested immediately
after the lecture. 61 of these students passed the test taken.
(a) Calculate approximate %%, 95% and 99% confidence intervals for = the proportion
_ of students who will pass this test.
(b} A second group of 100 students who attended the same lecture were told to take a
30 minute nap after which they were given the same test. 78 of these students passed
the given test. Determine with reasons if the performance of the second group was
better than that of the first group and if so, determine if that could be attributed to
the nap the students had.

20.5 Level of significance Extension

* Let the random variable &: sample proportion for a population proportion = from a
sample of size n, where n = 30.

e By the Central Limit Theorem, & may be approximated by a normal variable with
mean g = and standard deviation g = M
]

* Then 95% of all values of &t would lie in the interval x + 1.960 = ||—1'“{:I ) :
"

mll —m)
e

That is, 5% of all values of 7would lie cutside the interval & £ 1.960 =

* Let p be the sample proportion for one of the samples taken.

o If pis ouiside the interval &+ 1.960 r1||‘1{1_nj,
"

then it is concluded that the sample proportion j is significantly different

from the population proportion 7 at the 5% level of significance.

o IF: Pk e thie Tenecval 7 100 w0 =X)L
(]

then it is concluded thai the sample proportion p ix nor significantly
different from the population proportion x at the 5% level of significance.
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» This is represented visually in the diagram below.
The shaded region is called the critical region.
If p falls inside this region, then it is significantly different from = at the 5% level

of significance.

0. .
\ 5% of oll values of t e
wilthin this infensal

é .

5% of oll values of 7 lie
within this inferal

Example 20.8

“Tenl0™ laptop batteries are manufactured with the design feature that 90% of these batteries
when disconnected from mains power supply under “normal use” will continue to power the
laptops for at least 10 hours and 10 minutes. A random sample of 36 such batteries vielded
32 batteries which when disconnected from the mains power supply continued to power the
laptops for at least 10 hours and 10 minutes. Determine with reasons if the sample proportion
15 significantly different at a 10%% level.

Solution:

Let =: proportion of batteries that when disconnected from mains power supply will
continue to power the laptops for at least 10 hours and 10 minutes.

Since n = 30, by the Central Limit Theorem, & ~ N(0.90, D.q"ll{;t;ﬂﬂ-gn} )
LS E = 0.9M40)

10%4 of all values of 7t lie outside the interval 0.90 £ 1.645 = ro:

That is, 10% of all values of #t lie outside the interval 0.87533 < n < (.92468

From sample collected, sample proportion, p = %% = [LERERG,

Hence p does not lie within the 10% critical region.
Therefore, sample proportion is not significantly different at the 10% level.
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Example 20.9

It 15 known that 3% of the residents of a country are allergic to a certain anti-inflammatory
drug. A random sample of 3000 paticnts found that 105 patients were allergic to this drug.
Determiné the level of significance for the proportion of those in this sample who are allergic

to this drug.
Solution:
Let ®: proportion of those allergic to the drug. :
: . i = 0.03(1 = 0.03)
Since n = 30, by the Central Limit Theorem, & ~ N{(.03, W}.

SR 105
Sampl = —— =(.035
ample proportion p 3

The difference between the sample proportion p and the true proportion x = 0.035 - 0,03
Hence, emor = 0.005

Thmfﬂrn En X w = D.ﬂﬂlj
'||] 3000

== .= 1.60540.

But P(=1.60540 = Z < 1.60540) = 0.89159,

Hence, the sample proportion and the true proportion is significantly different at the
(1 = 0.89159) = 100 = 10.8% level.

Exercise 2003

I. Itis known that 34% of students in a city start school each day without adequate '
breakfast. A random sample of 200 students found that 60 of these students had no
breakfast on the day the survey was conducted.
Determine with reasons if the sample proportion is significantly different at a:
(a) 10% level (b) 5% level (c) 1% level. #

b

It is known that 15% of male adults in a centain city suffer from sleep apnoea. A random
sample of 300 male adults revealed that 60 suffered from sleep apnoea,

Determine with reasons if this sample proportion is significantly different at a:

(a) 10% level (b) 5% level (c) 1% level.

3. In a large apartment complex, 72% of the apartments are occupied by owner occupiers,
In a random sample of 50 apartments in this complex, 30 were occupied by owner
occupiers, Determine with reasons if this sample proportion is significantly different at a:
{a) 8% level (b} 2% level
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4. Itis known that 8% of packets of sugar packed by a machine are “underweight™, A
random sample of 200 packets revealed that 21 of these packets were “underweight™,
(a) Determine with reasons if the proportion of “underweight” packets in this sample is

significantly different at the 5% level.
(b} Determine the level of significance for the proportion of “underweight” packets in
this sample,

3. Itis known that teaching 15 the first profession of 75% of mathematics teachers in a
certain country. A sample of n mathematics teachers found that 78% chose teaching as
their first profession.

{a) For n= 500, determine the level of significance for the proportion of mathematics
teachers with teaching as their first profession in this sample.
(b} Find »if this sample proportion is to be significant at the 5% level.

6. It is known that in a certain state, 12% of all vear 12 students offered places at a
university take a gap vear before starting university. In a sample of 1200 year 12
students offered places at a university, 160 intended to take a gap year before starting
university.

{2} Determine the level of significance for the sample proportion for this sample.

(b} How large should the next sample be if the sample proportion of the next sample is to
be significant at the 1% level? Assume that the value of the sample proportion in the
next sample has the same value as that in the first sample.
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Answers (e} Horizontal Asymptote y = 5.
¥
Exercise 1.1
1. (@) -1 {exact) (b) 1.3863 A
(c) ~40.2359 (d) 1.9188 =
() 69315 (fy 17.3287 M~ //
2. {a) Horizomal M}Tr;pmt:y= . (LACH ]
s s
~ (M Horizontal A:yfnpwb:_r ke 2
—|—|———=:f—-l|-—iu-l—-—|-- ¥
kL] E 5 LR
] FLo7 : {0,-1}
a1 el /
2. (b} Horizontal Asymplote y = 0. ; {7 =
¥ 3 5
-5 auaw h‘l—
g\ | B
o T
: PR o, e
5 s Exercise 1.2
. () 20 million (b} 1.89% p.a.
{c) 32.1 million {d) 21.5 years
AL le) 36.7 yeary
2. (a) P=650¢ 120
{c) Horizontal Asymptote y = 0, (b} 932 {eh 1= 4.8 years
¥ (d} ¢= 154 years
] _ 3. {a) 4 00D {b} decay rate 0.1% p.a.
e (c) 3980 (d) ¢ 6931 pears
LI o 4, {a) A=500 20
oy 2,01 (b} 1848 ) 197g (d) 912 ys
SRR o x 5. [a) 4.53 million
e 5 (b} &= 160.8 years or in the year 2141
() Highly improbable for this to ocour,
PR s too pasor at this stage and does not
=2 k _ have the resources W sustain such a large
popatlation.

G, (o) ¢ = 13300 yvears, or in the year 210472105,
(b} India 1693 million (China 1464 millicn,
Pakistan 272 million)
7. (a) Substance X
ib) ¢ = 18.3 years or in the year 2018 (2019)
{c) r=42.2 vears or in the year 2042 (2043 )
8. (&) r= 215 months
(b} As the population of B declines, there
will be an insufficient supply of foad for
A, As such, the population of A canpot
grow indefinitely. Hence, the maodel is
valid only for a restricted period of time,
9 (@) 9 ¥spa (b)) 23m {e)] 4.5 m
The difference in heights 15 signficont by
mone than double.. Doubling the growth
rote gave rise 10 0 heaght that s 2,54 times
larger than the previous height
{dy 2.54 my'year
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Tl (@) 64.9% poa
() 117 1onnes'yeur
1. (&) Initeal drug concentration = 200 me/mL
continuous growth rate = —9.04% per hour
(b} #= 15.3 hours
12, (@) Imitial number = 4 495
continuous growth rte = §.51% per month
(b} & 290

(b 167 wnnes

13, 60.7 g 14, 19562

15. 23209 hours ago. 16, 2652

Exercise 2.1 ; E

1. {a) 6(x+ 1) : (b) —10(1 -II_J
(c) 8Q2x+ 1) (d) -4(1 -x12)
ie) A{|+u1} (1) lgfS—1)
(g Ml 'lt] lh] lﬁ: {1. " I‘p
(i t—lﬁ.ﬂlrtﬁ-.t! m m -41- .

2. {a) 2d4x(l +lt ] (b 341: 2 - 2{
.;.,p:m;ﬁup (d) i:ﬂr:}
(e) 10x :| -x }‘I if -Ilr {w o :},1

12 3 123

12
gy (l+x ) [h) .r [1+.r ]
21 1A e
(il {‘I_lr x =1 e
3, (&) 31 ;.,._'EHI"'I ¥ }Sl
(b} 43x —2K1 - 2x+x)
t) 3i-lix + IH1+ 1k +x)
-2 2" %
(d) Afx q;u.:H: + 1) \
4. {a) =141 + 1) (b) 2N1 -x}'ﬂ !

(€} =2ef(2+x) (d) Beil—x )

12 2 = -2

2 =3
S ey 2r (l=-x } (b (-32H1+x)

-12

@z (1+x )

i

(d) {1+ Wl +x+x)
4 =12 -172
6. {m) N1 +17) : {b) -« +1)
(e} 2= 161 + i)
=2 P
d) =31 +1) E' 11 + A
TS 1r3—-441:+;1.f{'{n=a
8. W0=216-1 J';{ (1) = 21225
9. (0= -241 (1 -2 ) r=0,0.7937
10, £ (=(t4=1) =4
Exercise 3.2
I. {a) 6x—5
() w3+ 573

2 v
NH“-J]’H-;}I ol +x+x)

112
(e] Yx {I—x]n 11:1:I:+Jr )
{I"H—].l':}[j-r: 1'_I+|:|+1.".:.']{1 )

(b} —dx -1

=17 -3 2 =12
1. (g} :—lﬂhz 1:: + D+ (24+x )
(h) {1 = I/x Kx -4}1-1'n:xz+ Lix)

2, (a) Ax+ I)x+2)+(x+1)
ar{x PH{J:* 1]

(b —tx‘-:’-} +3{I—ﬂlr+3}
nr—quj.r+3:|
4 2 2
(e} (2x + 1) Ho(x tx 4 IN2r+ 1)
ur{1r+1:|'1|u:'+1m+'.r1
{u:lHlf-rIHE—x 1]
—1“*2;]!:1: ~§=|H:-x .r] 24
aor ](ltvl]{li: +lr-|]r|:l—.1r x)
3. (8) 3z +2H2c 0 1) 4 (204 1y
or (2% + | {51+T:| =
{by <(4x + 3) Iaﬂl—x}ﬂr*—!}
or {4x + 3} i Ifl.:'—BJ
<) '[I-IHI**lﬂ +H+1ﬂr
nrltlf1+11::| G
(@) 33 -22) = (1+3N3-20)
or {3 1:}_":{3 —0x) )
d. (&) 206+ 1¥t=2) -23{:+|]tr-2}
m’H+!IF—I£ﬂ.I'—II

(b} 4025+ VWr+2) + 221+ n.:qu 2)
o 202+ 1 + 24 + 5)

3
fc) (1 - w2)1 + lﬂ+ﬁ{l—ﬂjll+1-r:|
m5:|—.:r1:{111r]{1 ] .
() 3n+m Eé—t} =H1+2 (1-=-8
un:l+22 (I =l -0
() 6(1 + 41) ﬂ*lrl .
+5{1+4r] [3+2.rj-
12 T
nrljl+-l£j| f3+1.r; {23 + 3}
[f][|+3f]' {lilr]
£ 3] + 3r:| I:I+Eﬂ
=ar
urll+3.ri tl+2.|"|| H-'I'“.I:I
Eal4{l+3r:l EI*EE}
an =12
{1+ 3r] tI+2n
-nr{]*lr} t1+2ﬂ U5+ 10
| i}
{h'!{l+54':| |:|+ﬁ.r';

1%
+2{|+Sr:| [J+|5u
ur&l-—iu'] gl+ﬁ.r} |;3.+1Ei».rp

3
5 (a) A 4 IHI—.r]n nﬁrqr +|J|j[l—r:|
url.l'{r +IHI—: M2-3r—5)
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: 2 12 iz
1250 =H1=-rK1+20 =21+2n
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or —18(4 —x)(1 + 2x)
() O+ 2e)4-59 :
+!t]{4—5.r}[]+1;_: ] - 5x)
d-r-h‘.l{3-+_:}’|:4 5x) v
tk} [2x(1 = i) + 6l —].ﬂl:] +r L = 3x)
ml{t*.’i‘}'{l—};}
“Il—JﬁIﬂ—I'Hl"'l’} -
-4u[|?+x :{IE—JJ:-}-HIH:}
or —Rx(l —x Wi+xF
e F =32
. (b} 2(1 + Zi)
icl Er u-: :|
12 12 =52
() gy 6 S
32 172 ¥
{e) [20 +1) —!ntlﬁﬂl Wi +n
ar{d =l + )
2 =11
(N [=41=2n -M!;m!i} il =20
ar—-ﬂ{[—l.l:hftl - 211 s
g [MIrIrJ w{l 20 W
oril + Ir] I:_J'— I}."r
| Fr S |
thi I'—MI‘-—*-‘}_W —23-40 14
— 45 = a5
alin .’I-'.T.:I L=l k2 i
5. (@) [(1 =x) +[1-'1}[:Ijax‘p[l-f-_r} W =xh
or (5 + VN1 -x) |
112 =11
(b} [-{1+2¢) -1 _f.]é” +2r) W1+ Ix)
or =2 +.:r 1+ It} ;
{c) [3.1'{I+1r} —:l+1t} ].l'x
or{l +lﬂ {.1.- l}.'h: o
(d) [-201 + 2un3 - -'J]- —Hl 4x) Hi'lﬂ
or 43 -E—Iah! {2 Ji}-"[] +1r‘,|
(&) [l +x) ;ﬁr{l *I‘J ]J'H*I‘J
o - 1{1 2.1.- Wi +x '.I
3 =142 2 A2
(f llﬂ!-x } ”{haf ) M1-x)
nr.'lﬂ—':' Mil-x1]
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5. (@ [0 - x} +J.1{I+:HI—J:]I ln[l—:]n
or {2x 1.'1!1:4~1:|J'{II"| 1
2 =2
(hy [=x(] +x }H -._1,- J
—111I—x]: ]-'{I+x'i
22
1M-Jlf{l-'rll tJ -T:I-"lllf-:]I
Iﬂ 152
6. (a) Y1 -0) (] +E|'J "
=]
"3-'5H+]‘[.'_:J El-ﬂ]' Jil =)
nri.l'[[!—EI-} {|+a} ;
2 2-
{b) [—ﬂl""ﬂ]' II—E:| %
—!Il—ﬂz:wuw: |.-'||I+H].
or = Eﬂl‘[{l+ﬂ] |:I—EI |
'J'_.f'lfx}=|;l—.r:u'{l+t}

{a) 1 . (b} £1 .
B ) =(9%x + 1%x+ 4144 -9 )
{a) 1/4 : Eh]. —1 & (¥5)3 -
9 (=201 +20) -4 (1 + 2001 + 26)
{n) O b} @
13 12 L]
10, vy =[(1+r) —{(32M1+a) W1+5
{a) 1 (b} 2
Exercise 2.4
-3
1. (@) 12x (b} =%(x )
2 =32
e) Hx+ 1) (d) S+ 1)

2 (@) (1 +x) + 33'“ + 1)
l:llﬂ -'-ﬂ{l+4ﬂ
12z T 112
ih‘,lahr:lﬂ ]+J {1+x 1}
3 r!
nrfln.- ]:L-l: 50 ) -
fe) (32N1 +x) ll +3ﬂ+3|:1 +x)
DIIJ&HET.";} |;3 + Sx) e
id} —lﬂ[|—l} H*-‘ﬂ-“*[i x)
or(l = :]n |’-—]ﬁx 3.t+4]
3 (a) w=8(l +1t]| ¥ ‘*--ﬂﬁﬂ ¥ 1":]
(b)) ¥ =({A452H2 - 15x) i
A [ IO e Ii:}
Iz 12
{e) y =-1-6x) .y —ETI:I—EurJ
=k
id) }"=2I:1—4]1'? o -12}!—4:}
A, (a) v o= dp o+ Ay ,u' et E )
(b) v = =641 —I ] ,
|.-"=—-E|{] —ﬂ +:'.d::I —;}
5. (a) TED::r M"'-mx
n
by = Iﬁitlj.: 1l_--;l'.I'--’fEhGE‘:L: e

6. f “(x)=48(5 + 2x)
(a) 1 200 (b} =52

T Wy x=1F "(1)y=0
* b} x=12, f"(-T)=-12, S (2) = 12
ek x=lord. F(1)y==6, f*(2)=6

Exercise 3.1
(YL 1.2
I. (&) 0LO3e {b) 1.2¢
=i (15% =11z
i) =LD5e (dy =1.le
-00%y — 1
ie) —n:uml (N —10e
(g) 0.5¢ {hy —0.09
=1Hx
(i) (L1125
& : :I'-"ﬂ
2. (a} 2x+ 3¢ (b} =lix +e
X i dr =iy
(ch 2e e +1) (dy 4¢ —de
| »a =1z

Sx
(e} nl{.':i-l]n +e 1[}—'&;[1 -x ) -]2E
m:—c —Mwl: ) e +21-x)
(i} - -lr
=t 1= -
3. (n) e =i e urfehal—:}
P S 7 |
(b} e *rrzur e (d+n
[ ¥
(] 2 #(1 %1 e m—{l-b,r:..;
27 L i 2 .2
{d) =3¢ & +“—I]|E' nr .:'{I Ir=i)
ie) —zl[i—ne —t]—r]r mql—u{f-:!h-
m#r{li-r.kr +2|:1+r]e
s A
or 201 +r Kl1+)he
-t I~
gl e —1e {H".H_I—J'k"
B -z 2f =3 2t
(h) =2 e +2r ¢ or2t ¢ (t=1)
- 2 =t 4
) [ (146 -2¢ (1 £OW1 +1)
m'--rq{i'+3]:'{l+rj
F I x
4. {a]f'ix}=zﬁ:£ + 25
(1} 4 fii) 0, =3
2 =y} 3 =02
b} Fi(x}=3zxe =xe
(i) Rie ity 0,6
X 2
5.00) f(x)=2ee +x 2,

z
Fry=2e C+dye +xe

Fxy= nw}ur;:- -2, 0
F=2)m =26 ,f W) =2

(B} £ (1) =(2+x)e, L) =3 +x)e
£ () =0 whenx=-2,f"(-2) = lle

Exerclse 3.2
e R
I. {a) =2xe By (-2x+ 2) &
e 2
(€] d(dx = 1)e’ () e
=12 o =2 =
elx & ifi —x ¢
(g) (1 + 2+
-3 _
W) =25 e
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Answers

I 2
2. (a) e’ +2rer¢r1r£:{|-r1
(b ’1"+2r¢|+r,|.

or :r"{l *Ir-rzn

@R =4 e

|
or (W)e™ (1=2t=20)
2
CR T (R
or & (2 + =11+
3 P =2 P = 2eT il T
P*'(r) = 0 when
p= +0.7071: 0.8578, 08578
T i
) Q=" 27
i o T
QU{fy=<bre " +45 e
Q"{I!“ﬂmnt=‘ﬂ..il_ﬂ4?'.
. =0.4463, 04463

Exercise 4.1 -
1. {a) O (b) 112 {c) 3# (d) 6x—2 (¢) 2¢
2. (@) dlads(dx) = 12x° (b), dlad(2y 3y =2y

(e} d‘rﬂiﬂ:h' 1 =R 3x ]l
id) -:i-'lﬂ'{'-"f}rj- I(20)

(e} dletvie ] 2e
(r} cﬁ-ﬂ'.'dl.l'e =~ ie

3 (a) 4 (B) 12 (c) <2 (d) V10 e} e () Je

Exercise 4.2
1. (a) sindx), wa[g} (k) cos(y) ~sindy)
fc) tan(x), sec {x)
(d} x sinx), sin(x) + r ¢cos{xc)

(e} £cosif), cos(d) = 1 sinfr)
(f} sin(8 + =), cos(® + )

2. (a) ¥272 b0
(c) —sin(2) () 4
(e} 1 ifi o

3. (a) 2 cos{2x) (b)) —% sin(x/4)
(e} cos(=2 + 1) (d) =3 sin{3x)
(el !fiﬂn;—n’lll i shimlu-.ﬂ
&) 5 e (5x) (h) [sec (x/5))5
(i) 2 sec (w4 +2x)

4. (a) mﬂﬂ* 1} ib) =2 =20 + 1)

(<) ses (1 + 0} {d) sin{1 - 8)

(e) Ysec (B9 + 1) (D) % cos[(B + 2)4]
(g) —2sindB + 4} {h} =112 cos(1 =)
(i) 0

5. (a) sin[2(x + 1]

(b} —fisin £1 = 2x) cos(1 = 2x)
(c) =9 cos (Jx) Eziﬂ{l‘!]'
(d) —dx sin[2(2x + 1))

1
5. (e) —ﬁlﬂﬂgi ;31}5'!1:1“1— 3x)

(0 b tan (x + 1) sec (x + 1)
b, {a) sin()+ £ coss)
b} Ei;[ngﬂlrl—rﬁn{lﬂlz J

{c) tanle b4 201 4 frsec (5 )
{d) siniry [sin{r) + 21 cos(r}]
ie) sin{lrg [sin{2e) + ¢ cos(21)]

iy 2rcos {1+ 30 =3¢ sinf2(1 + 31)]
7. (a) ng:rﬂzmj h{h}l 2w taninr) see ()
() Ze mﬂm:-u sln{m‘:l
) -me m{z.r} 2e imﬂr}
(e} —ne iuﬂ:lr b+ 2 e mﬂlr—::."ﬁj
0 Zxe oot (3~ 4:“m{2-}:inum
R, (a) [E.rﬂm{ll'-r 1} =sind2f = I}.l'.r
ih) [:.r sin(3 md: E.rma{] 1:}];;
© s e
(<f) [ﬁn{ﬁiﬁu (i} g-m - cu:&:ii t' 1-'5|n ]
(e} 2ie =mf s e
1 mnif 2
(f) [sec Hf I E
9, () .‘!sin{Hﬂmﬂgﬂj; ,
Jsin{i]m{zm {1+ & —sin {1 + ]
(b) —ﬂfﬂ; [2r) sin{zzl}: "
Iﬁmgs {2 3s1n {221']' - cos (2]
() sec {1+ ) 2sec (| + ptan(l + ¢}
@ e g
[m tlrl = sin(2r))
(e} —rsml;l +f“| -5
—rﬂlrﬂfl*r - -l::Hﬂ*r} ;
(N Ztan(s) + an (1) 2sec (01 + Han 1)

Exercise 5,1

I <10 y==10x+9

2 {a) p=d4x/3+0955 (b} r:—-ﬁz"-"-'*' 5:':1
ic) ,}'-;L"m'lg'h 145 (dy y=2e x=-¢

Loy==lix=¢ ; (-12.0)

4. (8) y=-x3e) + e+ 13e)
(b} y=-x
(c) y=—xi2e}+ e+ 10 2e)
(d) y=(=2¥x - =2)

5. (1.0

6. {a) (0, 1) (h) (0, 0) & (2, )
{eh (0, e) (d) (w2, ch

7. (a) (0. 1) (b} (3,2)
(e) (=1, b) &{-3,-9)(d)} (0, 1)

B a=1,b=1

9. a=1,k=1

10, y=2x (-3.1413, -6.2826) & (3.1413, 6,2826)
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Exercise 5.2 2. {c)

L. {a} (1) {1, 2} horizontal inflection poind ¥ P
{ii) {1, 2) horizontal infection paoint, G o+ t-(2)

(b} (i) (2, -2) harizontal inflection point =
fi) (2, =2} horzontal inflection point.
fed (i) (173, 827) local maximum poin VABE

(1, 09 local minimum pini {

(i) (273, 427} oblique inflection point, t * e
{d) 1) (0, 0) horizontal inflection point v LisEs

(34, —27/256) local minimum paint Je——
(i) (—1/2, —1/16) oblique inflection point 8,
(0, ) horizontal inflection point.
2. (ay (=1, —Ia'ellnnal PEinimum point; il o
(2, ~2/e ) oblique inflection point [ ;i"'
(b (1, &) bescal minimum point; n
Mo inflegtion points. idy
fey 0, 0F boen] maximum point;
Mo inflection points, L
(d) Mo siationary poinis; poa
{0, Iy oblique inflection points,
3. (20288, 1LR147) local maximum poini;
(0, 0 & (49132, =4.8145) local min. points,

"
= SO, T
R L

3

1 local minimum point;

g, X2 x4 i ine: 1 o8
(4, -z—.- i local maximum paing; [":" _;l LR

o
(0, 1) & {r, — ) obligue inflection points. b
L a= N h==h b, g=-215 =45 )
a=131,b=-2573 F

_ b= 1, o is any real number 4 |
. {m) iR,

WO =] LA

if)

(b}
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Aniwery

T, fa)
L
7
Frrd o s B [ ——
L] i E- ]
4 x
== E A
et of Iy i e Pt gl e
L2 L] [{E R 1]
R ~
Tirming, Bt
1, -
1}
¥
e
bl
Y
‘..
e P g iy
BT
j—= 1
'
m-t—uu /\~/]
_ih
[-H.—d #
Eurclwﬁ.:l
1. {a) 3¢ —&0r

(b} Max y = 6000, Min y = 2000

. (a) 300100 - £ Mt + 100}

(b} Max *= 5150

. () Rate at which the no. infected changes

with tirme
(b} max p =025 when =2

i
. (a) 0.2e [7-Rf, TR
-T'H

l:h:llﬁe o= 18

. {a) 0e [msm-um{r:l]

() SV i

B (a) e~ [EILI:E—I]

.

7. (a) 505, r=dn3
5.
9.

Lx=v10

(b} S&6 when f= .
K62 when ¢ = 0.8; 339 when r= 6.1

{a) (3x¥2)12 (b} 35 Cat 3 pm
{€) | pm& 5pm

(a) 02710 mMour  (b) 13 moatd, 30 am
fc) 255 pm & 4.05 pm

(o) Fm'd cmifsec

{by (L33, 367, 433 & 7.67 sec,

ib) H:mr_n

12, {1/} Inighii); § < 0 which is impossible

13. =/6 =30 ; (3a¥3)d

Exercise 6,2 2 :
Lia) A=100-%x (b} V=400 —20x

Fod

10

12.
13.

4.
15,

I6,
I7.
I8,

19,
20.

. da) L=13x

{c) 4073 em by 15{;-".'!4:11!13 1003 cr;

Gl (WR2T cm
j:h} w= S(HN3 — Hix

2
te) F= 35 000y 60Ky
{d) 250v% cm by I'D'I:I-'}i:m by S00V0 cm;

3T SO0 T2 e

. (a) L= S-D 1.:_

ih) F-rI:r - Oy + | D00
e) '.r3ﬁmhylzﬁ-1¢m1:y35 28 em;

32811 l:rn

k]
. Mo volume of B 455 8 em

7.85 em by 24,31 cm by 44,31 cm

. Max voume of 16 000/;

radius 20Mvm, height 40/4=
17.8 cm by 35.6 cm by 23.7 cm

. M 5 =4 606 ¢m ;

radius 15,6 cm, height 1;’:I..?r &

Max area 562 300/t m ;
circular ploying field of radius 750/ m

F !
. B = 2 radians, max area 625 m

2042 em 11, a= 2 b=pf2
a = (P2V2, b= (22

1/4 cm each

1
{c) 16vx + 6dix m
h:r=1%1
ﬁ'ﬂ'.]kr:l‘lh1
x=225m, & min
Cindy should ride to a point on the dint
track such that x = 2.18km and then ride
along the dint track to T; 1 hr 27 min
10921 radians

z.l' MI 1“-"-_.'&
l.""- ;ﬂ s %

21. (b} 47 sin(x) cos (x}
Exerelse 6.3

I. (a) 0.02 by 0.1

2, (a) 0.0 307 () 0.006 536

3. (a) 1.18 ib) —0.24

4. (a) -0.022 ib) 0.067

5. 032x= 101 em

6. ~HI8V(375%)] = -0.036 cm

T, =g= HHEM cm X 003 cm

9. 0.71 cm ! .
10, (a) Gdx= 1. 26em (b)) 2= 628 cm
11 (a) Odx=1.26 {b) 14z =4.40
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12 05 m
3. (2) 3% (b} =6%
14. 3%, 2% 15, =2.9%. 4%
Exerciee 6.4

1. $6.20, 56.20 L I
3. 820,04 4, 83.63,512.26
5. 1y - 06y, 8

6. §1.40: 0.2 — 0003 - 1.4: 50 13

7. 133,67 8. r=29 %0
9. %1203, x=13 10, 831
Exercise 6.5

: g

1. (2} 0.78% per year i

(k) dPldt = 0.13%6e

(el 150 946 PErsOns per year

(d) 46,1 years
2. (a) 116 goats
fc} 13.9 years
3. {a) 780 kealas
| (¢} 138.63 vears
4. (a) 13.53¢

(b} B.2 goats per year

ikl —=3.9 koalas per vear

(b} .27 g per vear

{c) 0,005 4 u.-'wup#}ta:

5. (@) P= lﬁ-ﬂr

ib) after 9. 59 vears

{ch 959 years after 2006

6, (@) 179

ib) —32 persons per yr

(e} B.66 vears after 2010

{ 7. (a) 329

{c) after 13.86 hours

8 (a) 0,19

Exercise 7.1
1. (= -1.ft+{l‘
(e} —IJ':H; y+C
fep =Snim }+ O
ig) -wg-j:n*r
2 (@) (Bx Vi+C
in
(€ —{IEId:rl.2 i+
(¢) -Bx +C
Ars
(g 15 ]L'E + O

(b} 16.5 bacteriahour

(k) 0048 g per vear

[y 0,002 ghvear per year

=Ahiisr

9. (a) X: ddidr==2.5¢
~G.0Ty

Y ddfdy =42

(b} 25.%94 vears after 20010
100 (a) 2785 wears after 1981
(b} 17,140 vears after 1981

(b) —1.-':6;1:;+ P

(d) 443 }+C

() —d'r 1-;:‘

(h) 4§27 };&C'

(b) (V23 +C

iy ]

(dy (3x ¥I+C
an

(0 (x ya+c

4
th][: }"I*E

[ 3. (a) =1+ l--"lll' )+ ) -1-"!' -t

F

| fe) —I-'q‘}!r}-l-lrmﬂﬂ'_" (d) —1i— 12 )+ €
| e} 2 ‘If B+CW -2+ i+ €
gl ! - ]-"l:""l'}-21'1+|‘_'.'

. ih) -|ﬁ.r;3¢ y—dlr -

We+C

32 2
4. fx)=x+(dx ]-? +x 2 - 6813
S p=x+ 2~ I-'IJ.:}] - 213
. v=dif =4 = 103 )+ 133

Exercise 7.2

1. (a) q1+.:}5f5+1'_" (ONE! +;].ﬁn5-:.‘
(e {1+ 25 ."tl + T (d) =3 +41]Jfl-ﬁ+{f'
(4] —2+4x} .fﬁ;r::'

0 (1 -3) M+

(g} J:l+lr}ill:.f1]:]-+f_'

{h} —2{2—5? 25+ C

(i) 32 +x) -'I = C

(i 3t1~4:: m+{

ik} znu} e

n E1+3ﬂ *t‘ ,

2. () (x+ 3} L (b) {2+ 5) 2443-{'
{c) mnu;;c {d) |.-13m|-ir-¢11]+c
{e) 81 - lr;ij A+C(h -2~ 5:} S+ C
(g} :l-d.r:l +C  (h) t5+1:} "4+f:'

3. (a) 2x +1r.l'5 -ix.'3+1':+r_'

1] :—-I.-':—;h‘{:h- ) —(2e — 1) rhc

4. y=4(2+3x) /15= 11315

s

ﬁ-.f::jud[Hiu M2+ 1409

7. .l"li.n'1+4‘i."2;ﬂllls

B F==3D5+4) +16

Exercise 7.3
2 - Ty
1. (a) @q‘ (h) _{-]-];} +C
2 d44
-5 o
2 W) O ) ——
* 12{1+2c° ) %) 16(3-dx%y
-1 -5
e LA oy
= 16(x" =1y S B2 41y ’

1
3. (a) -'3'—”{I+x’]' +C
k|

® La-#y+c

4

I
(€} %ilﬂx*]ﬁ +C

|
@ Z(@¥'=5) ¢
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Arswers

5
4. (a) ;{I—f}" *C
(b E{h'u?}; ‘c
3z

{c) 11—1[1+2.r+.1‘:]i +C
1

@ Seaaa

1

@ Za+lyise
3 x

(n %{lw’E}‘ +C

Emrcha;‘:d
1. (a) & 2+ C
1E T 05y
() S0 B+C  (d) <20e +
0ty dx
{e} 500e +L (fe M+
fhdr k)
(gl e RA+C (h} 16 frl o
-% Sl
2 {a) —¢ J'3-+C

(b} 400 +C
=1, 75
{c}l?a Mi3ac () +C
f
{:}£E+E {nk:ﬂ%
{nj—cmrc h) 16e +C
5 e e A+C
L | I+x
ic) e --f_',' (d) e 2+C

=1t = it
(e) e ﬂ+£ (M e +C
=005+ | LIRS
| f_g,}—i'iﬂr! . + 7 [h} Iﬁr + £
(4 Ay x +3¢ 2+C
E R ]
byx =¢ H+0C
=3+l
(c) =lir—e +C
05x 4 |
(d} — 2=lix+C

5 ~dr+2
(e} (3x+ 13 /15-¢ 2+

1
(f} 2e? - —
{Earre

g x+] 1
{1420 +C
I:':.";l]’ +C

. ={l-e
Wi

=i X
5 Fe=g R4+e R+
-t Z2r
b P=f-4¢ -3¢ +7

y i1 0

(zl

(h)

Exercise 7.5
I (@) € +C by e
i) €+ iy € "+
(&) =& +C - +¢
@ - e m e’ ac

. {a)

@ k" e @ - ec

(o) de* +C (W) —de” +C
(e) =4e e e ) ‘}-E'_’r_: +C

u+3e*‘1 W& ey

Iz e

+C

— '.‘. 3.
o 10603

¥

4.3 23+ C
Ll

5.2 hAH+C

Exercise 7.6 -+
L

(a) ~{cos 2xV2+C (b) -2cosi+C
{c) (1/2)cos(l - 25y + C

(d) (—1iz)cos{mx) + C

ie) (34) cos(403) + C

(f) (=1712) cos(dx) + C

(g) (-34)cos(dr— nid) + C

(h) (3/2)cos (1 - 2x)3) + C

(i) 3 cosl({2x + n)B) =

. (a} (13} sin(3n+ € (b) —4 sinfx}+ C

(€} {~1/=z) sin(] — =x) + €
(dy (=34 sin{—dw3) + O
(e} (1/10) sin(5x}+ £

{f) 2sin(l + )+ C

{g) (12 sindde + 3+ C
(h) {=4/3) sin{(] +3xy/4) + C
(i) (V22 +C

- (@) (112) sin{2x) 4 costr) + €

b) & :':: Jeoosl —x)+ O

<} > + 4 sin{xd) + O

{d) * — (cos )2+

(€) (-1 cos () + C(f) (VS)sin (1) + €

(gh {112} sin (20) + C

(h} (14} sinf4x) + C (i} —cos(x}+C
() (1/3) sin(3x) + ©

4. sin{x) = x cos{x) + C 5. (=1/2) cos -[Jr}-l-{.

Exercise 8.1

1. (a) 113 ih) 2
(c) 1643 () 11273
(e} 172 (N 625
(g) 1972 (h} e
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2, (a) 49 (b} |;‘f3 | 5 (n) =30 b} 40
(€) 32 = lie dye -e {c) 40 (d) 20
(€) 23 (0 =21 -+2) p e) ';i *]';' i
() (e —e)Z () ~37% ' ::*} 103 :;d; 10
{c) T8 {d) 1/24 v '
{eh ¢ v N 2.6966 7. (ay 28 ih) 12

s (c) 4 (d) <4
(g) 10,4305 thy —[V3-1] (e} 4 (f 8
. 8. (a) =37 (b) =10
(i) {Jire=2] (c} =5 (d) ~52
1 (e} =IO (fi=3

4. {a) 34 ib) 4 {c) =3=n m+|4
idy 0 (e} O () WMImp+e —1 Exercise 9.1

5. 1 S e 1, (s} = 1=+x—5~r-1

7. =1 # M. 43 {h:lll-{-' F.r-""*.r“*l

.

9. (/2% +{172) (c) pmm—e =%

Exercise 8.2 {(d) y= 2Jx+2. -2

B (B ¥(1+x) (&) p=Adx"+1 =1

dxe” d) 14 (022 coslr) +1
o 10 - 2 () j—The+3
feh Bx (e + 1) if 2"'[*—'1"“ +1) {h*,rp._”[l.p; $3
i.E'P;—I (h) W1+ e l—'-.'IIIH'J L dm i B ead e
X

(dy y=—=12(x +17]+ 32

() = mﬂﬂ {1} sinix) sin(sin 1) cos{x) T
5::1 tu} e) p"Z‘J.:— e +3
(k) - et VPR FPOED LI o it
4s||1[r.l:| i _rn{.;' .".]—.';j
2, M}I r-i.:—E d._r-.rz-'ﬁ'*:—hﬁ
:b}tr: +-11':]- {.1:+-h:] 5. = 'r+'r-l
lr.'l'ce (dy e'(e’ +F; ﬁ-y——!}ﬂr+33@r+ﬂ3§
v ]
fe) 291 +4x ) if 2ru-p].r[1+;} 7. y-;:’-ﬁ-—xﬂ '
L
(gl "r:——f T ||t+lI Exercise 9.2
xy x I. (m) 235  (b) 147 ic) 16
) ML+ (x+2)]=W1 + (d} 773 (el 3 (fy 2
(i 11 (c+2) 1= W1 +x } B e il
() sin () (k) tan (x) 3. (a) 92 (b 413
i1 e " sinke ) {ch 1314 (d) 716
315 4 1 51 3 (o) 2 by 4
6. (a) -2,0 (b} =1 (e) 376 d) Tii4
{c) +2 dy 2 4. (a) 4.53 {b) 3
{c) 0.22 (d) 2x=6.28
Exercise 8.3 5. (n) 8(2)3 (b) B(v2)3 -4
1. (a) =10 by @ (e) 21 (c) 573 (d) 4(¥2y3 -4
*d) -5 (e) =2.5 in3 i
2 (a) 14 ib) -3 {c) =332 Exercise 9.3
id) -19 (e) 2 in1 I, (@) 1 i) 3
3. (&) 1 () 173 ey 118 (ch 5o idy w2
idy 5 {e) =312 if 10 {e) 8 (N 37724
4. (a) -23 (b} 0 () 06504 Eig}! ;;;ﬁ (hy 125/24
(d) -2 (e) mH2fm) () 635332 . 2. (a) 427 by 1227
ey 11412 (dy 3712
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Answers !

2. (e) 34 (fy 72
ig) 3.12 (h) 7.54
(1) 6.9%
3, a) W2 (b} %
{c) 125/24 d) 3712
{e) 43 (N 7.54
ig) 83 ih) 1/6
(i) 92 () 3215 =2.1333
4. {a) 1 + 3I=R2 k) 2
5. (a) 60m (b} TOOO3 = 23333 m*
6. (a) BRI m (b) 680 KL
7. 55.79 m’ 8 2m'
9, 1.27 em’
Exercise 91.4
. (W)} =t f242r0,2 (b) 0,4

.

(ch 1§r:almannf2
fa) ¢ - 4¢—32;-20.0

by =2, 6

{c) Global man. =36; Global max. 0
- fa) 0= ib) 6,6

ic) .;"{I‘p =12}
cn) r =4 (b 12,12

(el F'{4)=114)

6. Global min, 4175/12; Ghobal masx. 929512

T, Global min. =231%0.4; Global max, 0
Exercise !iﬁ

1. A=2¢ +35+ 1 2, 280

. e g 4. D.4HH

5.2 6o 24721

7. 25 15

B, {n) f=40min

1,

1.
12
13,
B4,
I3

(b) () 9375 C (i) 1L775 €

L () P = 14,17 cents when ¢ = 5 months

(b (1) =42.00 cenis  {ii) 12.83 cenis

(a) 113 mg/kL.

(b} e = 10,05 mg/kL when ¢ = 172 week
{a) r=dhours (b} IB25kL (c) 88 kL
{a) =180 voles (b} 3527 min

{n) 5220 ih) S600

{a) S400 ib) S1 710

{n) Liquid starts flowing out of the tank
(b} Met incrense in first minuie 273 L

(¢} Met decrease in second minue 43 L
(d) 1373 L

16, 143566, 28.71 17, =2, =180, =20
18, 26,87, %01 73.55, 826,45
19. <3bF (4F, + )
Exercise 10,1
1. {a) 4m
&y &
by i=lLv==3ms /=4 v=3ms I
(c) 2.5 (d) 3 seconds
2 (n) r=1,3 4 seconds

(b) £=1.78, 3.55 seconds
i) 2 seconds

11

I3

13

.

I7.

(d) 5.3ms ,-53ms

. (@)} =8 ms

. L&) ¢= 2 or 6 seconds

2

(ch 162 m
i =3
(b) 2 ms

-3
(€} 2ms ; body experiences constamt
acceleration

=] F -2
(b} =4 ms (c) ~dms ,4ms

-1
(d) 32 ms when ¢ = 10 seconds

-2

{a) 1= 1,4 seconds  (b) Vi

(e =3 ms idi 6 m

=}
(e 3 mis

=] -2 =]
. (a) 4 ms ,"—Im.': (b =073 ms

-
{dy 1 ms
]
(e} velocity wnds 1o 0 ms

(c) I ms

=1 =3
L@ Mfe=368ms (b —0.55 ms

= |
. () 3md s, <1492 ms
. (a) 04637 +1|:n1'|:.|'1] seconds w=0123.._...

-1
(b) 4.81 ms

-1
b} 0.93 ms

cfa) 125 ms
-1
(c) 463 m {d) 0.93 ms
i} P comes io nes.
-1
. [a) 196 ms (b} 2 seconds

-1
(c) r=4 seconds, =19.6 ms

=2
(d) 9B ms ;acceleration is constant
=] =1
{a) =45 ms

" (b} —20.4 ms

{e] =98 ms

(d) —98 n:z_z: acceleration is constant

@ toms b) 5.10m

fep =100 ms (d) 9.8 ms
(@) 775m (b) —30.0ms

fc) 1.02s (d) 1025, 5.105

(a) 1.33s by 455 m

() 232ms .-232me e

(d) 8.01 _nlu_l f

(a) Sms » ib) 6.25m

(c) -2 ms ;constant acceleration

{a) 65

b} Smppiq_g distance is 36 m, so Yes!
{¢) =2 ms ; constant acceleration

=1

. (a) I4msl (b 2453

[} 2rms '.valriahlumt:mim
(d) 1933 ms
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Exercise 10.2
. {a) 10ms P, o
{e) S0m (@) 100m  (e) 203 ms
O (b} £=S5, 15 seconds
(€ -1ms (d) 50m
() P is at the starting point,
3 (a) 38Bm o
4. (a) 11/6m &) Sk y
5. () O 1|:|£rlﬂ {c) 4m (d) 2ms &
G, (a) -2mms 1{1}] 0 ) 6m (d} 4 ms

{e) —Rm3 ms
-1
T, (a) 198 ms ,

(k) T.02 m
fc) 702 m {d} 7.02 m
-1
& (a) -1.5ms
ib) P moves with a constant velocity of
=1
~4 ms ;
(e} -1.77Tm {(d) 623m (e} =52 ms
9, (a) 2 ms" {b) 038 m
(el Dm dy L3m (el Oms
10. (a) 045 222 5 (by 211 m
=
{ch O'm {dy 54%9m  (e) LB} ms
il k=3 12, k==2, C=#
Exercise 11.1

1. (a) Moy Epix) =1
{b) Yes: pix) =0 for all x and Zpix)= 1

{2} Mo Epix)w ]

2, (o) Moy X fiix)=1
(h) Yes: M) 20 for all x and E Fix)=1
3 {a) Yes; pixd 20 for all xand T plx) = |
(b} Yes: plx) =0 For all x and Z plx) = 1
(c) Yes: pix) = 0 for all x and X p{x) = 1
(d) Yes; pix) = 0 for all x and E pix) = |
. (n)_
A

i [ 3] 3] 4
PiX = x) ol 0.2 4 LLE 1.0
ib) 0.4 (c) 213 (d) 0.5
5 () k=L
it
X o] 1 2 3 [ 4
PX = x) {¥ 1l {3 [LE:3 1.4

ic) 0.2 i)

s

6. (a) k=14
ibj
X | i I

J 2
PX < x) 12725 | TRA2S | 2025 [

(ch (dy 5

—

._
b

13,
14,

15.

16

7.

14,

19.

e e -

. [n) k=10

(b}
X -z -1 Ll | 2
P{H £ ¥ 0.4 5 0.5 015 (1]

fc) 0.5 (dy &

-4k
B (@) 0<ks L &)
9 (@) k=20 (b) &

g
10. (a) 5S¢ (b) 5T
Exercise 11.2

(b) 773, (V5,3
id) 573, (V10)3

{a) W2, (v21)2
(e) 54, (V1504

. fn) 34, 14967 (b) 0.6 (c) 0.5
. (@) 1, 1.6733 (b} 0.65 (c) 0.5
. fay 1140 (b) 2R/, (V51V S
(a) 5.5 ib) 4ors
. (3) 2413, 3(14)/13 (k) 2
(a) a=03 =01 (b} 0.7
. (8) a=0,h=5 b} k=3
. a= 1155, k=10 10, a= 17100, k=4
c{a) @=035 (b)) 0 (c) SS000
(d) h =< 52000

. (a) 1500+ 0.4a +0.3h

(b} a=-%15000, =515 000

() a=>=(0.755 + 3T50)

{a) $130 750 (b) & ==S107 500
fa) 0585 (b)) Profit of 40 cenis/game
ic) Loss of 51.40 cents/gams

{d} Charge of $2.60/game

() 0,49 (b} Prafit of §1.58/game
{c) Loss of 58 cents/pame

(d} Charge of $1.50/game

{a}
X i | 2
PiX=x) | 0.2% ir.5 0,25
P(X<x) | 025 | 0.75 1.0

(b Most like value = 1, Mean value = |
{a)

] | Z 3

I
PIX=x) | 36 | 1036 | 836 | &6 |

MX=x) | 36 | 1636 [ 2436 | 30736

4 §

X
Pix=x) | 436 | 236

PiXsa | M36] 1

{b} Most like value = 1, Mean value = 35/18
i)

X ] | s K]

P(X=x) | 1535 | 12735 | 18735 | 435

P(X<sx) | 0735 | 13735 ) 31135 | 1

by Most like value = 2,
Mean value = 1277, std. dev. = 2{J6)7

1] I 2 3

I
PX=s) | ®27 | 1227 | &27 | 1127

X = 1 s the most likely since it has the highest
probability

@ O.T.Lee 250




Answers

20. (a) MX =x)= {g :::-:.3.4.5.1-; u

{b) Mean value = 4, std, dev. = (V39)3
Maost likely value = 1,2, 3,4, 5, 6

21, (a) WX =0)= {%- =
5

4T

1T
PX=1)= M = 1

;I

1
2R
”x"l"%'%’
3

(b) AT=3)=RT=T)= L MT=11)=L;
Muost likely mo. of bores is 3 or 7.

o)

22 BX=0)= T—-ﬂ#ﬂﬂ 564 637

—[-Er 0424 127 262
G2
W

J{’;‘
it

L
ol }_I:_ :

’]I = (L.000 028 729
2

]

PiX=2)= 0151 474 022

PX=3)= = 0,022 440 596

26. (a) PEX=1)= 3, A{X=2)= &,
PX=3)= &, PX=4)= &
X =5)= 4, PX=6)=L
PX=8)=L PX=10)= L,

FX=10=4
(b1 Most likely value =1 fc) 289
27, (=) 3.1 (b} E{Fi=3, VarlF}=4
i -1 i 3 5

MF=n 1o | 210 | 310 | 410
2

(c) EIG)=3a+ b, VarlG) = a
2 ath | 2ath | 3a+h | dath
PiG=g | vio | 2n0 | 3o | 4no

(d} E{G)=aE(X} + bVariG) =g Var(X)

Exercise 11.3
I pleh =175 forx=0,1,2.3, 4
E(X)=2, VarX)=2
. EX)= 1. Var(X) =4
o E(X) = n'2, Var(X) = n{n + 2¥12
. E(X)=7/2, STD{X) = (V10516
. E(X) =92, STINX) = (v21)2
) p(X)= 156 forx=-2,-10,1,2,3
E(X)= 1/2, STD{X) = (v105)6
(k) (i} P{Particle has a positive charge) = 1/2.
{ii) P{Particle has a clockwise spin) = 1/3
c) 172
7. {m) plx)= 11000 forx=0,1,2,....,999
(b)) E(X)=999/2, STDX) = 288 ﬁ?&ﬂ
{c) 289500
aofa) pix)= 121 forx=1,2,3,....21
{b) VarX)= 1103
B.{a) pixy=111 Towx=1;-2.3,...10
(b} VarX}= 10
10. =4 000

odm de d b

Exercise 11.4
L@ p()=1/6 for y=3,5,7,9,11,13
(b} E(Y)=8, STD{Y)={+105)3
2. (a)ply) ={4 - yM15 for y=-1,0,1,2,3
(b) ECY)= 13, STINY) = ({)4)3

i " 4, (a) 528625, 3334  {b) 18, 296
Ntat Wil o oF Suneck e f3:0ne s Lhia e T el oy
highest probability. 7. a=3,b=100 3{5-] ﬁ‘zu
& - v - +ﬂ | ¥ = -
23, T A13)= L. PT=14)= 4 PT=15) = 4 B il L
CAED=BED AEC=B&C 9. {a) 2.04,0.32 (h) 1.694, 0,352
24, P(T=0)=0.1, P(T = 1) = 0,09, () 1.309,0.272 id) 1.67.0.16
T = 2)= 0,081, P(T =3)=0.0729, 10. (a) 36, 3.5 (b} 244/3, 36/5
P(T = 4) = 0.06561, P(T = 6) = 0.59049, () 13043, 35112
Mast likely value for T is 6. I {a) 55/16,-5 (b} 16, 30.08
25, (a) P(N=k)=0.01 x 099" ' fork=1,2,3 12. 54 13. B 14, 42,5
{b) 100 15, (0) -5/23,-2/15  (b) 46.4, 47.5; 2014
16. More likely that P(Y = 65) = P(X = 72),
@ O.T.Lee \ 251
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Esxercise 12.1 17. (a)} 056895 (b 0.2620 () 0,1784
1. {a) 00896 (b) 09502 {e) 0.9832 |8. (a) 001916  (b) 0.5348 () 0.0744
(d) 09823 (e} (L9493 (i 3.2;3 (d) 14;26.74
2. (o) 005481 (b)) D470 fc) 09916 19, (a) 0.09515 (b) 4 : fc) 16
(ad) 09324 (e} LAT26 1":. 364 20. (2) X =x)= E}[:_f 08
3. {n) 4]301' -p) (b} {1 —p} {1+ 3p) for x=10,1,2,3.4.%
(<) p (4 - 3p) (d) dpr dp(l - p) (b}
4. (n) flﬁp*fl - p) i) (1 -p}"rl + #pr) f AT =1
' i 25 0.00032
(ch p ; : (d) Sp; Bl — 1) )g 00
- "
5. (a) [‘}']u.z 0.8 (b) 0.8 1 00512
2 7 0.204%
jch 0.2 i fel) 0, 20r; 10, 160 I 0, 4005
0=k
i ic) D.05792 (dy 11% (2.64 marks)
([T} £+ V=i W m =
(b} L‘,}“-H 0.65 21, (a) P(M=am}= L}m 0.9 w002, 5
0 [ =& b
ic) I[1 }D.Js .65 (b} : —
T.n= ]2 2.a=30 - 4Kk (430 441
O {a) n=6h by n=6 Im UJM?TD
10, {a) n<91 {(b) n<53 : ereal
1. {a) #= 12 (b} n=20 ' i e
12.{n) n2=24 (b) =7 100 D00 Ed |
13, n= Iﬂﬂ,j}=ﬂ23 —fWN [ W D3 )
4. (o) n=T0.p=04 {b) n=140,p= 17 {e) (LO00 055 id) 52100
Exercise 12.2 Exercise T3.1
1. 0.12,0.324 96 T, 0.27, 0.443 96 R 1
3. X, is 0 Bernoulli variable with p = 0.2, - R {by .1 000-= 10

x .
{c) 625=2% {d) 2=4
. (a) logl0 00 =4 (b) log,64=6
(c) logx(1id)==2 (d) logy %= 172
.fa) 2 (b3 )5 (d3

Mean = 0.2, Variance = 016
Y, is a Binomial variable with s = 50, p = 0.2,
Mean = 10, Voriance =

4. X; is a Bernoulli variable with g = 0,95,

L]

fal

Mean = 0.95, Variance = 0.0475 =1 (0=2 (&)=1 (h)
Y, s a Binomial variable with n = 100, p = 0,95 4.0 3 (b) <80 e} 24 (d) +N100]
Mean = 95, Vanance = 4.'.': fed no solution =1
I'aq) T -1

5. PX=x)=|"|0.65 0.35
. hl Exercise 13.2
where x=0,1,2,3,... . 20, log 56 log 30
Mean = 13, Variance = 4.55 L. (a} L L e

6. X, are sum of noa-independent Bernoulli log 4 bog 3
variables. bog(l/12) logi4 / 9)

7. X, are sum of non-independent Bernoulli (e " logs {d) %
varibles. fog

8 (a) X ~B{20,0.7) bop 3.4 log(21/13)
(b) (i) 06080 (i) D.9874  (c) 14 ey 0 = gl

9. ::] u.n;ﬂ (b} 0.4360 {e) 0.1941 2 @ IV )1 (V@D
(d) 0.9 ) !

10, (a) 0.6646 (b) 0.0753 3, (&) Vertical Ai}'mpim:.' x=0

11, (a) 0,949 (b) 0.8244 o}

12X [il:l ORI1ER l:.b] 0.R567F {c) 406 | 6978 FT

13, (a) 0.00977 (b) O.8ET0 //

14. {a) 00901  (b) 001091 (c) 3 o —

15, qa) 0.0119% (b) 0.07247 ¥ =

16 (n) 0.1298 (b) 0.990] [ "
i) (LO0D H66 () 0002503 0

A o
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Amswers

1. (b} Verical Asympiote: = —4 Exercise 13,3
F I. (a) |+ logax (b 2 + loger
*T (e} 1 —logsx (e =1 + logsx]
i ] LAt (¢} Aogar + logyy (N logax = 2o,y
\ (g) bogax + Ylog;(1 + x)
St 2 O Sar A=)
o . (&) Slogsx X
7 ‘H"“u._,‘ ' (e) 2+ logs (d) 2¢
» Irdsrenpt (e} —21r (i 21 +x)
s e . (g) —2(c+ 1) {h} x/2
Verti g « {m) Bog [x(1 +x)] (b} log (1)
| e e i (© logltl +0)] () Tog(l -
st (e) bog (w1 + 53] (R log (xiy)

B

(d) Vertical Trs,'nnplul-r: =1

(g log [(1 +x)¥]

(& I
(g) log lxz g | 4200

lh} IE‘E 1 . EJ]‘

Fl &) ; 3
; 4. {a) logx ﬂf‘iln-aix i) log fxy )
b
s (©) log [utx + 1)1 (@) logly r+ 1)
_'.-“'!'.;’-c-_.u_ (e hﬂ[‘:"‘"ll_-"] JI
ERETH (n |ﬂﬂ[!1 l]' |"I1 X ]:J

| =x) ]
(h dogfzNx » 7]

5. (a) 45 (b) 32 (¢) v3  (d) 2

o | TR 6. (a) logs(iv) (b)) log.(x'5)
(€} logs{25x) (d) loga(z/3)
l T.0(a) p+g (b} p+ 2g
[ __q..--""_ {e) p-gq ) pel
Al (el p-1 (N3+p+g
i \\ K. (a) log, 75 (k) bog; 375
i (c) % log, 73 (d) Bog, 45
oy (e) 2 in 3
ST 9. (a) 34 ib) 0
ie) Vertical Asymplote: x =10 {c) —1 + 545 {dy 2
" (e) 3 2
!—I—
Exercise 13.4
1. (a} (log 15)¥(log 2} (b) 1Alog 3)
(€} x = (log 15){log 5)
(d) x={log 5){log 2)
() =1 + (log 6)(log 2)
(N 1+ 1bog 5)
(g) =1 ~(log T¥{log 3}

{h) -1 + 2{bog 4) P
2. (a) (log 6){log2)  (b) 1ilog3)

WVl : -
Lo R b (€) < (log $H(log 8) (d) x> —{log 2W(log 3)

41 (&) —1 + (log TH(log 2)
i Irderein () [1 4 (log 8 log 51]2
J\/ (2,1 th} 1 —(log 4){log 5)
7 3. () 12851 (b) 0.6712
\h (c) 4.0875 (d) ~1.2619
.: ¥ 4. (a) (bog Inilog 3 - log 2)
(b} —{log 2){log 2 - log 5)
3 (d) ZN1 + log 5)

(e} (log I¥ilog 4 - log 5)
(£ tlog 5 — log 4)(log 3 - log 2)
(g) (log 3 + 2log 7 - 2log 2)log 2 + log )
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Murrfiemaatics Merbods Ui 3 & 4

4. (k) (log3+log 7 - log 4+ log $)(log 5 +

2log T)

{i) 25 () =25 log (2){log 1)
5 (@) 2 ib) (log 5)log 2)

(c) (log TWleg 3)  (d) (log 5)log 3)

(=) 0,3 if} 0. 1flog 5)

ig) 3 ih) -4
6. (a) (bog 4¥(log 3, (bog Z¥(log 3}

{h) 1 {c) -1 (dy -1
Exsercise 13.5

1. .00, 0,15, 030, (43, 0,60, 0.75, 050, 1.04,
1.20, 134, 151, 1.65
The log (Fs1op numbers) are approximatelky
uniformly spaced out

2. {n) between 5,73 and 6,20
{b} between 1.73 and 8.34

5.4
(c) 10 =25] 188
28

i
3.da) 10 =18 times stronger
(b} (i) 8.55 (i} 7.9%

-k
d. () 7 . (h) 20=10 molesl

{e) 10 = | 000 (K
5. (a) 202 (or203) (b} 119 2260 119 227)
-1

G (2) 139 ms (b 2004 5
{c) 1665 and 14528 5

7. {a) <185 m (b) 32,154
{(c) 013 m ) 1,98 m

B.{a) Zx+xlogix+ 1) (b) 19.95x

c) P=17%5x—xlog(x+1)

{dy $139 500 (e} 11521

9. {a) D.25 (b) 02
fe) between 250 and 892
10 {a) 36 million for both courses

(b} on the 14th day (1 = 13.54)

{c) on the I0th day {# =911}

{d} In treatment A, the bacteria population is
constantly being reduced and is wiped out
after 15 daps. [n treatment B, the bacteria
population first increases, then decreases
amd is wiped out after 12 dys. Treatmemt
B is more effective in terms of no. of days
required to wipe out the bacteria. But the
increased levels in the carlier days could
have fatal consequences,

Exercise 14.1 -
I {a) 10 ib) ;;
fch I;{I—ﬂ (d) x (x=2)
{eh x nix-1
g 1=-x (h} x
(i) 3 g} 7
ik} (x+ %) (I 1-2x
Iul - jud
2. (a) e (b} ¢
K 5 |dn T2
oy e (d) e

(in ¥lu 2 = in5 )
J.ta}lh W2} El:l']z.h“h]
{2k xF il 20 K1)
2
4. {(a} {In 561 4) (B (I 300 (tn 3)
(€} (= In 120 5) (d) (In49)(in 1)
(e} (In3WinT) (N (e (204030011

5 (a) Ind {b)y =2
(e} —25 05 (e (5000 dn 10
(e} 100 0n2 () 25 a2

6. (a) .-.—i (o) (1 o2
(&) e (dy e =1

7. {3} Vertical Asymptate: x=0
¥

'+ 5)

= =

¥ irimrcapt
(¥ 0k
-84
(e} Wertical Asymptote; x==2
¥
s_l.l
e L E ..—*"".'T.-.,-,
'} ("‘\\\ '
e
i=1,8]
i--

(dy Vertical A:.jmp:'me: =0
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Anywers

oS PSS SpTpSoNer. [k =0 4. () 3 (i +0+1A1+0)

5 3 ib) 4t il -u-sz{l -1
b | i
) ln{l+r)+2 Kl +1)
{d) dnil =20 =201+ il -2
e} [tnil =+ () — )] ﬁ.{l-:pf or
2
(=l =3+ p =0 Wm(d=0] }

3 3
sS4 (0 [26dn (=010 + 1)) tnin)
i(f) Vertical &l}rmpﬁnu: x=] ar [1;3 In(n-(1+ !]:I]_."{j [{um]zi

st =12 12
] (2.1 Soqm) My In(1+3)+3 NI+35
(b) 3 In 1+ 0+ 3601 + 1)
{c) rinil ~r]~.-=.13u -
R @ [0 =t 1 + 4+ 1)
x n x x
6. (a) e Nl -e) ) <2e Hl—e)
X X i | x
st {c) J.'I-"H o+ rl'p—lf Al —jr )
8. (a) y=2inx+1) (b} y= 2in(x)-] d) e a'ﬂ +e)te § I_-‘f i
(@ y=in2-x) (@y=-h(l-x fe) —e Mmix)-(lix)e
9. (a) —{In 2000/(In2) (b) —{(In 30N in 3))2 (f :‘rnu +x)+ (1 +rll"|[I +x}
(€} =1 = (in BON(in 5) 7. () 2x b [sin(x)] + ¥ cos(xVsin{x}
{d) (dn 1000 125) (&) 2 (b) cos(x) [1 + I {sindx))]

(0 100 {in 1.2 In 3)

(g} (Im (3 2))W(In 2)
by v (41500t (55300

2
(e} —sindf} dn (sinli)) + cos (iVsin(i}
(d) In{tan 2r) + r(2 mzzrﬂm 21

P
: (e} cos() [1 = in (sin AYsin (1)
(i) Lln (400300 I 192) i e
10. (0) -2, 2 (D) I3 (o) 3 () e (cosxNicosx)—(sinxle Hooss)
] 2
{d) (in (32))00n 3), (i (47300 in 3) 3. y=x+1 9 y=ex-e
0. y=x2- 12+ 2, y=-2x+2+n2
Exercise 14.2 :
iy T 1. {4, in2) 12. (0, n2)
{c) 1ix+2) fd) 242¢+ 1) 13. Local Max. (3,5 In3-3)
© 81 +x) () —eld-x) 14: 005 {1} Loctl Mis. 0, 0)
& We-2 ) ;2;1::;]+ T (i) Obligue inflection points (£1, in 2}
2 (a) 1420) {b) =1/ (b) : .
(<) ~441 -2) {d) 6i(1 + 2x) i S e
=} 1201 +=-ﬂ] () =141 +x) o §
(g) xf{1+x) (hy -641 + 2x)

3.(a) Ix+ 1)+ 1ix~1)
b 3-“(:;1}*‘ IAx+ 1)
() Zxx +1)+4ir—1)
(d) W=+ 1)+ L[2x - 1)]

{e) |f{;+1:~|ﬂ[::31 R
(0 Ix+1)=2xix +1) . . -1
(8) 4(2e + 1)~ s 1) S, (Lol Minc a5 80e).
(h) 12 + 13] = 3ix (i) C¥blique inflection point (2fe |, 2402 )
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Mathensgertics Metfody Liniis 3.4 4

15. (b

11,01

i
T

fom N
-5 §
-]

e of Wlachon

(A48 =1:H ] =

JEET] P
s fLrisg, =2943)

16, (w) SZ00 () per vear
iby (i) After 4 months,
(1) Adier 33 monihs.
{c] 573 5-'-:6 att -'-: monihs
(b) e ms
() Asr—wa, @ =1,

(B) 0,79 seconds
(d) 3.99m

-

7. () 0ms , Ims
{c) (b 11¥10ms

15 {u) =0.35m
(o) 364 m

Exereise 14.3
1. (a) 2nlx| + €

fc) x+inlx| s

(b} (34} Inlx| + C

() x 2+ 2+ Inlx| + €
(N x+2nlx| -1xe
(g) =15yt 1 S B
M) (<20)ml2e —5] + ¢
2. (@) Hmenlf vbx| + €
® (2 nl2s +5 -2l s €
() ml1+4| +C
(@) B+ 2mlx| - 1)+ C
iel -l'r4|¢'Jr ' r-‘| ol
-2y
-5 ml1+e | +C
3. (a) ~Inleose| + €
(b} (=12} in|cos(1 + 203| +C
(e) inleos(l -mpl 4+ ¢
(d) (130 | sin 3x] +C
4, (a) (V) dul 1 +sin(eo)] + €
(b) (1/m) In |2 — cosize)| + €
(ed (1/2) In | 2v +sini2xy | + C
(d) ~n | singr) + costn)| + €
5. Wmlpx+ 1We+ 2 + €
6. A=-173, B=473;
(-13nlx+ 1] + (4mmle-2] +C
7. _|-=1I2-{IE}E|'|EI —2¢| +4
. }'-ct—.r kL) Inl1 ‘..1.':| -

(@ (12| 3+ 22] o C

9. {a) 32-in2 (b} /24 In2
{c] 12+ in2 {dp 03879
(=] 2.0235% (26806
10, s
Exerciee 15,1
I, (o)l 1OV150 (b} 73110
ic) 31375 id) 1380

(e} 130.1,258.3156

. (a) 0.3128, 0.425, 0,168 75, 0,625, 0.031 25
ih) 48 (c} 63.7
. (a) 2697279 by 118

(x) High possibility as P{X = 125) = 14269
which is very low for the stage of the

SCASOIL

4. (a) 5825 R25Th (b} T3/100

[g) 52.5
5. (a) 228 004, Th3i15512

(b} 217.86 (c) 343.123
6. (a) 241/730 ik} 6.1

() 2.5
Exerciee 15,2

{a) Yes:f(x) = 0 within given interval and arca
under curve iz 1,

(b} MNo; area under curve is nod |

(e} Yes; Fix) 2 0 within given interval and arca
uisder curve 15 1,

(d} Mo: area under curve 15 nod |

(2] Moz fix)=<0, -l <x<?

(N Yes; Fix) 2 0 within given inerval and area
under curve is 1.

2. (2) 25
(b) Fx)=08-032r For0sx<25
{c) 0.25 (d) 00625 (&) 0.25
3. (a) 25
] D4=Dlbx O=x=25
) /1= {-{H-lﬂ.lﬁ.r 155r53
(e} 0625 id) 0.468% {e) 0.2
4. (n) 0.2
(LA O rach
() J& {EI.-i-{I-.EI-LI. s2x<1D
(c) 64645
5 0 5
0SS x< -i-
b =
Gl {I—UJH; $sx2d
{c) 1.8234 o
f. (a) 075 (b} u;;q (¢} 0.75 (d) 213, I/18
T.(a) 2 (b)x /8 (c) 15874 (d) 32,320
8 (a) b=4 (b) 0.75 (c) ¥ (&) 52,1312
g {n) =5 (b} (62s
(ch LA (dy 1 or3
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Answers

{c) 25 () 3,172

1. (a) 0.245 (b) DLETS
(c) 0.1371 (dy 1.2929
12, (ap 174
(k)
1.0 )

A
(<) (3-x)1 {dy 2
13 (n) a=2/13
(b

RE

K 1 T L]
(e} 1 dy 1,11/45
14, (a) 273
i)
g 8] iluﬂ;q

{c) /5 (d} 02500

15. (a) 213
(b}
1.5 8 1)
1
18-
=1 t =
(e} (2041 (dy 05,05 (c) D608

| R
{c) 2/5 (d) 4372 (e} 08418
7. {a)
f'lul,:
R
{b} 213 (e} 11412 (dy TR
Exercise 15.3
I, (a) .

m-#u-:n

|

LB S

hh_‘qml!;-:l!l L EAE &

i

1m
(e} 20¢3, 3573

L] ]
by 054, 154
2. (a)
¥
[T}

Pl @ledfle 05 8 5 3

Fin = 00T o DlE =1 5 1S B
r

§ . ¥ #= 2 I
k] § ]

(b} 2111, 2011 (c) 275/144, 275736
3, (a)

qik

MJL-I;"J- w

m-#;ql Y]

ir

by 172, 172 (b) S1/80, $1/20
4. {a) 0, (¥5)5 by 0,1
5. (a) O, (22 by 0,1
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Methearericy Methods Lo 2.8 4

Exercise 16.1 5. {a) -1.16 {b) —0.17 {c) 1.13
L) fixl=+ for2sxsi (d) -0.87 (e) 1,32 (N 0.60
®) 6. (a) 9645 (b) 63.55 fc) 86.75
(d) 67,18 (e} 6.74 N 2807
0.5 & 7. {a) 25 (b} 10
ma g q{a) 12 (by 13
o 9 {a) p=6l, a=11
¥ | (b) p=150,a~34
mA
Exercise 17.3
12 3% a4 8687 80F I. {o) 0.5362 (b} D.5721 (o) 0.2021
i 2 {a) 079475 (b) 0.6563 {c) 08780
© 4 @ 4 3. (a) 000135 (b) 000135 (c) 0.05934
, : 4. {a) 97 {b) 79 < marks <07
2, {a) fix)= ;1!; ford €x <5 (e} 528
) : 5. {a) 0.62% ib) =971
{b) % e} 4 {d) 3a, 4a /3 6, {a) 09176 i) 08351 ich 0,918
3. () S (b 075 (e (d) 3,43 (d) D.8750
4 @ya=1,b=11 (b) 3.5 7. (a) 25.25% (k) 50.50%% (e} 0.02972
{c) &5 (dy 0 (d) 9.12% (e} 11.5%
by LTS {c) 0.4 (el 0, 1499
Py e e (d) 08114 (e) 0.14997
L FEm g DEasl 10, {a) 0.39 {b) 016 {ch LID
by 4 {€) 4 (d) 0.2461 [1. (a) 2641 {b) 36.62 {c) 3%.14
3 1 [2. () p=95, c=§ {b) p=150, =6
7. ‘ﬂ} _rﬁ'! il MME S peg ?5.2: Tig-j-, 2.0207 13, (a) = 5732, a=13.42
() (0 (i) £ (e) 0.8672 ib) =48 o= 16198
14, (a) (i) 03086 (i) 05328 (i) 09799
B (a) fi)= 5 10=r=40 : (b} 102.56 {e) 03489
. e | 15, (a) 0.9104 {h) 0.8991
(b) i O (i) 4 () 25 53 (d)y 0.7407 © 113 (d) 0.008 017
% () fid= 55 0<i=120
{h) 0 (¢} 0.5 (d) 0.3633 Exercise 18.1 .
10, (a) fia)=0079 58 307.9075 < o< 3204730 | Self-selection sampling and hence non-random,
(b) 01663 (c) 0.4209 Possiblc bias:
1. (&) 0,1 (b} (V333 (e} (V3)3 . Thm_: 1_-r_|lh::ml Internet access are excluded.
12. (@} 0,1 (b) (1+¥3V4 (e (1 +3y4 + Possibility of *full-scale™ assault by interest
: , groups distoning resulis of poll,
= Responses gencraded by “robots™,
Exercise 17.1 : L e
+ Multiple responses from individuals,
I. (a) 09750 by D947 ¢) I, 1357 L
Edi 0,932 :ﬂ] 02858 }l}: 0.2417 * T"“’I*h““'“h e L
£ [k 14 I.Idﬂﬂ.
L.E]} ﬂﬂf&gj (h) 02253 (1) 0.738 2. Self-selection sampling and hence non-random.
; - Possible hias:
= {:1 gm (k) ggg':";g (ch S'DEE:S e Thase without twitter accounts are excluded.
L By () W L « Possibility of *full-scale™ aszault by interest
3. (o) 09265 (k) 01057 (e 07011 di ; k= of moll
@ oot s il o L
% :;} g-;‘;ﬁ“ W RRET . le) B3 » Multiple responses from individuals.
5. {a) 2.15 (b) 0.56 (e} 2.09 2 iﬁﬂ“;::,m"]'“g' hemee nOR-AARdom.
(d) 1.47 (e} 0.57 ([ 2.19 et :
. = Those without mobile plones are excluded.
i » Possibality of “Tull-scale™ assault by inerest
Exsercise 17.2 s
Sise mre groups distorting resulis of poll.
Larest Gkl K st b
3. (a) 03503 (b) BETST  (c) 0.2580 = Multiple responses from individuals.
4. (a) 03437  (b) 004550 (c) 09545
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Antwers

4, Self-selection sampling and hence non-random.

Possible bias:

» Those without Facebook accounts are
exncluded.

& Possibility of “Mull-scale™ assault by inerest
groups distorting resulis of poll.

» Responses generated by “robots™,

+ Multiple responses from individoals,

3. Method of sampling is non-random.

Passible bias:

s Depending on distribution of houses on the
sides fromnting the street, sample may have
maore houses on one side of the sireet,

= Mo allowances made for “building iypes”

e.g. duplexes and units. For example: if a
Black of Nats i the street has 80 homes, then
B of these homes would have been selected.

# Mo allowances made for presence of homes
situated near parks or other structures along
the street.

Reduction of bias:

o Consider distnbution of homes on sides of
street.

# Types of dwellings fronting the street.

» Consider location of dwellings and adjacent
ALFUCTLIRES,

» LConsider age and gender of respondents.

6. A form of convendence sampling and hence

non-random,

Possible hias:

» Homes without phones excluded.

» Mon-English speakers could be excluded if
interview conducted only in English.

s Residents in the rural asd smaller towns
excluded and hence poll result would be
biased towards the city residents

. A form of convenience sampling and hence

rin-ra e

Possible bias:

= Times the homes were called. Suecessful
calls made during “normal” working hours
would poll only “stay at home mums™,

s [7 calls made to motle phones duning
working hours may not get reliable answers
- intermupting work etc.

= Mon-English speakers could be excluded if
interview condducted only in English,

= Meed to consider “categories” of parenis:
.. both working, single parents etc,

. Stratified sampling would be recommended.

Sample to comprise the fllowing number of

students from the three vear groups.

Y ear Mumber of | Mo of students
studenis in sample
i 380 in
il 320 L
12 360 A4
Total 160 100

8. Each year grougy to be further divided into male
and female students and the representatives
from the year groups 1o reflect the distnibution
of male and female students in each year
group.

9. Stratified samphng would be best,

Students in sample 1o reflect actsal:

& proportion of girls and boys

= proportion of stwdents in inner and outer
suburhs

= propoertion of studenis in government and
privite schools

10, Stratified sampling would be best.

» Pamicipants in sample to reflect actual
proportion of residents in vanious states

» Parlicipants from cach siate to represent
proporiion of urban and non-urban residents.

» Pamicipants to reflect ethnic composition off
stabe/country.

» Panicipans to reflect proportion of males
and females in state and country,

= Panticipams to reflect the various age groups.,

Example 19.1
I. {a) Approx. normal p = 0,38, o = 0,053 268
(b} 0356 23 (ch 0396 75
(d) 0,084 82

2. (a) Approx. normal p = 008, o = 0020 236
(b} 0L31 059 () 0S40 B
{dy 0LOB3 19
3. (a) Approx. normal po= 047, o= 0070 383
(b} (L16T H8
4, (a) Approx. normal p = 063, o= 0,039 471
(b} 0423 85
5 (a) 176
(b} 1) Approx, normal p = 16, o= 0.058 926
(i) (467 49
6, (o) 2/5
ib) (1) Approx. normal p = 245, o = (L0G3 246
(i) 0113 85

T.(n) 0.908 79
(b} {1y Approx. normal g = 0.908 79,
a=0.028 Tal
(i) 0461295 ¥

8. (a) 0.773 17
(B) (i} Approx. normal p=0.773 37,
o = 0,029 603
(i) 0736 55

9 w69 0. nz 16

11. {(a} 12.5 minutes

(k) Approx. normal p = 0.5, a = 0070 057
(e} (i) 13 (i) DLEST 05

12. {a) Approx. normal p = 0.6, o = (V6150

i) 0.419 13 () m=96

13, (a) X ~B{ &, 1/8)

= N{D.OGT 347, 0.041 770 )
(b 0.070 70 {c} 0048 &0
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Marhemarics Werhods Units 3 & 4

< - ke
(%)

&~ N{p = 28/33, o = (V35)99)
by 0.202 10 (g} 0.0AS 565
15, 048 or 0.52

for r=0,1,2,3.4

Excrcise 20.1
L. {a) (610, 5700, 6710, B/10, 6/ 10}
By (i &10, (¥15W25
(i1) 40, -0.6325 0, 15811, 0}
o fu) 3150
by (i) Approx. normal p = 31/50,
a = (W 178500
(i) 0 iy M0, 1)
5. (a) (&/10, B0, 10, 6710, 3710}
(by {1} ®IO, (VIOW2S
(n) 0,0, 2,583, —1.2910, -1.8974]
4, (a) J07/30, 1030, F330, 13530, 20030, 14730,
13530, 17730, 135340, 1830]
(b)Y (i) Appros, nermal g = 1430
o = {2V105)225
i) 11,1053, =1.5492, 03634, <0.3684,
23238, 0, 03684, 1.1053, <0.3684,
14907}
miean = 03002, s.d. = 1. 1003
5. (o) F200
(b} Approx. normal po= 397200
o= 0,032247
() Approx. normal g = 597200
o= 0032247
6. {a) Approx. normal p = 032, o = 0,065 97
(b) ™0, 1)

E-d

Exercise 20.2
1. If5
202 13
ib) Approx. normal p = 173, a = (v30)90
3. fa) 207100
(b) 0.15=x<027 (c) m=64
4, (a) 17730
(b) D49 <m<064 fc) =104
5. (=) 45
() Mot likely 1o be a fur estimate as only
urban vobers were samipled.
(e} .76 == 084

6. (a) 25
(b} 15~ (3VEV100 < m < 15 + (3VEN100
7. m=302 K, o= 337
0. 92.3% 10, 99.2%
Il (a} 306 {b) lGori7
12. () 063 < n<0.67; 062 < x <068
061 <x<0.69

ik} Second sample less in favour.
Proportion in second samphe below
conlidence intervals for .

i3 (o) 083 <=m<060 050 =n=0.TI

hds=x =074
(b} Second sample showed better performance,

Proportieon in second sample above
confidence intervals for .
But premature 1o conclude that the nop
wirs the cause of the better performance,
could be duwe to other factors not yet
ikentified,

Exercise 203
1. {a) Not significantly different as o lies
outsiche the critical region.
(b} Not significantly different as 5 lics
outside the critical region.
(¢} Mot significantly different as pr lies
outside the entical region.
2, (n) Significantly different as p lics
inside the entical region,
(b} Significantly different as p lies
inside the critical region.
(] Mot significantly different as 7 lies
catside the critical region,
3, (n) Significantly different as p lies
inside the critical region.
(b) Not sagnificantly different as p lies
oulside the critical region,
4. (a) Mot significantly different as 5 lies
outside the critical region,

(b 19.25%
5. (a) 12.1% (b} o= 801
6. (a) 15.5% (b} o= 3042
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